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STRUCTURAL  ANALYSIS 


AN  OVERALL  VIEW  OF  STRUCTURAL  DYNAMICS 
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Tin?  problem*  ul  elructuirtl  liynatnici  arc  tiivcucsrU  in  the  conical  of 
I  lie  enure  o|ieratlun,  beginning  wilt*  cotiaideralion  0!  Ill*  puvpoBCB  uf  a 
ilynamir  AdAlyei*  anil  carrying  tliruugn  tu  tile  qup*lion  ui  what  action  to 
lake  a-  a  roaull  Ol  III*  fintUngi  .  MllCTi  attention  It**  prCVluUlly  been 
given  lo  Hie  piooetaeg  o?  computation  and  Ike  detail*  of  how  Ip  perform 
them,  Oecnuae  of  tin*  and  because  the  firoi  timv  Ihunigli  li  invariAbly 
a  long  anil  icOieus  lee.rnmg,  programing,  end  debugging  operation,  it  ii 
not  ?in c ofiifiion  lhai  Hie  analyair  cairulaiiotii  are  rnnatdered  tc-  bo  ihe 
whole  job,  mitead  nl  the  amaller  perl  ol  it.  A  proper  effurt  in  the 
planning  and  strategy  of  the  enalyeie  pays  off  in  ehorler,  simpler  rein* 
puUlione,  DynaiT.it  analysis  results  that  have  nut  been  evaluated  qgainet 
performance  c-rl!«rp  are  incomplete.  nmf  unlea*  the  performance  evalu¬ 
ation  i*  translated  into  action  of  acme  sort,  then  the  cliort  haa  amounted 
only  10  wheel  spinning. 


PUNNING  AND  8TRATKQY 

The  moat  important  part  of  structural  dy¬ 
namics  work  occurs  m  the  beginning  when  th# 
planning  la  being  done  and  the  strategy  (or  the 
analysis  la  being  devised.  The  puf|*>se  of  the 
analysis  is  established  ai  title  time,  and  It  usu¬ 
ally  (nils  somewhere  within  the  following 
categories: 

A.  To  investigate  behavior  before  hard¬ 
ware  te  hunt: 

1.  To  obtain  design  data  (balance  re 
qutrementa,  loads  for  i  mall  items, 
slreos  levels) 

2.  To  predict  response  to  Bome  ex¬ 
pected  environment 

3  To  howl  off  (allure  or  malfunction 

4.  To  discover  design  errors  in  time 
to  change 

D.  To  investigate  behavior  alter  hardware 

la  built: 

1.  To  predict  behavior  in  pome  previ¬ 
ously  unchecked  environment 

2.  To  determine  the  cause  of  a  failure 
or  malfunction 


3  To  devise  a  fix 

4.  To  evaluate  the  effect  of  ft  proposed 
design  change 

C.  To  satisfy  a  specification  requirement: 

1.  Shipboard  shock 

2,  Hardened  base  shock 

3  Eartimuake  shock 

4.  Fllgh  or  launch)  vibration 

Once  the  purpose  ib  cioar,  thru  it  is  neces- 
oary  to  consider  what  moves,  how  It  moves,  and 
what  forces  ore  acting,  A  study  of  these  items 
leads  to  cunsldoration  of  whet  could  malfunction 
or  (nil  ne  it  result  of  Hie  motions  and  forces. 

At  this  stage  of  the  planning,  performance  cri¬ 
teria  must  bo  established  and  allowable  l.mllB 
on  motion,  or  stress,  or  degradation  ol  (unction 
must  be  developed.  It  is  particularly  important 
that  these  allowable  limits  be  net  in  advance  of 
Hie  calculation  bo  that  a  lair  judgment  ol  re¬ 
quirements  is  not  clouded  by  knowledge  of  the 
resullH  ol  the  calculation.  It  may  be  necessary 
to  modify  the  allowable  limits  after  the  calcu¬ 
lation,  but  it  should  tm  done  only  for  cioar  and 
sound  masons.  In  this  way  Urn  problem  of  hav¬ 
ing  obtained  effective  forces  on  masses  for 
answers,  when  stresses  iri  members  sue  the 
criterion  for  acceptance  can  be  avoided. 
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The  next  consideration  is  that  of  size.  How 
many  coordinates  are  needed  to  describe  the 
motions  so  that  all  of  the  performance  criteria 
can  be  applied  and  properly  evaluated?  Any 
coordinates  In  excess  of  the  number  required 
tor  the  application  of  performance  criteria 
must  be  Justified  by  a  saving  in  man  time,  or 
machine  time,  or  by  an  improvement  in  quality 
of  the  result.  The  Inclusion  of  more  and  more 
details,  because  the  program  can  handle  them, 
leads  to  confusion  and  obscuring  of  the  purpose 
of  the  analysts.  The  larger  the  number  of  co¬ 
ordinates,  the  more  trouble  with  round-off  and 
calculation  difficulties. 

When  the  number  of  coordinates  simply 
must  be  larger  than  available  programs  can 
handle,  it  is  helpful  to  consider  whether  sym¬ 
metry  can  be  used  to  reduce  the  problem  size, 
or  whether  subsystem  black  boxes  must  be 
used.  Symmetry  helps  by  permitting  the  solu¬ 
tion  of  two  half -size  problems,  or  four  quarter - 
size  problems,  Instead  of  the  lull  problem. 
Details  on  symmetry  and  black  boxes  are  given 
In  the  Appendices. 

As  a  final  consideration  In  planning,  it  Is 
helpful  If  the  problem  Is  linear,  becauso  this  is 
a  considerable  'Amplification.  If  the  problem 
is  not  linear,  it  In  desirable  to  consider  whether 
the  nonlinear  parts  can  be  approximated  satis¬ 
factorily  with  linear  functions,  or  whethor  a 
piece-wise  linear  relationship  can  be  used.  If 
neither  of  these  Is  possible,  then  a  direct  nu¬ 
merical  method  may  be  the  only  way  to  obtain 
a  solution. 


STRUCTfTftAL.  CALCULATIONS 

The  structural  calculations  are  made  to 
establish  the  relationship  between  force,  defor¬ 
mation,  and  stress  in  each  member;  a  member 
is  that  piece  of  structure  that  connects  two  co¬ 
ordinate  stations.  For  the  simpler  elements, 
such  as  prismatic  beams  and  right  circular 
cylinders,  the  calculations  arc  straightforward 
and  give  welt-verified  results.  In  almost  every 
problem,  though,  there  aro  some  elements  which 
do  not  fall  Into  the  well-known  category,  and 
which  may  be  uncalculable  by  any  known  anal¬ 
ysis.  The  structural  relationships  for  ouch  ele¬ 
ments  are  best  obtained  by  the  measurement 
of  models.  Properly  made  models,  with  properly 
made  measurements,  are  far  superior  to  calcu¬ 
lations  for  elements  that  are  not  in  the  weii- 
known  category.  A  prototype  element  makes  the 
best  model,  but  scaled  models  of  easy-to-work 
material  can  gl"e  good  results. 

At  the  end  of  the  analysis,  It  is  helpful  to 
be  able  to  check  statics  and  see  that  spring 
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forces  and  Inertial  forces  balance  properly. 
Whether  this  can  be  done  is  determined,  at  Urn 
baginning  of  the  analysis,  by  the  precision  of 
the  interrelationships  between  the  various  parts 
of  the  element  stiffness  matrix.  If  the  ratio  be¬ 
tween  moment  stiffness  and  shear  stiffness  is 
supposed  to  be  fl/3,  then  an  eiemout  stiffness 
which  has  this  ratio  correct  to  one  In  260  cannot 
be  expected  to  produce  a  statics  balance  at  the 
end  of  the  computation  that  will  be  as  good  as 
one  in  260.  Figure  l  summarizes  the  struc¬ 
tural  relationships  for  a  cantilever  beam  of 
prismatic  shape. 


Fig.  1.  Structural  relation¬ 
ships  ~  cantilever  beam 


Decause  an  analysts  model  frequently  has 
coordinate  stations  that  are  spaced  no  farther 
apart  then  the  lateral  dimensions  of  the  beam 
element  between  them,  it  is  important  to  Include 
shear  deformations.  The  deformation  from 
shear  i  a  often  larger  than  the  deformation  front 
bendirq  .  Torsional  flexibility  needs  also  to  be 
considered,  because  a  proper  stress  criterion 
needs  to  be  related  to  maximum  shear  stress 
[ij  (or  shear  strain  energy),  rather  than  Just 
tensile  yield  stress. 

when  all  of  the  element  stiffness  data  are 
complete,  the  compilation  of  the  system  stiff¬ 
ness  matrix  can  be  made.  This  compilation  is 
now  routine,  and  consists  of  rotation,  transla¬ 
tion,  and  assembly  operations  on  the  element 
sUfinosu  matrices  [2].  Up  to  this  point,  the 
structural  calculations  are  dene  in  the  same 
way  as  for  a  static  analysis  for  the  thermal 
stress,  as  an  example. 

For  dynamic  analysis,  an  additional  calcu¬ 
lation  must  be  made  that  ie  not  done  for  Btatlc 
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analysis.  This  calculation  Is  to  determine  the 
moss  matrix,  as  the  selection  of  discrete  coor¬ 
dinate  stations  requires  the  mass  to  be  lumped 
at  these  coordinates.  There  are  some  attempts 
to  be  analytical  about  this  calculation,  and  to 
determine  a  "consistent  mass"  matrix  [3}. 
Those  are  so  lar  not  consistent,  and  are  effec¬ 
tive  only  for  dynamic  modes  that  ore  nearly  the 
same  shape  as  the  static  deflection  shape  used 
in  deriving  the  mass  values.  The  achievement 
of  off-dlagonai  mass  terms  is  not  in  itself  a 
virtue,  and  may  be  incorrect.  For  example,  if 
the  stillness,  model  matrix  and  eigenvalue 
matrix  wore  known  in  the  equation 


In  which 

Mx0  ^  -  Kx0 

(1) 

K  = 

stiffness  matrix 

xo  “ 

modal  matrix  (by  columns) 

v  = 

eigenvalue  matrix  (diagonal) 

M  = 

mass  matrix, 

then  one  can  solve  for  the  mass  matrix  as 

as 

M  =  Kx0  *  xT 

(2) 

and 

x0T  x0  =  I  (orthonormality ) 

(3) 

v-  1  -  v  T 

X0  -  ‘*0  • 

(4) 

Equation  (2)  provides  a  means  whereby  an  "ef¬ 
fective  mass"  matrix  can  be  calculated  for  a 
discrete  mass  system  when  the  solution  for  the 
equivalent  distributed  mass  system  can  be 
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lead  to  a  generalization  of  how  property  to  lump 
the  masses  in  a  system,  but  at  present  a  good 
analyst's  eyeball  is  still  the  best  method. 

Another  calculation  not  ordinarily  made 
for  static  analysis  is  the  determination  of  the 
damping  matrix.  When  specific  damping  devices 
are  Included  In  the  system,  the  compilation  of 
the  damping  matrix  Is  relatively  easy.  When  the 
only  damping  is  from  material  hysteresis,  joint 
irictlon,  and  aerodynamic  drag,  the  problem  be¬ 
comes  more  difficult.  Some  analysts  favor  a 
damping  matrix  derived  from  the  stiffness 
matrix,  and  others  prefer  to  associate  damping 
with  mass.  The  author  uses  a  formulation 
soiaiogouB  to  critical  damping  in  a  single-  clement 
system,  but  modified  to  suit  matrix  analyses: 

C  -  24  iM1  3  KM1 '  3]  *  1  (5) 


C  ■  damping  matrix 
C  »  critical  damping  ratio 

and  the  square  roots  are  a  term-by-term  oper¬ 
ation.  There  is  no  attempt  to  justify  this  for¬ 
mulation  mathematically,  but  whon  It  has  been 
used,  the  results  compared  favorably  with 
measured  values. 


DYNAMIC  RESPONSE  CALCULATIONS 

For  linear  problems,  a  number  of  choices 
arc  available  according  to  the  purpose  of  the 
calculations.  The  dynamic  equation  is 

Hit  «  Cx  ♦  itx  =  f(t)  (6) 

in  which  the  now  terminology  is  f(t )  »  forcing 
function.  The  equation 

Mx  ♦  Kx  =  o  t7) 

can  bo  solved  to  give  x0  =  normal  modes 
(eigenvectors),  ^  «  normal  frequencies 
(eigenvalues),  which  are  useful  in  many  ways, 
especially  when  x0  1b  normalized  so  that 

x/Mx^  =  i  (8) 

which  then  requires  that 

x0T  Kx0  =  u-0J .  (9) 

Now  let  x  =  x0y  In  Eq.  (6)  and  premuitlply  by 
X„T  to  get 

iy  ♦  +  "oJy  =  x0rf(t)  (10) 

which  is  convenient  as  sJI  the  terms  on  the 

left  are  diagonal  matrices,  and  the  system  is 
decoupled.  (This  requires  that  2U>0  -  x0T  Cx0 
which  is  not  necessarily  so,  but  it  is  convenient.) 
Next  Laplace  transform  Eqs.  (6)  and  (10)  to  get 


(Ms J  i  Cs  i  K1  x(s)  -  f(s) 

(U) 

+  2iw0s  ♦  V)y(s)  -  *0Tf<s>; 

(12) 

Zc  =  Ms1  t  Cs  t  1 

(13) 

Zu  =  Is’  +  24^0s  +  <V 

(14) 

so  that  Eqs.  (li)  and  (22)  become 

Zc  *  x(s)  -  f(»)  (coupled  system)  (15) 


in  which 
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Zu  *  y(s)  f  Xj1  f(s)  (uncoupled  system).  (16) 

Tiie  livers.:  transforms  of  Eqs.  (15)  and  (1C) 

gives 

x(t)  S  C^’Z'^s)  f(s)  (coupled  system)  (1?) 
x(t)  s  *0C'*  Z"1  (  s  )  x0Tf(s)  (uncoupled  system) 


If  a  step  velocity  shock,  A,  is  used  for  f(t )  in 
Eq.  (6),  then  Eq.  (18)  becomes 

-•  *o  *  s'  [xoTm]  *  [-A] 

In  which  x.  =  modal  amplitude  (undamped), 

A  »  step  velocity  magnitude,  and  [x0T  m]  is 
diagonalized  after  multiplication,  and  Is  the 
same  as  the  ''participation  factor"  in  Navy 
shook  analysis  terms.  If  the  x„T  m  product  is 
not  diagonalized,  then  all  of  the  modal  ampli¬ 
tudes  are  summed  and  the  separate  modal  con¬ 
tributions  are  lost.  As  the  mode  shapes  are  all 
subject  to  an  arbitrary  multiplier  of  ±  1,  sum¬ 
ming  them  with  the  (chance)  signs  they  have 
from  the  eigenvalue  routine  has  no  meaning. 

The  solution  for  a  step  velocity  applied  to 
Eq.  (17)  Is  a  tedious  and  lengthy  numerical 
computation,  but  It  can  be  done.  Such  a  solution 
does  avoid  the  chauce  sign  of  the  normal  modes 
and  Is  the  preferred  computation  when  a  crucial 
analysis  is  to  be  made.  It  requires  the  calcu¬ 
lation  of  the  inverse  complex  impedance  at  a 
number  of  discrete  frequencies  and  the  associ¬ 
ated  complex  frequency  response.  As  the  com- 

nl  AU  A  *tM*V*l  A  aUa  O  A  hAlnf  I  AH  ah  inn 
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the  Inverse  transformation  is  a  proper  time 
function  and  does  not  suffer  from  the  chance 
sign  problem  as  normal  modes  do. 

The  untransformed  Eqs.  (0)  and  (10)  can 
be  time-step  integrated  in  ltunge-Kutta  fashion 
au  another  solution  to  the  problem.  This  ap¬ 
proach  is  best  when  nonlinear  functions  are 
involved  and  other  methods  do  not  apply.  It  Is 
helpful  to  Include  the  nonlinear  Items  on  the 
right-hand  side  of  the  equation  In  case  an  Itera¬ 
tive  procedure  Is  needed. 

Response  to  random  excitation  Is  only  Ue- 
scrlbable  In  statistical  terms,  as  the  forcing 
function  is  so  described.  The  relationship  is 
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hi  which  U(i^)l  1  -  mean  square  response  den¬ 
sity  [(unita)Vcyclo],  (Z(  i^)) 1  *  square  of  mod¬ 
ulus  of  complex  impedance  (in  units  suitable  to 
change  F  Into  X),  and  F(  i<*-)  *  mean  square 
spectral  density  [(units)  VcycleJ.  The  results 
of  calculations  from  Eq.  (20)  can  presently  be 
evaluated  only  If  one  frequency  is  strongly 
dominant,  so  that  damage  evaluation  can  proceod 
essentially  the  same  as  if  the  response  were 
sinusoidal.  Insufficient  data  exist  to  evaluate 
damage  from  a  random  stress,  lor  example. 

Once  the  motion  responses  to  dynamic  load 
itavo  been  calculated,  it  is  necessary  to  trans¬ 
late  thorn  Into  terms  of  forces,  or  stresses,  or 
other  items  suitable  for  performance  evaluation. 
This  translation  should  be  relatively  routine, 
though  tedious,  If  the  planning  of  the  analysis 
has  properly  anticipated  this  step. 


PERFORMANCE  EVALUATION 

At  this  stage  of  the  operation,  dynamic 
analysis  has  been  completed,  and  the  problem 
is  to  interpret  the  results  in  the  light  of  the 
performance  criteria  established  in  the  plan¬ 
ning  stage  of  operations.  Three  kinds  of  cri¬ 
teria  are  usual:  motion  limits,  stress  or 
strain  limits,  or  functional  degradation  limits. 
The  motion  limits  are  commonly  on  displace¬ 
ment,  on  collision  of  elements,  on  velocity,  on 
acceleration,  or  on  jerk  (time  derivative  of 
acceleration).  The  stress-strain  limits  are 
usually  on:  stress  level  to  avoid  brittle  frac¬ 
ture,  low-cycle  fatigue  for  transient  responses, 
high-cycle  fatigue  for  vibration  responses,  or 
damage  accumulation  [  1]  for  mixed  varieties  of 
loading  such  as  thermal  and  pressure  cycles. 
Malfunction  criteria  are  widely  variable  and 
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tem,  ac  wc!’  as  for  different  systems.  Malfunc¬ 
tion  limits  have  been  applied  to  gyro  precession, 
noise  generation  in  a  circuit,  false  signals, 
dropped  bits  (in  a  computer),  permanent  defor¬ 
mation,  hunting  of  a  control  loop,  zero  drift, 
and  almost  any  other  phenomenon. 

The  weighing  and  judging  of  dynamic  anal¬ 
ysis  results  against  performance  criteria  is  at 
the  same  time  the  most  difficult  and  the  most 
important  part  of  the  whole  task.  The  outcome 
of  this  weighing  and  judging  governs  what  sub¬ 
sequent  action  shall  be  taken:  to  accept,  to  fix, 
or  to  scrap.  The  choice  cannot  be  left  to  a 
machine,  and  a  proper  discussion  of  various 
possibilities  needs  a  large  book  instead  of  a 
short  paper. 
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TRANSLATION  INTO  ACTION 

The  determination  of  what  action  to  take 
as  a  result  of  the  evaluation  of  a  dynamic  anal¬ 
ysis  requires  the  participation  of  the  designer, 
tho  analyst,  the  manufacturer,  and  the  client. 
This  is  the  time  to  consider  — 

1.  Whether  the  loads  were  really  right  as 
used. 

2.  Whether  the  structural  relationships 
were  too  approximate  or  need  to  be  improved. 

3.  Whether  the  masses  were  reasonable 
as  used. 

4.  Whether  the  damping  used  was  rea¬ 
sonable. 

5.  Whether  computational  checks  were  all 

OK. 

6.  Whether  there  was  evidence  of  round¬ 
off  trouble. 

If  all  of  these  considerations  are  satisfactory, 
then  additional  detail  calculations  may  be  needed 
that  were  not  included  in  the  main  run,  such  as 
bolt  and  weld  stresses,  stress  concentration 
effects,  and  points  of  special  interest  (gyro 
mounts,  sensor  locations,  and  the  like).  These 
detail  problems  may  be  known  only  to  the  de¬ 
signer,  as  he  made  decisions  about  them  in  the 
process  of  design,  and  no  other  person  is  likely 
to  anticipate  all  of  them. 

After  all  of  this,  the  question  may  well  re¬ 
main  as  to  how  to  alter  the  design  to  change  a 
behavior,  lower  a  stress,  or  reduce  an  excur¬ 
sion.  Various  alterations  that  might  be  consid¬ 
ered  would  include  changing  stiffness,  changing 
damping,  changing  mass,  adding  local  reinforce¬ 
ment,  modifying  connections,  or  altering  sym¬ 
metry.  Which  change  to  make  is  a  matter  for 
individual  consideration.  Sometimes  the  effect 
of  a  change  is  readily  predictable,  and  some¬ 
times  a  complete  rerun  of  the  analysis  is  re¬ 
quired.  The  latter  case  la  avoided  whenever 
possible  because  of  the  expense. 


TIME  AND  COST 


The  various  pie  slices  In  Fig,  2  will  prob¬ 
ably  average  out  to  roughly  equal  times  and 


costs  over  a  variety  of  problems.  Tho  struc¬ 
tural  and  dynamic  response  calculations  all  too 
oltcn  consume  80  to  DO  percent  of  time  and 
cost,  to  the  detriment  of  the  overall  operation. 
This  may  be  because  these  calculations  scorn 
to  be  definite,  and  prodigious  quantities  of 
eight-figure  numbers  are  generated.  In  real¬ 
ity,  the  doflntteneee  and  accuracy  are  only  ap¬ 
parent,  because  the  assumptions  involved  in  the 
input  are  frequently  Buch  as  to  require  a  i20  or 
30  percent  on  the  numbers.  (The  modulus  of 
elasticity  of  steel,  for  example,  is  no  boiler 
than  1 10  percent.)  The  performance  evaluation 
operation  is  the  real  meat  of  the  whole  task, 
and  it  merits  top-caliber  attention  and  appre¬ 
ciable  time.  Inadequate  planning  at  the  outset 
can  lead  to  a  result  that  is  meaningless,  bo- 
cause  the  numbers  cannot  be  translated  into 
performance  measures. 


Fig.  2.  Pie  chart  of  the 
Structural  dynamics 
problem 


These  statements  about  time  and  cost  pre¬ 
sume  that  computer  programs  are  checked  out 
and  running,  that  the  crew  has  performed 
similar  analyses  before  and  knows  the  ropes, 
and  that  no  difficult  error  indicators  appear'. 
Generating  new  programs,  training  now  per¬ 
sonnel,  or  hunting  wayward  decimals  can 
greatly  distort  the  picture,  it  can  take  6 
months  to  find  a  mispunchcd  exponent  on  an  in¬ 
put  card,  and  then  it  may  only  be  discovered  by 
chance.  Tho  larger  the  problems  become,  the 
more  likely  that  errors  exist  that  are  either 
unrecognised  or  are  not  to  be  found. 
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Appendix  A 

SYMMETRY  CONSIDERATIONS 


j  Consider  the  stiffness  matrix  and  displace - 

'  wont  vectors  for  the  symmetric  structure  of 

~(K..  I  Kjj) 

<K„  •  K„>" 

vi 

Fig.  A-l.  This  would  be 

(Xji  *  k3J> 

K" 

vi 

(A  -  3 ) 


'k„  k„  r 

V1 

Kal  Kaa  Kjj 

_  0  *al  K„_ 

- 1 

_ 1 

(A-l) 


and  in  the  oft-diagonal  matrices  the  terms 
add,  while  the  terms  cancel. 


Further, 


In  whloh  each  K  represents  a  fl  x  8  matrix  and 
each  v  represents  a  8  x  1  vector.  Now  sym¬ 
metry  about  the  x-y  plane  requires  that 


*  K, 


2K, 


K13  .  Kal  =  2K, j 


0,  —  -0j 


0,  =  0 


■A  i  1  +Wj  Z,  =  -Zj  Zj  =  0 


for  the  terms  that  do  not  cancel.  The  net  result 
of  the  foregoing  process  Is 


(A-2) 


’2K|>  Wn" 

1 

< 

1 

2K„  K„ 

* 

i _ 

(A-4) 


in  which  the  k  and  p  tcrn\s  hav^  had  the  col- 
umns  and  rows  tor  <V,«,  Z  eliminated. 


lu  structural  dynamics,  the  homogeneous 
matrix  equation  Is 


*  K)v  =  o 


(A-5) 


in  which  m  is  a  mass  matrix  (usually  diagonal) 
and  is  a  frequency.  If  the  mass  matrices  had 
been  Included  In  Eq.  (A-l),  then  the  same  set  of 
operations  would  have  produced.  In  Eq.  (A-4), 


Fig.  A-l.  Single  - 
plane  symmetry 


’  K,,) 

1 - 

'IT 

> 

i _ 

*1. 

K,,) 

o 

1 

(A -6) 


It  In  matrix  Eq.  (A-l)  column  3  is  added  to  col¬ 
umn  1  and  row  3  to  row  1,  then 


The  usual  eigenvalue  problem  (normal  modes 
and  frequencies)  then  consists  of  setting  Eq. 
(A-G)  equal  to  zero  and  solving  for  . 
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Multiplying  Eq.  (A-fl)  by  a  constant  would  not 
change  any  ot  the  eigenvalues  or  eigenvectors. 

U  the  structure  ol  Fig.  A-l  is  turned  so 
that  the  1-2-3  element  is  parallel  to  the  x  axis, 
tire  structure  is  now  symmotrlc  about  the  y-i 
plane.  Symmetry  about  the  y- 1  plane  requires 
that 


Rows  and  columns  can  ne  added  just  as  before, 
except  that  in  Eqe.  (A-4)  and  (A-6)  a  different 
set  of  rows  and  columns  have  been  eliminated. 


For  a  structure  with  two  planes  of  sym¬ 
metry,  as  tn  Fig.  A-2,  tiro  operations  of  adding 
some  rows  and  columns  and  eliminating  some 
others  can  be  dono  in  sequence.  The  result 
would  be 


4K,, 

fft* 

2K14 

1 

O 
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0 

2K„ 

n,, 

0 

2K4l 

2K4S 

0 

2K„ 

2K,4 

(A-8) 


in  which  k  and  v_  denote  one  set  of  coordinates 
eliminated,  and  ic  and  6  denote  two  sets  of  co¬ 
ordinates  eliminated. 


Antisymmetry  is  the  opposite  of  symmetry, 
so  for  antioyinurotry  the  condition  of  Eq.  (A-2) 
becomes 


*1  *  -x. 

e,  .  e, 

x,  • 

V|  *  ‘Vi 

*i  *  A, 

y>  * 

A,  s  -A, 

z. .  Z, 

A,  » 

and  Eq.  (A-?)  becomes 

y,  *  -y. 

*i  s  xj 

y,  « 

Z,  *  Zj 

A,  1  A, 

za  * 

°i  -  -o. 

A,  -  A, 

s,  . 

0 


O' 
o  y 


(A-9) 


(A- 10) 


Now  for  antisymmetry  Eqe.  (A-4),  (A-6).  and 
(A -8)  are  the  same  as  they  were  for  symmetry 
except  that  different  coordinates  have  boon 
eliminated  on  the  plane  of  symmetry,  and  dif¬ 
ferent  off-diagonal  elements  cancel. 


This  process  of  taking  advantage  of  sym¬ 
metry  and  antisymmetry  Is  direct  and  can  be 
done  by  machine  for  problems  small  enough  to 
permit  the  matrix  manipulations  within  the  ma¬ 
chine.  Usually,  one  wishes  to  take  advantage  of 
symmetry  because  otherwise  the  matrices  are 
too  large  for  the  machlno.  Fortunatoly,  the  dif¬ 
ficulty  can  be  minimized  by  compiling  the  stiff¬ 
ness  matrix  for  only  one-half  or  one-fourth  of 
the  structure  at  the  outset.  This  has  the  effect 
of  dividing  Eqe.  (A-4)  and  (A-6)  by  2,  and  Eq. 
(A-6)  by  4.  The  rules  to  follow  then  are  — 


1.  Compile  stiffnesses  up  to  and  including 
members  lying  in  a  plane  of  symmetry.  Do  not 
include  stiffnesses  past  the  plane  cl  symmetry. 


2.  Compile  stiffnesses  and  masses  for 
members  lying  in  a  plane  of  symmetry  at  one- 
half  magnitude. 

3.  Compile  stiffnesses  and  masses  for 
members  lying  on  the  intersection  of  Iwo  planes 
ot  symmetry  at  one-fourth  magnitude. 


The  resulting  eigenvalues  and  eigenvectors 
(normal  modes  and  frequencies)  will  be  correct, 
structural  distortions  will  be  correct  for  forces 
divided  by  2  or  4  as  in  rules  (2)  and  (3)  above, 
shears  and  moments  will  be  half -size  In  planes 
of  symmetry,  and  stresses  will  be  correct  as 
distortions  are. 


Fig,  A -t.  Two-plane  symmetry 


Appendix  D 

imp^uancb  black  boxes 


The  division  of  a  system  into  subsystems 
allows  U»u  subsystems  to  bo  treated  In  moro 
detail  than  would  othorwlsa  be  possible.  Even* 
tually,  however,  the  subsystems  must  bo  put 
back  together,  tjaA  it.o  Impedance  formulation 
of  relationships  ts  most  convenient  for  tills.  In 
Fig.  B-i,  v,  and  t,  are  tho  motions  and  forcos 
at  the  Input  coordinates;  stj  and  f  4  are  tlio  mo¬ 
tions  and  forces  at  the  output  coordinates;  and 
x,  and  f  3  arc  the  motions  and  forces  at  inter¬ 
nal  points  of  Interest  (for  force,  stross,  or  mo¬ 
tion  reasons)  that  do  not  cos  th  another 

impedance  box.  These  forces  .  .  motions  are 
conveniently  feinted  by 


zu  zn  zu 

*1 

ft 

at 

ZSl  Z41  Zl» 

*> 

A 

_ZJl  ZJ3  Z1I_ 

- - 1 

ew 

X 

(B-l) 


or 

f  >  zx  (B-2) 


in  wtitoh 

Z=(-«,M»K)  (B-3) 

arranged  In  the  order  required  by  Eq.  (B-l). 

A  variety  of  conditions  for  Eq.  (B-l)  are  of 
interest  for  use  tn  connecting  the  subsystem 


Fig.  D-l.  lmpadanco 
black  box 


into  a  syatom.  For  example,  f  *  le  frequently 
zoro,  so  that  x,  con  be  eliminated  to  give 


tn  which 


A 

= 

z,.  -  2.4 

?'  1 

Z4 1 

zi  i 

zlj  *  zu 

zii 

= 

Zi!  "  zas 

^3! 

3 

Zu  *  z,j 

(D-4) 


(0-5) 


Tills  provides  a  means  for  starting  with  a 
larger  subsystem  than  is  needed  fur  insertion 
Into  the  overall  system,  but  which  permits  the 
determination  of  the  subsystem  behavior  In  as 
much  detail  ns  desired,  after  the  overall  sys¬ 
tem  response  has  boon  obtalnod.  It  adds  to  the 
computation  required,  but  If  tho  information  is 
needed,  it  can  be  done. 


U  damping  le  to  be  included,  thon  z  In  Eq. 
(B-3)  must  be  mado  double  size,  as 


z  = 


(-ui1  M  -  K) 
(-cuC) 


(.uC> 
(-w*M  i  K) 


(B-0) 


to  keep  the  Imaginary  terms,  (i&>c),  separated 
tn  the  computer.  Tide  is  a  miienhee  In  compu¬ 
tation  with  complex  numbers,  but  It  is  neces¬ 
sary  for  the  additional  information  on  phase 
relationships. 

To  combine  subsystems  already  in  the 
form  of  Eq.  (B-4)  in  series,  see  Fig.  D-2, 
for  which 


(B-7) 

(Corn.) 


Fig.  D>2*  Series  addition  of  imp«danc*>a 
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Connection  of  the  two  subsystems  at  Interface  2 
requires  that 


*  f  jj  t,  if  cKtfrnol  fortns  ar*' 
oppl  it'd  n(  2.  or 

-  0  if  there  nrc  no  cn 

<  erno!  j 


(B-8) 


Tho  application  of  Eq.  (B-8)  to  (B-7)  gives 

r»„i  rz.ii  Zi>  °  u*ii 


/•  7 


Fig.  13- i.  Pur* lie!  com- 
biuutiou  Of  iinpodimCea 


in  which 


7*  -  ?  i  7 
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If  f  j  *  o,  thon 


•  ii  *•«» 


zji  2,,, 


In  which 


Z 1  1 S  -  Zlll  *  ZU  ZJll  Z1 

ZI1  :  o  -  Z.J  zVi‘  ZJI 
ZiX  -  0  -  Zit  Zj,  zlt 


(B-10) 


(B-ll) 


If  a  and  o  are  attached  at  1,  and  c  and  d  arc 
attached  at  2,  thon 


and  by  statics 


Now  by  simple  addition, 


(B-I3) 


(B-H) 


fi  (Z„.‘*„b)  <zn.<z,lb>  *. 

(D-lo) 

_fl  fZll«lZ2lbl  <Zll*‘Z}lbl_  _>ii_ 


**  *?  T  *  7  I 

**331  "  *•  J)  *•  1 3  -13  J 

TIub  combination  of  subsystems  can  be  con¬ 
tinued  for  as  many  subsystems  as  desired, 
subject  to  tho  limitation  that  roundoff  errors 
accumulate  and  eventually  destroy  accuracy.  If 
tho  number  of  coordinates  at  each  Interface  Is 
of  the  order  of  ‘10  (or  20  if  complex  Z  Is  used), 
then  about  6  subsystems  represent  n  practical 
limit. 

To  combine  subsystems  In  parallel,  refer 
to  Fig.  B-3,  for  which 


f|a  Zlio  Zll«  xl» 

-  3CJ  Z31»  Z31«.  XJC_ 


(D- 12) 
(Coat.) 


'•j,  Z">  2«>  *» 

_zn  zni.  _xi_ 


(D-10) 


The  cases  for  u  not  attached  at  1,  f  1  o ,  and 
for  f  lb  =  o  can  be  solved  algebraically  to  rep¬ 
resent  the  situation  of  adding  stiffness,  damping, 
or  mass  to  the  subsystem.  With  one  end  not 
attached  and  not  loaded,  the  case  of  tho  vibra¬ 
tion  absorber  Is  solved  f4j. 

The  series  and  parallel  additions  In  suit¬ 
able  combinations  are  tho  means  for  studying 
large  systems  in  the  most  effective  way.  The 
computation  schome  can  bo  kept  flexible  and 
the  analyst  can  keep  tho  physical  sense  of  what 
he  Is  doing. 


DISCUSSION 


R.  E.  Dobson  (0.  jC.  Co.):  Would  you 
give  ua  nTJrtoT  domparieon  ofthe  state  of  the 
tut  with  regard  to  the  work  In  underwater 
shook  and  In  the  missile  and  air  or  alt  Indus¬ 
tries?  There  eoeme  to  he  coneiderabio  dlf- 
ioronoo  In  the  methods  o(  Approach  and  tho 
criteria  of  failure.  The  methodology  to  gen- 
oral  Appears  to  be  a  little  more  advanced  In  the 
mleftio  AM  spacecraft  industries  than  In  the 
naval  aspects. 

Dr.  Maine:  To  answer  that  question  prop¬ 
erly  wouH'tequire  the  rost  of  the  morning,  l 
can't  agree  that  tho  state  of  the  art  in  the  air¬ 
craft  and  missile  buoinusB  is  raOfo  advanced. 

The  naval  shipboard  scheme  for  ohock  analysis 
is  based  on  m  extensive  history  Of  measurement 


*  * 


and  field  experiment.  'Dm  correlation  between 
tho  way  the  calculations  are  done  and  the  re¬ 
sults  are  measured  is  good.  I  onoe  did  a  tur¬ 
bine  analysis  using  the  usual  Navy  approach. 
There  were  some  40  coordinates  Involved.  We 
later  put  gagos  on  these  calculation  stations 
and  took  the  ship  out,  shot  at  it,  and  mooeured 
tho  results.  Nono  of  the  measured  polnte  was 
off  more  than  30  percent  from  the  calculation, 
and  moot  of  them  woro  within  10  or  lb  porcont. 
Tito  calculation  was  on  tho  conoorvadvo  side. 
Thin  is  pretty  good.  Now  the  aircraft  style  of 
analysis  seems  to  be  more  sophisticated  be¬ 
cause  It  In  dons  with  Laplace  transforms  or 
with  something  other  than  the  relatively  straight¬ 
forward  matrix  manipulations  wo  use  tn  Navy 
shock;  but  this  is  only  appearance  - 1  don't 
think,  it  is  really  more  sophisticated. 

♦ 
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DYNAMIC  SUBSTRUCTURES  METHOD  FOR  SHOCK  ANALYSIS 


Michael  Piiketye,  Jr, 
General  Dynamic* 
Electric  Dual  Division 
Groton,  Connecticut 


The  objective  of  this  paper  is  to  describe  a  dynamic  substructure 
method  for  finite  oloinoiU,  fiuflYtlll  lYTOtle  analysis  ailil  its  Applicability 
to  shock  analysis  of  complex  structures.  The  basic  concepts  of  the 
dynamic  substructure  method  are  reviewed  and  its  relationship  to  the 
atntic  substructure  method  is  Indicated.  The  application  to  dynamic 
analysis  of  shipboard  equipment  ts  outlined  in  some  detail  and  illus¬ 
trated  by  an  analysis  of  three-dimensional  frame  structures.  The  ad¬ 
vantages  of  the  use  of  the  dynamic  substructure  solution  vs  ft  direct 
solution  nro  enumo ratod. 


INTRODUCTION 

Tito  flnuo  element  analysis  method  has 
proven  to  be  a  valuable  tool  tor  solving  complex 
static  and  dynamic  structural  mechanics  prob¬ 
lems  by  the  use  of  modern  digital  computers, 
llowovor,  oven  the  ubo  of  most  sophisticated 
computer  programs  and  most  modern  computer 
hardware  does  not  eliminate  the  possibility  of 
errors  that  may  creep  tn  the  complicated  proc¬ 
ess  o!  the  analysis.  The  errors  could  be  gen¬ 
erally  of  three  typee:  computer,  program,  and 
human. 

Human  errors  that  arc  introduced  In  com. 
puierlzod  finite  element  analysis  generally  full 
into  the  following  groups: 

1,  Tho  mathematical  model  lnlls  to  prop¬ 
erly  Idealize  the  structure  that  is  to  be  ana¬ 
lyzed. 

2.  Tho  mathematical  model  results  In 
numbers  that  can  not  bo  adequately  handled  by 
numerical  processes  prescribed  by  the  com¬ 
puter  soft  war  o  and  hardware. 


losing  tho  "tooi''  for  tho  rosultp  that  ho  could 
expect  from  the  analysts. 

However,  the  analyst  still  wants  and  must 
linvo  Bomo  verification  that  the  largo  amount  of 
numbers  that  the  complex  computer  programs 
gonorato  aro  reaBonablo  and  accurate. 


One  technique  that  offers  at  least  a  partial 
resolution  of  the  above  problems.  In  addition  to 
offorlng  outer  advantages,  is  the  substructure 
method.  Brtofly,  tn  the  substructure  method, 
unlike  the  uimnl  direct  method,  tho  complete 
solution  Is  obtained  by  parts  rather  than  di¬ 
rectly  sc  a  whole.  Tho  advantages  of  substruc¬ 
ture  method  fur  static  analysis  have  been  well 
established  by  the  active  application  to  "pro¬ 
duction"  analysis  ol  a  large  number  of  complex 
structures. 


Tide  paper  describes  a  dynamic  substruc¬ 
ture  method  for  normal  mode  analysts  mid 
specifically  examines  its  application  and  ad¬ 
vantages  In  the  currently  specified  Dynamic  - 
Design-Analysis  Method  (DDAM)  for  ehockanol- 
yois  of  shipboard  components  and  foundations. 


3.  Tho  Input  data  contains  errors  (lint  arc 
not  picked  up  by  tho  program. 


DASIC  CONCEPTS 


The  detection  and  location  of  these  errors 
le  difficult,  ns  the  use  of  computerized  finite 
element  analysts  tromondously  Increased  the 
complexity  of  problems  that  can  he  solved  on  a 
routine  basts;  but  It  aloo  resulted  In  the  analyst's 


Static  Analysis 

In  1003,  Przcintonteckl  (1),  proposed  a 
substructure  method  for  static,  finite  element, 
displacement  type  of  analysis  of  structures. 


A  computer  routine  using  this  method  wrb 
coded  At  tho  author's  firm  and  applied  to  static 
analysts  of  a  number  of  complex  structured. 

One  euoh  analysis  Is  described  in  net.  (a). 

Tho  banlc  stops  In  Um  procedure  are; 

1.  Draw  up  a  finite  olement  mathematical 
model  which  closely  reproeonlo  Urn  behavior  of 
the  actual  structure. 

2.  Partition  the  whole  mathematical  model 
Into  a  uumbsr  of  substructures.  The  Joints  on 
the  boundaries  of  the  substructure  ivrO  called 
boundary  Jolals  and  all  joints  inside  the  sub¬ 
structure  are  called  internal  Joints. 

3.  With  all  the  boundary  Joints  displace¬ 
ments  completely  fixed,  tuif)  «  to) ,  analyze 
each  substructure  separately  to  dolorminn  its 
displacement  of  internal  joints  .«  F)  and  reac¬ 
tions  (or  each  substructure  at  the  boundary 
Joints.  (The  symbol  (  )  in  this  paper  desig¬ 
nates  a  column  matrix,  while  tho  eymlxii  t  ) 
designates  a  rectangular  matrix.) 

4.  Relax  Uto  boundary  Joints  and  obtain  the 
displacements  at  the  boundary  joints  uibR) ,  and, 
niter  finding  those,  calculate  the  displacement 
at  internal  Joints  iuf)  owing  to  this  relaxation 
of  tiie  m  boundary  Joints. 

8.  Obtain  (he  total  displacements  of  the 
structure  (u)  by  ft  superposition  of  tho  displace¬ 
ments  for  the  fixed  and  relaxed  conditions 

ml  •  iur>  •  <u*i  (1) 

or 


Noto  that  tujf >  4  (0)  by  definition  in  step  3. 


Thu  solution  for  liie  whole  structure  is  ob¬ 
tained  by  combining  tho  solutions  obtained  by 
parts  using  Eq.  (l). 

Step  (3)  is  similar  to  tho  static  cose  in  Unit 
ail  boundary  Joints  are  completely  fixed 
<u,,r>  -  (o'  and  Uie  normal  modes  of  each  sub¬ 
structure  are  obtained  (or  these  boundary  con¬ 
dition!}-  The  displacement  of  Internal  Joints 
can  be  written  in  terms  of  the  nubslructure 
normal  modus  as 

(u,F)  •  IiiJlp.)  (2) 

where  <>,(  is  a  column  matrix  of  the  genoral- 
izod  coordinate  of  each  fluboiructurc  and  nil  is 
ft  matrix  of  normal  mode  shapes. 

In  sUp  (4)  the  boundary  joints  aro  relaxed 
1  degree  of  freedom  (DOF)  at  a  ttmo  (0  DOF's 
tn  case  of  a  three-dimensional  structure)  by 
allowing  a  unit  displacement  at  that  degree  of 
freedom. 

Tho  process  if.  Illustrated  in  the  bottom 
part  of  Fig.  1.  The  displacements  caused  by 
tiro  relaxation  modes  can  be  expressed  as 

SBt  .  ioi  W  t3) 

‘'•if’  *  l  l  jiPs' 

whore  leBl  are  generalized  coordinates  of  tho 
relaxation  modes,  (Gl  te  matrix  roprosoiHlng 
displacements  of  Internal  Joints  owing  to  unit 
displacements  at  boundary  Joints,  and  i  I  i  is 
Identity  matrix. 

Using  Eq.  (1) 


U»l> 

K) 

[ill!  ip,!] 

jitii  ip#.’ 

fwIJ  * 

L 0  J 

i  *  * 

ki 

!  iO)  j 

[l  I  i  mK! 

or  by  designating  matrix 


Dynamic  Analyst# 

Tho  substructures  method  (or  normal  mode 
dynamic  analysts  described  in  this  paper  follows 
the  Same  basic  concepts  outlined  for  the  static 
suialyets,  and  Its  implementation  is  based  on  the 
gonoral  techniques  advocated  by  liurty  (3). 

in  Urn  dynamic  analysis  case*,  slops  (i)  and 
(2)  are  the  borne  ns  in  the  sialic  analysis  cade 
except  that  a  dynamic  mathematical  model  ac¬ 
counting  lor  mass  as  well  as  olnuttc  properties 
is  used.  For  an  example,  ace  Fig.  1,  which 
shows  the  lumped  mass  beam  mathematical 
model,  partitioned  Into  lour  substructures. 


!R)  ? 


[Uli  lull 
U  MJj 


<u>  -  IRHp) 


(4) 


ThuB  ;R1  Is  the  transforroutlon  matrix  which 
triuiaforma  the  generalized  coordinates  into 
actual  coordinates. 


APPLICATION  TO  DDAM 
Review  ot  Direct  Solutions 

Tho  DDAM  procedure,  which  te  currently 
specified  by  the  Navy  lor  shock  analysts  oi 
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shipboard  equipment  and  foundations,  can  be 
described  as  a  finite  element,  lumped  mass, 
normal  motlo  method  [4,5).  The  shock  inputs, 
which  represent  a  certain  Intensity  of  under¬ 
water  explosion  nttnek  on  the  ship,  are  glvon  In 
terms  o(  design  shock  spectra  for  a.  uniform 
shock  motion  of  all  support  o(  the  equipment 
systems.  The  design  shock  spectra  vary  ns  a 
function  of  tho  modal  frequencies,  modal 
weights,  and  location  in  the  ship. 

A  DDAM  analysis  of  a  typical  shipboard 
component  lo  described  In  some  detail  In  Itol. 
[6j.  Once  tho  mathematical  model  Is  estab¬ 
lished,  the  major  steps  in  the  DDAM  procedure* 
are : 

1.  Kornvatluu  of  the  equallono  of  moliou 
Including  the  determination  of  tho  etiffnoBO  ir 
flexibility  matrix  and  mass  or  weight  matrix. 


2.  Froo  vibration  analysis  to  determine 
(he  modal  frequencies  and  mode  shapes. 

3.  Calculation  of  the  major  shock  re¬ 
sponse  quantities  such  as  modal  weight,  Iner¬ 
tial  force,  and  Joint  riitsplsicomom  matrices. 

4.  Dotallod  force  and  stress  analysis  of 
each  member  of  the  structure. 

For  example,  die  equationr  of  motion  for 
tho  ouua)  direct  oolution  for  the  mathematical 
model,  shown  in  Pig.  1,  are  given  In  Eq.  (5)  in 
matrix  form 

im*  i,'i»  ■  Ik ;  iui  -  t{  i)  (5) 

whore  imi  id  mass  matrix,  !k)  Is  stiffness 
matrix,  tv*  is  direction  cosine  matrix  between 
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the  DOF  and  the  direction  shock  motion  of  the 
supports,  and  z(t)  is  shock  motion  of  supports 
in  terms  of  acceleration. 


Substructure  Solution 

To  derive  tho  equations  of  motion  for  a 
substructure  solution,  we  substitute  Eq.  (4)  for 
{«}  in  Eq.  (5)  and  premultiply  by  IR]T,  obtain¬ 
ing  Eq.  (6), 

(R]T[ml  [R]  (p)  f  lR]T[k]  [Rl  {pi  --  -  !R]t [m]  tv)  z(  l ). 

(6) 

If  we  shorten  the  notation  for  the  trans¬ 
formed  mass  and  stiffness  matrices,  we  have 
the  equations  of  motion  In  the  substructures 
solution  format, 

(M){p)  +  [k]  (p>  =  -  lR1t  [m]  <v)  z(  t ) .  (6a) 

For  the  free  vibrations  case,  we  drop  the 
right-hand  side  of  Eq.  (6a)  to  obtain 

(Mi  (p)  ♦  (kj(p)  =  (0)  .  (7) 

Some  interesting  properties  of  the  mass 
and  stiffness  matrices  of  the  combined  systom 
can  be  observed  it  they  are  separated  into  the 
fixed  substructures  modes  and  the  relaxation 
modes,  designated  by  subscripts  s  and  R,  re¬ 
spectively: 


do  = 


tk)  = 


Note  that  1  Is  diagonal  matrix  containing 
the  generalized  mass  of  each  substructure 
mode  considered,  (Mrr)  Is  a  matrix  represent¬ 
ing  the  mass  effective  at  the  boundary  joints, 

[  kss )  is  a  diagonal  general  stiffness  matrix  of 
fixed  substructure  modes,  and  lkR8)  is  the 
stiffness  matrix  of  the  substructure  boundary 
Joints. 

The  flexibility  formulation  of  the  free  vi¬ 
bration  '  **ven  by 

(AJ  Jm] fp>  t  {p>  =  W  (8) 

where  [hi  =  (k)' 1  is  called  the  flexibility 
matrix. 

The  flexibility  formulation  for  constrained 
structures  is  more  desirable  because  It 
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determines  the  lower  modes  first  and  the  mass 
matrix  (which  Is  a  full  matrix  here)  does  not 
need  to  be  Inverted  for  the  frequency  equation 
given  below: 

j  10]  {Ml  -  i  ru|  =  0  .  (9) 

Using  Eq.  (9),  wo  can  find  all  the  frequen¬ 
cies  M  and  the  mode  shape  matrix  [d]  for  the 
system,  using  the  usual  methods  for  solving  the 
eigenvalue  problems. 

The  mode  shape  matrix  W>]  for  the  actual 
mass  coordinates  of  the  substructures  Is 

M  -  (R)  Id)  .  (10) 

At  this  stage  we  are  ready  to  calculate  the 
shock  response  quantities,  which  can  be  calcu¬ 
lated  using  exactly  the  same  equations  as  for 
the  direct  solution. 

Once  the  modal  Inertial  loads  and  modal 
displacements  of  the  jointe  are  calculated,  we 
can  perform  a  detail  force  and  stress  analysis 
of  each  member  of  the  structure  by  one  of  the 
following  methods: 

1.  Equivalent  static  analysis  of  each  sub¬ 
structure  for  each  set  of  modal  Inertial  forces 
at  the  Internal  mass  joints  and  modal  boundary 
joint  displacement. 

2.  Equivalent  static  analysis  of  the  total 
structure  for  each  set  of  the  Inertial  loads  at 
all  the  moss  joints. 


EXAMPLE  PROBLEM 
General 

The  following  example  problem  will  Illus¬ 
trate  the  application  of  the  dynamic  substruc¬ 
ture  method  to  shock  analysis  of  a  three- 
dimensional  frame  structure.  The  structure 
will  be  solved  using  the  common  direct  method 
as  well  as  the  substructure  method  to  compare 
results.  The  mathematical  model  of  the  struc¬ 
ture  Is  shown  In  Fig.  2.  The  structure  was 
given  33  dynamic  degrees  of  freedom  in  the 
global  (X,  Y.  2)  coordinate  system  according  to 
the  following  manner: 

1.  Three  tranelatory  DOF's  each  for  joints 
AB,  AC,  AD,  AF,  AG,  AI,  and  AJ. 

2.  All  6  DOF's  each  tor  joints  AE  and  AH. 
(The  additional  rotation  degrees  were  assigned 
to  these  joints  to  compare  the  direct  and  the 
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substructure  methods  on  the  basis  of  the  same 
size  of  matrices  for  the  equations  of  motion.) 

The  shock  loading  for  the  structure  was 
specified  in  terms  of  a  shock  spectrum  value 
representing  uniform  shock  motion  in  Z  direc¬ 
tion.  The  specific  acceleration  shock  spectrum 
value  used  In  this  analysis  was  1  g  for  all  the 
normal  modes. 

Actually  four  types  of  analysis  were  per¬ 
formed  for  the  math  model  shown  in  Fig.  2: 

1.  Substructure  —  all  modes 

2.  Substructure  —  reduced  number  of 
modes 

3.  Direct  —  all  dynamic  degrees  of 
freedom 

4.  Direct  —  reduced  dynamic  degrees  of 
freedom. 

For  all  the  four  analyses,  the  following  normal 
mode  quantities  were  calculated  using  a  UNIVAC 
1107  computer: 

1.  Frequencies  and  mode  shapes 

2.  Inertial  loads 

3.  Modal  weights. 


Substructures  Analyses  —  All  Modes 

The  mathematical  model  shown  in  Fig.  2 
was  partitioned  into  three  substructures,  A, 

B,  and  C,  separated  by  the  boundary  joints  AE 
and  AH.  In  the  dynamic  substructure  notation 
this  resulted  In  the  following  breakup  of 
modes: 


Substructure  Modes: 

Substructure  A  —  nine  modes 

Substructure  B  —  six  modes 

Substructure  C  —  six  modes 

Relaxation  Modes: 

Joint  AE  —  six  modes 

Joint  AH  —  six  inodes 

The  following  were  the  major  steps  in  tho 
analysis: 

1.  Calculation  of  eigenvalues  <X)  and  fre¬ 
quencies  [ill  for  each  of  the  substructures 
using  the  Electric  Boat  Division  General  Struc¬ 
tures  computer  program  [7,B],  The  mode  shapes 
for  oubstruc'ure  A  were  normalized  in  such 
manner  as  to  give  [ha)t  t"wAJ  (h.)  =  MJ  »  where 
CwAd  is  a  diagonal  weight  matrix  for  sub¬ 
structure. 

2.  Calculation  of  the  [g)  matrix  repre¬ 
senting  the  displacement  of  the  substructure 
degrees  of  freedom  caused  by  unit  displacement 
of  the  degrees  of  freedom  at  the  boundary  joints 
AE  and  AH.  This  can  be  calculated  by  either 
direct  static  or  substructure  static  methods  of 
solution. 

3.  Calculation  of  the  if]  matrix,  which 
describes  the  flexibility  of  the  boundary  Joints, 
representing  the  displacement  of  the  degrees  of 
freedom  of  the  boundary  joints  owing  to  the  ap¬ 
plied  unit  loads  at  these  Joints.  This  also  can 
be  calculated  by  direct  static  or  substructures 
static  methods  of  solution. 

4.  Formation  of  the  lR]  matrix  using  the 
ill]  and  [c]  matrices.  Figure  3  presents  a 
block  diagram  for  the  forma  Ion  of  the  [R] 
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matrix.  Note  that  once  the  order  lor  the  degrees 
of  freedom  and  the  modes  of  tho  substructure  and 
the  boundary  Joints  Is  assumed  in  forming  (r) 
matrix,  it  must  be  adhered  to  in  the  following 
stops. 

5.  Calculation  of  the  weight  matrix  [if]  for 
the  composite  structure  by  (W)  -  [RlTt  w  ]  [Rl , 
whore  (  w  1  is  the  weight  matrix  for  all  dynamic 
degrees  of  freedom  of  tho  whole  structure  ar¬ 
ranged  in  the  same  order  as  the  [Rl  matrix. 

This  operation  results  in  a  matrix  shown  In 
Fig.  4. 

8.  Formation  of  the  (0)  matrix  from  the 
<M  matrices  of  the  three  substructures  and  the 
If)  for  tho  boundary  joints.  Figure  5  gives  the 
format  for  the  (A)  matrix. 

7.  Forming  the  frequency  equation,  Eq.  (0), 
from  the  [A)  arid  [wl  matrices  and  solution  for 
frequencies  (...)  and  mode  shapes  [el  for  all 
normal  modes  of  the  structure. 

8.  The  inode  shapes  In  the  actual  coordi¬ 
nate  system  are  given  as  M  =  (R)  (01 . 

Henceforth  the  calculations  can  be  per¬ 
formed  in  the  same  manner  as  In  the  direct 
solution. 


Reduction  of  Substructure  Modes 

One  of  the  major  advantages  of  the  dynamic 
substructure  method  is  that  it  provides  a  ra¬ 
tional  method  for  reducing  the  number  of  nor¬ 
mal  inodes  yet  accounting  for  all  the  dynamic 
degrees  of  freedom.  The  modes  which  can  be 
eliminated  are  the  substructures  modes,  espe¬ 
cially  the  higher  ones,  that  are  inherently  ap¬ 
proximate  because  of  the  mass  lumping.  For  a 
general  three-dimensional  structure,  six  relaxa¬ 
tion  modes  must  be  retained  for  each  boundary 
joint  to  allow  all  the  possible  normal  modes  of 
tho  vomposite  structure. 

in  tills  example  problem,  a  reduced  mode 
substructure  analysis  was  performed  by  re¬ 
taining  only  the  following  substructure  modes: 

Substructure  A  —  four  lowest  modes 

Substructure  B  —  three  lowest  modes 

Substructure  C  —  three  lowest  modes 

All  the  12  relaxation  modes  wore  retained. 

The  calculation  steps  were  tho  same  as 
outlined  under  previous  sections  for  the  modes 
analysis.  This  reduction  of  modes  resulted  in 
33  x  22  [R)  matrix  as  shown  In  Fig.  3,  and  In 


Fig.  3.  (Rl  matrix  for  substructure  analysis 


Fig.  4.  [VM  matrix  for  substructure  analysis 


Fig.  5.  [Aj  matrix  for  substructure  analysis 


22  x  22  [»)  and  (a]  matrices  as  shown  In  Figs. 
4  and  6,  respectively. 

The  calculated  frequency  matrix  M  was 
22  x  1  and  the  untransformed  mode  shape 
matrix  was  22  x  22.  The  transformed  M)  is  a 
83  x  22  matrix,  and  this  contains  the  mode 
shapes  for  each  degree  of  freedom  of  the  22 
|  modes.  The  modal  weights  for  this  reduced 

|  substructure  analysis  is  shown  In  Table  1. 


Direct  Analysis -All  Degrees  of  Freedom 

The  analysis  obtained  a  direct  solution  for 
all  the  33  degrees  of  freedom  of  the  structure 


shown  In  Fig.  2.  The  frequencies  and  mode 
shapes  and  modal  weights  tor  33  normal  modes 
wore  obtained  using  the  computer  program  de¬ 
scribed  In  the  substructures  analysis  In  step  (1) 
for  calculating  the  fixed  substructure  modes. 

Reduced  Number  of  Degrees  of  Freedom 

A  reduction  technique  for  direct  analysis, 
proposed  by  Guyan  In  Ref.  (9),  was  applied  to 
the  mathematical  model  shown  In  Fig.  2.  This 
technique,  which  amounts  to  elimination  of  de¬ 
grees  of  freedom,  rather  than  normal  modos  as 
Is  the  case  In  the  substructure  analysis,  Is 
more  arbitrary  and  lees  rational  than  the  latter. 


TABLE  1 

Modal  Weights  for  Z  Direction  Shock  (in  lb) 


Mode  No. 

Direct 

All  DOF 

Substructure 
All  Modes 

Substructure 

Reduced 

Direct  Reduced 

1 

77.85 

77.43 

77.13 

78.71 

2 

198.58 

200.21 

199.95 

10B.10 

3 

6.04 

4.81 

4.85 

6.60 

4 

0.0 

0.15 

0.15 

0.00 

6 

20.33 

20.66 

20.60 

23.40 

8 

6.58 

6.66 

5.64 

5.69 

7 

9.90 

4.44 

4.64 

8 

8.96 

12.27 

12.60 

9 

0.00 

0.14 

0.08 

0.97 

10 

1.69 

1.71 

1,64 

0,06 

0.03 

0.00 

0.01 

0.00 

SIB  m 

1.08 

0.00 

91  i  - 

2.60 

2.00 

0.20 

3.02 

1.12 

14 

0.00 

0.00 

0.31 

15 

48.41 

46.41 

47.31 

45.58 

16 

0,15 

0,15 

ID 

C\T3 

n 

0.00 

0.00 

0.00 

18 

1.05 

1.06 

0.50 

2.26 

0.00 

19 

0.00 

0.00 

0.00 

0.1b 

20 

0.00 

0.03 

21 

0.11 

0.11 

2,15 

0.00 

22 

0.00 

0.00 

0.01 

23 

0.00 

0,00 

0,00 

24 

0.00 

0.00 

0.27 

25 

0.15 

0.16 

26 

0.22 

0.22 

27 

0.00 

0.00 

0.00 

28 

28.63 

20.03 

29 

0.00 

30 

0.00 

0.00 

0.00 

31 

A  AA 

V.  Vv 

0.00 

32 

0.00 

0.00 

2.15 

2.15 

33 

0.22 

0.22 

0.0 

Total 

406.00 

405.97 

379.50 

387.32 
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In  this  example  problem,  all  (ho  degrees  of 
froedom  associated  with  joints  AD,  AD,  AF,  and 
AI  wore  eliminated.  Tills  reduced  the  number 
of  dog-  ees  of  freedom  from  33  to  21.  Tho  fol¬ 
lowing  were  the  basic  stops  in  procedure: 

1.  The  33  >'  ?.?  stiffness  matrix  of  Uic  orig¬ 
inal  composite  system  was  arranged  tn  a  man¬ 
ner  that  grouped  the  retained  and  eliminated 
degrees  of  freedom  (sec  Fig.  6), 

2.  The  33  x  21  transformation  matrix 
was  formed 


S-CJ  * ’  iu!T 

where  ic!  and  iu]  are  defined  In  Fig.  0. 

3.  The  reduced  21  x  21  weight  matrix  [w] 
was  found  by 

iwj  -  itjt  r  wj  it) 

4.  The  reduced  21  x  21  stiffness  matrix 
was  found  by 

IK)  =  mT  Ik!  [T!  . 

5.  The  flexibility  matrix  was  found  by 


0.  The  21  frequencies  (w)  and  tho  associ¬ 
ated  mode  shapes  (#]  were  found  using  Eq.  (9). 

7.  The  expanded  mode  sliapos  for  all  tbs 
33  degrees  of  freedom  were  found  by 

(■/>]  -  IT]  [0]  . 

Further  calculations  for  inertial  loads  and 
modal  weights  were  performed  In  the  same 
manner  for  all  tho  previous  analyses. 


Comparison  of  Rosults 

Of  the  four  analyeos  the  oasloet  results  to 
compare  are  the  natural  frequencies  as  they 
represent  only  one  number  for  each  mode.  The 
mode  shapes  and  inertial  forces  are  harder  to 
compare  because  they  involve  33  numbers  for 
each  mode.  Fortunately  the  mode  shapes  and 
Inertial  loads  can  be  Indirectly  compared  by 
comparing  the  modal  weights  that,  for  a  given 
shock  direction,  are  represented  by  only  one 
number  in  each  mode.  The  modal  weights  are 
also  valuable  for  checking  solutions  In  that 
their  summation  must  equal  tho  total  weight 
assigned  for  all  the  lumped  mass  degrees  of 
froedom  oriented  In  the  shock-input  direction. 
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In  this  problem  the  total  weight  assigned  to  the 
degrees  ut  freedom  in  the  2  shock  direction 
was  equal  to  -IOC  lb. 


numerical  processes  used  in  tho  two  methods 
to  obtain  the  solution. 


The  frequencies  and  modal  weights  for  the 
four  analyses  are  shown  In  Tables  2  and  1,  re¬ 
spectively.  The  modal  frequencies  and  modal 
weights  that  appeared  to  belong  to  the  same 
normal  mode  were  arranged  in  the  same  row 
in  these  tables. 

Lot  us  first  examine  the  results  of  tire 
direct  (all  degrees  of  freedom)  analysis  and  the 
substructure  (all  modes)  analysis,  both  anal¬ 
yses  must  be  Inherently  theoretically  exact  for 
the  assumed  lumped  mass  model;  any  differ¬ 
ences  must  be  attributed  to  the  dlfiorcnt 


The  comparison  reveals  tho  following: 

1.  The  summation  modal  weights  for  both 
solutions  arc  almost  exactly  400.00  lb. 

2.  Most  modal  frequencies  correspond 
within  0.5  percont. 

3.  The  frequencies  of  modes  4,  7,  8,  9,  and 
12  and  13  arc  different  by  up  to  5  percent. 

4.  Three  modal  frequencies  and  mode 
shapes  for  both  analyses  are  totally  different 
but  none  of  tho  modes  represents  significant 
responses  under  the  assumed  z  loading. 


TADL12  2 

Modal  Frequoncioo  (Hertz) 


Mode  No. 

Dlroct 

All  DOF 

Substructure 

All  Modes 

Substructure 

Reduced 

Direct  Reduced 

1 

53.27 

53.27 

53.64 

71.50 

71. 65 

72.26 

89.22 

88.88 

88.94 

89.76 

101.79 

09.94 

100.03 

102.58 

5 

129.00 

128.97 

120.13 

133.83 

6 

149.30 

149.39 

149.45 

154.42 

7 

204.15 

190.60 

191.02 

8 

242.12 

228.81 

229.37 

9 

285.88 

275.40 

270.96 

281.83 

10 

304.30 

304.27 

314.09 

304.47 

304.13 

11 

12 

318.06 

333.79 

318.38 

318.08 

326.70 

13 

300.69 

360.38 

380.42 

382.18 

346.02 

14 

490.84 

409,86 

435.62 

16 

623.69 

623.60 

523.00 

523.40 

lfl 

590.42 

590.42 

607.02 

17 

041.98 

642.11 

641.86 

18 

747.98 

748.02 

752.92 

717.49 

808.20 

19 

20 

910.77 

1000.59 

911,02 

1006.20 

010.52 

980.80 

21 

1328.23 

1328.24 

1267.20 

1057.78 

22 

1391.51 

1391.52 

1411.43 

23 

1639.41 

1539.41 

1543.25 

24 

25 

20 

1554.59 

1053.48 

1094.84 

1654.60 

1653.40 

1804.84 

1597.74 

27 

28 

29 

1700.07 

1774,06 

1776.20 

1706.07 

1774.66 

1707.95 

1093.41 

2106.77 

1992.01 

2100.00 

1907.74 

B 

2442.30 

2544.66 

2442.37 

2544.67 

6347.01 

2440.97 

2414.28 
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5.  There  is  no  cone  vote  baols  for  deciding 
whether  tlio  direct  or  the  substructure  analysis 
represents  a.  more  accurate  solution. 

Next  let  us  oxumlno  rosults  of  two  reduced 
analyses  -  substructure  and  direct.  The  rosults 
of  the  substructure  analysis  for  both  frequen¬ 
cies  and  modal  weights  Indicate  better  correla¬ 
tion  to  the  full  analyses  results.  The  reduced 
direct  analysts  missed  some  of  the  more  Im¬ 
portant  modes,  such  as  modes  seven  and  eight 
altogether,  Although  no  general  conclusion  Can 
bo  baood  on  the  results  of  tills  one  example.  It 
is  expoctod  Unit  Uio  reduced  substructure 
method  should  give  equivalent  or  hotter  accu¬ 
racy  tltuii  the  reduced  direct  method  for  tho 
same  size  matrices,  simply  because  the  sub¬ 
structure  reduction  is  an  inherently  more 
rational  and  dynamic  method  lor  reduction  of 
matrices  describing  the  equations  of  motion. 


CONCLUSIONS 

A  dynamic  substructure  method  ior  finite 
element,  normal  mode  analysis  was  described 
and  Its  application  to  DDAM  shock  analysis  was 
demonstrated  on  a  threo-dimonsional  frame 
structure.  The  following  conclusions  can  be 
drawn  when  the  substructure  method  Is  com¬ 
pared  with  the  usual  direct  method  of  dynamic 
shock  analysis: 

1.  As  In  the  direct  method,  considering  all 
tho  degroos  of  freedom,  tho  dynamic  substruc¬ 
tures  method,  considering  nil  the  substructure 
modes  rosults  in  a  theoretically  exact  solution 
for  a  lumped  mass,  finite  element  mathematical 
mode,  although  the  two  methods  involve  differ¬ 
ent  numerical  methods  for  solving  the  equations 
of  motion. 

2.  Dynamic  substructure  method  provides 
a  more  rational  procedure  than  the  direct 
method  for  reducing  the  number  of  equations 

to  reduce  the  else  of  the  matrices  to  be  handled 
in  the  computer  calculations.  The  main  reason 
for  the  rationality  is  that  In  the  substructure 
method  tho  reduction  Involves  the  elimination 
of  some  of  the  higher  substructure  modes  that 
can  be  considered  more  optimum  coordinates 
than  the  dynamic  degrees  of  freedom  Involved 
in  the  reduction  by  the  direct  method. 

A  method  for  estimating  the  errors  in  fre¬ 
quencies  and  mode  shapes  resulting  from  elimi¬ 
nation  of  some  of  the  substructure  modes  is 
available  in  Ref.  [10]. 


3.  An  the  substructures  method  involves 
a  oolutlon  by  parts,  a  systematic  check  of  cor¬ 
rectness  of  tlie  results  of  each  step,  or  trouble 
shooting  for  errors,  can  be  made  more  easily. 
For  example,  the  static  equilibrium  can  be 
checked  for  each  substructure  before  the  com¬ 
posite  matrices  are  formed.  The  frequencies 
and  mode  shnpcB  of  a  substructure  that  consti¬ 
tutes  only  a  portion  of  a  large  structure  can 
also  be  more  easily  displayed  and  chocked  than 
those  of  tlie  whole  large  Structure. 

4.  The  substructure  method  allows  differ¬ 
ent  analysts  and  computer  fucllltlos  to  work 
separately  on  solutionn  to  the  individual  sub¬ 
structures,  before  and  after  obtaining  the  solu¬ 
tion  for  tho  composite  structure. 

5.  The  substructure  method  allows  for  a 
less  time  consuming  and  less  costly  modifica¬ 
tion  of  parts  of  structures  (contained  In  one  or 
more  substructures)  than  tlie  direct  method  of 
solutions  which  would  involve  a  completely  new 
computer  rerun. 

ft.  Using  tho  dynamic  substructure  method, 
any  dynamic  experimental  data  on  one  or  more 
substructures,  which  is  usually  in  terms  of 
frequencies  and  mode  shapes,  would  be  directly 
input  into  the  analysts. 

1.  Tlie  dynamic  substructures  method  can 
accommodate  the  dynamic  analysis  of  a  con¬ 
tinuous  as  well  as  a  lumped  mass  mathematical 
model,  or  oven  a  hybrid  continuous -lumped 
mass  model,  because  the  equations  of  motion 
enn  be  written  in  terms  of  tlie  substructure 
normal  mode  coordinates. 

8.  The  application 'of  Uie  dynamic  substruc¬ 
ture  method  does  not  necessarily  require  a  new 
computer  program  if  liie  user  has  presently 
available  a  direct  dynamic  analysis  program 
and  standard  matrix  operation  computer  pro¬ 
gram  routines. 
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DISCUSSION 


ft.  Muataln  (McDonnell  Douglas  Corp.): 
Han  a  program  of  your  complexity  Bconverl- 
flod  by  actual  test? 

Mr.  Pakstya:  Yes,  we  wore  Involved  In 
three  submarine  teats.  Wo  made  a  pretest 


analysis  and  made  predictions.  Wc  then  put 
Instrumentation  at  the  locations  of  major  re¬ 
sponse,  obtained  the  data,  and  reduced  it.  It 
was  evaluated  and  was.  In  moBt  cases,  within 
30  percent. 
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IDENTIFICATION  OF  COMPLEX  STRUCTURES 
USINO  NEAR-RESONANCE  TESTING 

J.  P-  fUituy 

NASA  Limgluy  Hoioarch  Cantor 
Langley  Station,  Hampton,  Virginia 


A  rscbiil  innovation  Tor  determining  the  flat  of  governing  ditfAirnnlini  equation*  o{ 
tnotioii  ot  a  complex  structure  i*  dascrlboO  in  this  paper.  Numerical  values  tor  tlio 
meet,  stiffness,  and  damping  coefficients  of  tho  dynamical  equations  associated  with 
a  particular  input  response  or  transmission  path  ore  computed  from  the  data  usu- 
ally  obi&inod  in  conventional  vibration  tests  of  a  itructure.  The  theory  i*  based  on 
th«  dynamic  properties  of  multi-degree-of-freedom  linear  ayatams.  The  method 
require*  file  steady  response  (acceleration,  velocity,  dlaplacemt  ■>,  or  street)  and 
iho  driving  sinusoidal  force  Input  for  transmtsnion  path*  of  Interest  to  be  expert- 
monially  determined  for  a  fow  frequencies  near  each  major  »t Picture  resonance. 
Application  ot  tho  method  is  illustrated  by  determining  from  experimental  data  the 
equations  ot  motion  of  1/10-  and  )/40-scale  modeli  of  the  Apolio/Saturn  V  launch 
vehicle.  Transient  responses  computed  using  the  identified  aquations  for  the  i/40- 
scale  mode)  are  shown  to  agree  favorably  with  experimental  results, 
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INTRODUCTION 
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kth  system  coordinate  (an  ele¬ 
ment  of  (X) ) 

Tho  purpose  of  litis  paper  Is  to  present  a 

simple  technique  for  experimentally  determining 
tut  acceptable  set  of  equations  of  motion  for  a 
space  vohtcle  structure.  This  system  Identlfl- 
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ateady-Btato  response  of  tho  structure  lo  a 
sinusoidally  varying  input  force  for  a  few  fro- 
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nance,  and  on  the  usual  assumptions  regarding 
the  behavior  of  lightly  damped,  linear  structures. 
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Diagonal  modal  damping  mktrU 

T|  System  vlscoun  damping  matrix  (svm- 

metric,  nonnegatlve  definite) 
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Diagonal  modal  stiffness  matrix 

K  System  stiffness  matrix  (symmetric. 
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System  forcing  function  vector 
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jth  element  of  fn> 


General 


m..v,,k.  ith  modal  mafls,  damping,  and 

sufinoss 


Ft<  i )  Arbitrary  external  point  force 
applied  At  t 

P,  Ampiltudo  o!  P,  sin  an 

tn‘* C1,*  ’.  kjj’  Effective  mass,  damping,  and 
Stiffness  for  tho  i-k  input  - 
output  path  in  tho  ith  modo 


ti,k  Pliaao  angle  between  response 
and  input  force  (or  the  i  -k 
path 

’  Effective  percent  of  critical 
M  damping  in  the  itii  mode 

ij/  Circular  frequency 

jth  resonant  circular  frequency 

Unit;*  Units  used  in  this  paper  are  lb, 
in.,  sec 


The  equatlone  of  motion  lor  tho  system 
may  be  written  [6} 

*M(  *  x  ►  •  ie!  <  X>  ■  :K‘  *V  -  (FU  >>  (J) 

The  transformation 

<X!  ifliq)  <fi) 

where 
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(3) 


is  assumed  to  produce  uncoupled  equations  In 
terms  of  the  normal  coordinates,  q,  so  Hint 

(Bliqi  »  ICWql  *  (E!iq>  *  !*lr  IF(  M>  (4) 


where 

rSi  =  't!t  [a]  (t! 
rCj  =  ini*  (c)  [4*1 
mj  iSlT  IK)  if! 


THEORY 

The  storting  point  for  tho  development  of 
the  Identification  teohniquo  of  this  paper  is  In 
tho  mechanics  of  lightly  damped,  linear  syotems. 
The  closa  of  structures  for  which  tho  technique 
tn  proponed  ts  assumed  to  poaooes  tho  follow¬ 
ing,  eomowhat  qualitative  features  that  are 
stated  tn  tho  form  of  acsumptlono  and  axe  basic 
to  the  ensuing  development: 

1.  Light  damping  typical  of  a  apace  velii- 

ole  with  no  damping  specifically  designed  into 
the  structure. 

2.  Tho  modes  of  interest  aro  sufficiently 
uncoupled  in  the  velocity  tonne  and  Depurated 
tn  frequency  so  that  a  single  degree-of-freedom 
analysts  Is  adequate  to  represent  the  stoady 
response  above  the  half -power  point  In  a  mode 
of  interest. 

Thcoe  basic  assumptions  are  designed  to 
imply  that  the  steady  response  in  each  vibration 
mode  of  Interest  is  not  significantly  affected  by 
any  other  mode,  and  that  each  mode  can  be 
isolated  and  individually  exploited  an  discussed 
in  Refs,  (1)  through  (4j. 

With  the  above  assumptions  as  a  back¬ 
ground,  the  proposed  Identification  technique 
and  the  supporting  analytical  arguments  Rre 
now  developed. 


The  equation  for  tho  jth  normal  coordinate  lu 
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For  only  ono  external  forcing  function  applied 
at  i,  Eq.  (5)  becomes 

b,5i  •  c,q,  .  kjq,  =  (0) 

Hear  Resonant  Response 

Rqnntion  (J)  may  be  written 
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SuboUlutlng  Eq.  (0)  Into  Eq,  (0)  and  dividing  by 


Solution*  for  c(jj!  and  ktii 

The  steady  elate  or  partlRular  colul ton  of 
Eq.  (11)  with  F,(« }  f,  «wi  ,i  is  glvon  by 

H  *■  X  tin  (>i  -  d)  .  (15 


Substituting  Eq.  (15)  Into  Eq.  (11)  and  solv¬ 
ing  for  llio  coefficients  mtk,  <-(k  and  klk  re¬ 
sults  In 


til  “  t  I  I  t  I  »  •  t  I  )  |  (  I  I  t  I  I  n  .  j  «  v  \ 

’.t  V  •  ',w  \  •  Sk  \  *  Ft"  »  <U> 


°.i  ‘  •  *s7rai 


Iho  significance  of  Eq.  (11)  is  that  tt  rep¬ 
resents  the  system  dynamics  lof  fosponso  at 
point  k  owing  to  forcing  at  point  • .  Also,  the 
derivation  of  Eq.  (11)  lisa  not  placed  any  re* 
strict  tone  on  Uio  forcing  function  at  >  F,(t  i 
is,  in  (act,  an  arbitrary,  external,  point  forcing 
function.  When  F,<t)  =  F(  sin  »i  with  , 

only  one  oquatlon  of  tho  form  of  Eq.  (ll)  is  re¬ 
quired  to  represent  the  system  response  It  Is 
upon  tills  fact  that  the  identification  scheme  is 
based. 

Equating  the  coefficients  of  Eqs.  (10)  and 
( H ),  It  is  evident  tlmt 
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Sotting  i  -  k 
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from  which  tho  modal  amplitudes  at  >  and  k 
aro  sound  to  bo  given  by 


If  ono  sol  of  values  of  p,,  ,\v ,  and  dtk  (or 
Eq.  (17)  and  (wo  sets  for  Eq.  (10)  are  known, 
the  coetflclents  of  Eq.  (11)  may  be  computed. 


Response  to  Arbitrar  y  Force 

The  total  ay  atom  response  at  k  owing  to 
any  umo  dependent  force  H,in  at  i  ts  found  by 
superposition  of  the  solutions  of  each  of  the  set 
of  the  following  equations: 


4  1  ) 

ra.k 

;•<  •  I  .'li 

\  '  Clk 

■  k‘" 
Ku 

i  t  :• 
\  ■ 

F,(*» 

5‘ 1 1  ,  t'<» 

k  Ik 

s"' 

'  k'»' 

1  k 

F,(U 

■in 

mik 

..IP-  i  p  1 

*t  '  c'ik 

*  i  pi 

xk  • 

, 

Kik 

•  p ' 

Nw 

I  ,(  i  ) 

and  is  given  using  Eqs.  (3)  and  (0)  as 
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TilO  quantities  mf  and  m',  J  life  defined  to  be 
positive,  and  hence  r'  *  ’  is  positive.  A  nega¬ 
tive  vUue  for  rj, 1  ’  implies  a  negative  j  Unit 
Is  wholly  consistent  with  the  facte. 
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EXP  MUM  liNTM.  PROCEDURE 

The  Langley  l/io-scak1  and  1/40-scale 
models  of  the  ApOllo/Saturn  V  launch  vehicle 
.ire  ofmVvt!  in  t’  tgs.  1  «r.d  2,  and  tbe  coordinate 
•systems  for  Iwth  models  iio  presented  tn  Fig. 
o.  J'ne  1  10-scale  model  is  fully  described  in 
Ref.  fOi. 


Fig.  i.  1  /40-scale  Apollo/Saturn  V  model 


siauon  ooo  ana  me  cuspiacemetus  <u  sUuont 
418  (the  tip  of  the  escape  tower),  377,  and  282 
were  measured  using  a  contacting,  cantilever, 
strain  gage  beam.  The  et_ ain  gage  displace¬ 
ment  transducers  had  natural  frequencies  in 
the  order  of  60  Hz  and  were  used  within  their 
flat  response  regime.  The  signals  from  the 
force  and  the  displacement  tranoducerr  were 
processed  through  a  balancing  bridge,  differen¬ 
tial  amplifier,  dc  Isolation  amplifier  and  were 
then  recorded  together  with  the  calibration  sig¬ 
nals  on  an  FM  analog  tape  recorder.  The  se¬ 
lection  of  both  strain  gage  force  and  displace¬ 
ment  transducers  with  both  signals  processed 
through  identical  electronics  was  to  assure  the 
accurate  determination  of  phase  angle,  0n .  for 
USC  in  Eqs.  (!5)  and  (17). 


APOILO 


<i  INHUT  »0R04 
«  OlSPtACtf  <T 
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1/40-SMli  STATION 
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I  1/ 10-SCALE  STATIOfJ 
JSH4200  NUMBERS 


►  input  roRi* 

ALTERNATE  LOCATIONS 

►  ACCELERATION 

RESPONSE 


Fig.  3.  Schematic  of  Apollo/Saturn  V  models 


1/40-Scale  Model 

The  1/40-scale  model  was  also  complete  in 
the  lift-off  structural  configuration.  Propellant 


loading  corresponded  to  first-stage  burnout  and 
the  fcoui'^iLry  conditions  simulated  were  free- 
free.  ieady  frequency  transverse,  sinusoi¬ 
dally  varying  Input  force  was  applied  In  the 


pilch  plane,  through  a  crystal  type  force  gage, 
alternately  at  stations  0  and  12,  and  the  accel¬ 
eration  responses  were  measured  at  model 
stations  102.9  and  -2.7.  The  crystal  transduc¬ 
ers  were  used  with  this  model  to  evaluate  the 
quality  of  data  produced  by  the  two  different 
Instrumentation  schemes.  The  signals  from  the 
force  gage  and  accelerometers  were  processed 
through  similar  conditioning  equipment  to  mini¬ 
mize  relative  phase  shift  and,  together  with 
calibration  signals,  were  recorded  o»  tap*. 


Data  Reduction 

The  experimental  analog  data  were  digitally 
filtered  using  a  24-point  per  cycle  Fourier  anal¬ 
ysis,  from  which  the  numerical  amplitudes  of 
the  fundamental  components  of  the  input  force 
and  of  the  displacement  and  acceleration  re¬ 
sponses  and  the  input- response  phase  angles, 
dj,,,  were  computed. 


IDENTIFICATION  PROCEDURE 


System  Equations 

For  convenience,  Eqs.  (18)  were  written  as 


11  i  „  3  v< 11 - L  V 
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these  limits,  Identification  of  the  1/10-ecale 
and  1/40- scale  models  was  attempted. 


Solution  for  Coefficients 


The  digitized  experimental  data,  Ft,  xh  or 
xk  i  ''ik  corresponding  lo  a  near  resonant  value 
of  ^  were  used  to  determine  the  values  of  mjjp, 
c '  jj 1 ,  k[  *  *  for  each  significant  mode  for  each  of 
the  selected  Input-response  paths  for  each 
model.  Four  or  five  frequencies  near  each 
resonance  were  used.  The  value  of  >  for 
each  point  was  computed  using  Eq.  (17).  The 
values  of  and  kj^*  were  determined  by 
solving  Eq.  (16)  as  a  pair  of  simultaneous  equa¬ 
tions  for  slightly  different  near-resonant  values 
of  ....  The  average  value  of  effective  mass, 
damping,  and  stiffness  for  each  mode  was  then 
determined.  Typical  first-mode  values  for 
station  377  response  of  the  1/10-suale  model 
are  as  shown  at  top  of  page  28. 

The  sign  of  computed  using  Eq.  (16) 
was  very  simply  verified.  The  sign  was  taken 
to  be  positlvo  If  was  hi  phase  (approxi¬ 
mately  0  degrees)  with  and  negative  If 
®>  ’  >  was  out  of  phase  (approximately  180  de¬ 
grees)  with  >.  The  identification  results  for 
both  models  are  listed  as  coefficients  of  Eq. 

(19)  In  Tables  1  and  2. 


RESULTS 

Comparisons  of  the  Identification  and  ex¬ 
perimental  frequency  responses  for  the  two 
models  are  presented  In  Figs.  4  through  10. 


xk= 


Computer  Experiments 

A  controlled  computer  experiment  was 
conducted  in  which  an  exact  numerical  solution 
of  Eqs-  (19)  and  (20)  was  generated  for  an  as¬ 
sumed  set  of  typical  coefficients.  The  solution 
was  then  corrupted  and  the  coefficients  \ 
c\l',  and  kj^’  were  computed  using  Eqs.  (16) 
and  (17).  The  results  Indicated  that  errors  of 
up  io  ±  10  percent  in  F,  /Xk  ,  and  1 10  degrees  In 
djk  can  be  tolerated  by  this  identifier  when  ap¬ 
plied  to  systems  that  satisfy  the  baste  assump¬ 
tions  of  this  paper.  As  tt  was  felt  that  the  ac¬ 
curacy  of  the  experimental  data  fell  within 


1  /  lA.Oonln  OooitWo 

A  •  A  V  k/V«k  4V  iVVUUUO 

The  results  for  the  1/10- scale  model  are 
shown  in  Figs.  4  through  6,  plotted  as  the  re¬ 
sponse  ratio  |Xk/Fj|  vs  frequency.  The  par¬ 
ticular  solutions  of  Eqs.  (19)  were  obtained  for 
F, (t )  =  sin  wt,  i  <*  station  388,  for  o  <  <x>/7n  <30 
using  the  coefficients  listed  in  Tabic  1.  The 
frequency  response  at  stations  418,  377,  and 
282  were  then  obtained  using  Eq.  (20).  For 
example, 


x<J>  .  x'3) 

118  41* 


1 /40-Scale  Results 

The  results  for  the  1/ 40-scale  model  are 
shown  In  Figs.  7  through  10.  The  frequency 
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Frequencies 


Coefficients  of  Equations 


i 

<j> 

"Iv’ 

c<l> 

Ik 

K|k 

c<n 

.  Ik 

2uik“'l  — 

"'ll! 

—a 

Hal 

1 

1 1 1 
m,k 

4.62 

28.30 

0.3470 

0.1468 

304.0 

0.4101 

876.4 

2.87 

4.72 

29.04 

0.3381 

0.1615 

296.2 

0.4777 

876.7 

2.96 

4.99 

31.34 

0.3311 

0.1011 

200.1 

0.4886 

876.2 

3.02 

TAULE  1 

Identified  Values  of  the  Coefficients  of  Eq.  (19) 
for  1/10-Scale  Model 
(All  Stages  Empty,  Cantilevered-Free) 


Station,  k 

418 

377 

282 

Mode,  j 

1 

2 

3 

1 

2 

1 

2 

—  ,  t  j  > 

“1 

0.472 

4.19 

15.4 

0.477 

3.40 

0.479 

2.85 

877 

9240 

28,360 

876 

8860 

877 

9350 

3.89 

9.01 

-4,85 

2.95 

2.30 

1.39 

-1.93 

TABLE  2 

Identified  Values  of  the  Coefficients  of  Eq.  (19) 
for  1/40-Scale  Model 


Fig  4.  Comparison  of  identification 
results  with  experimental  frequency 
response  for  l  /  10  ’ scale  model 


Fig.  6.  Comparison  of  identification 
results  with  experimental  frequency 
response  for  1/10- scale  model 


Fig.  5.  Comparison  of  identifi¬ 
cation  results  with  experimental 
frequency  response  for  1/ 10- 
scale  model 
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Fig.  7.  Comparison  of  identification 
results  with  experimental  frequency 
response  for  1 /40-scale  model 


response  solutions  for  forcing  first  at  station  0  and 
and  then  at  station  42  were  computed  using  Eqs. 

(10)  and  (20)  and  the  coefficients  given  in  Table 

2.  For  example,  for  response  at  station  102.9  x 

owing  to  forcing  at  station  42 


••  l  1  >  ,  it-'1' 

x._  .  ♦  3  14xtfi 
10  2  9  10  2 


♦  69.530X, 


‘10.1  sin  idt 


xU)  i  4.S4i<1>  (  289.300x,I>  =  16.2  sin  -t 

10  19  10  2  9  1029 


X101  9’  13  71X!03  9  ’  681-160X|OJ  9 


■12.2  sin  ut 


Considerations 

The  identification  results  lor  both  models 
agree  quite  favorably  with  the  experimental  re¬ 
sponse  data.  In  addition,  the  associated  phase 
angles 

Fi  ' 


10  1  9 


26  25x 


I  1 
10  1  9 


929, 870x* 1 ' 

101  9 


-11  7  sm  .1 


also  agree,  usually  to  within  5  to  10  degrees. 
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fig,  8.  Comparison  of  identification 
result n  with  oxne  rime-ntoi  frequency 
response  for  iMO-scalo  modot 


Fig.  9.  Comparison  of  identification 
results  with  experimental  frequency 
response  for  1/40-acale  model 


Fig.  10.  Comparison  of  identification 
results  with  experimental  frequency 
response  for  i /40-scale  model 


Therefore.  It  Is  fell,  for  both  models  und  for 
the  input- response  paths  Investigated,  that  sys¬ 
tems  of  equations  suitable  for  computing  the 
response  to  an  arbitrary  forcing  function  have 
been  obtained. 

In  this  connection,  the  uniqueness  of  the 
Identified  equations  lias  not  boon  rigorously 
established.  It  ts  felt,  however,  Uiat  amplitude 
agreement  as  shown  in  Figs.  4  through  10,  to¬ 
gether  with  phase  agreement  to  within  5  to  10 
degrees,  constitutes  sufficient  conditions  lor  a 
system  Identification  adequate  for  all  engineer¬ 
ing  purposes.  The  experience  thus  iar  also  in¬ 
dicates,  for  the  class  of  systems  considered  In 
this  paper,  that  an  tdentmer  based  on  requiring 
coincidence  of  frequency  response  amplitudes 
only,  without  regard  to  phase,  will  produce 
basically  the  same  results  as  if  phase  informa¬ 
tion  were  employed.  This  fact  can  be  useful, 
because  In  general,  some  obvious  small  adjust¬ 
ments  of  the  Identified  parameters  to  give  bet¬ 
ter  results  based  on  amplitude  comparison  are 
usually  possible.  As  presented,  Figs.  4  through 
10  indicate  the  results  that  were  achieved  usbig 
the  method  of  this  paper  without  iteration.  How¬ 
ever,  parameters  were  easily  selected  to  pro¬ 
duce  perfect  coincidence  of  the  amplitude  plots 
of  both  Figs.  8  and  10,  for  example.  The  phase 
differences  were  negligible.  Therefore,  it  is 
felt  that  refinement  of  the  identified  equations 
to  produce  perfect  amplitude  agreement  is  per¬ 
missible,  if  not  desirable. 

The  advantages  of  usbig  the  approach  of 
this  paper  are  that  a  detailed  structural  Ideali¬ 
zation  and  associated  analytical  model  Is  not 
required.  The  modes  that  actually  coatrlbuted 
to  the  response  were  Immediately  identified  as 
the  only  ones  observable  for  a  giver,  input  re¬ 
sponse  path.  This  obviated  the  usual  concern 
over  the  problem  of  Including  all  of  the  signifi¬ 
cant  vibratory  modes  of  the  structures. 

Once  the  equations  of  motion  for  a  struc¬ 
ture  have  been  identified,  the  transient  re¬ 
sponse  to  an  arbitrary  force  can  be  computed 
with  confidence.  In  this  connection,  rigid  body 
modes,  if  required,  can  be  calculated  from 
model  drawings,  or  experimentally  determined. 
Results  thus  far  of  transient  tests  with  the 
1/40-scale  model  have  produced  excellent 
agreement  between  the  acceleration  response 
computed,  using  the  Identified  equations,  and 
the  experimental  transient  acceleration  re¬ 
sponses.  For  example,  a  comparison  of  iden¬ 
tification  and  experimental  transient  accelera¬ 
tion  and  displacement  responses  for  the  1/40- 
scale  model  is  shown  In  Fig.  11(a)  and  (b).  The 
coctiic.onto  used  in  computing  the  acceleration 
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Fig.  II.  CompArison  of  identification 
and  experimental  transient  response 
for  1  /40-scale  model 


response  as  predicted  using  the  system  Identi¬ 
fication  results  are  given  in  Table  2  for  i  o 
and  k  m  102.9  (see  Fig.  ?).  In  addition,  the  two 
rigid  body  modes  required  for  this  free-free 
system  were  included;  this  resulted  In  five 
equations  of  motion  that  were  integrated  using 
the  measured  values  of  the  transient  input 
shown  in  Fig.  11(c)  which  was  applied  at  sta¬ 
tion  0  of  the  model.  The  identified  equations 
predict  transient  acceleration  and  displacement 
responses,  at  station  102.9,  that  are  in  good 
agreement  with  the  experimentally  determined 
response.  The  results  of  Fig.  11  are  especially 
Important  because  they  demonstrate  the  ability 
of  the  identified  equations  to  predict  accurately 
the  response  to  an  input  of  a  different  character 
than  was  used  for  their  derivation. 


A  technique  for  determining  the  equations 
of  motion  of  a  complex  structure  has  boon  pre¬ 
sented.  Doth  the  number  of  the  essential  de¬ 
grees  of  freedom  and  the  coefficients  of  tho 
equations  are  determined  by  the  procedure, 
which  Ib  applicable  to  a  largo  class  of  aero¬ 
space  and  other  structures.  The  procedure  re¬ 
quires  that  good  quality  experimental  frequency 
response  data  be  obtained  for  the  significant 
resonances  associated  with  specified  input  re¬ 
sponse  paths. 

For  the  class  of  structures  considered  In 
tide  paper,  ii  is  felt  that  coincidence  of  the 
identified  and  experimental  frequency  response 
amplitudes  constitutes  a  sufficient  condition  for 
a  satisfactory  identification.  This  hypothesis, 
if  true,  suggests  that  refinement  of  the  initial 
identification  rosults  to  produce  perfect  ampli¬ 
tude  agreement  Is  desirable  and  may  be  useful 
in  the  formulation  of  an  Identifier  that  does  not 
require  explicit  experimental  phase  Information. 

It  is  believed  Hint  this  identification  proce¬ 
dure  should  be  advantageous  when  the  dynamical 
equations  of  motion  for  an  existing  structure 
are  desired.  For  example.  If  tho  available  re¬ 
sources  are  not  sufficient  to  allow  the  for  muta¬ 
tion  and  verification  of  a  detailed  analytical 
model  of  air  existing  structure,  or  If  only  sinus¬ 
oidal  test  equipment  is  available  but  transient 
response  data  are  required,  the  procedure  dis¬ 
cussed  in  this  paper  may  be  very  useful.  In  par¬ 
ticular,  the  identified  equations  were  shown  to 
adequately  predict  the  system  acceleration  re¬ 
sponse  to  an  arbitrary  transient  force. 
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DISCUSSION 


F.  Kozin  (Midwest  Applied  Sclonco  Corp.): 
You  mentioned  that  mathematical  models  arc 
not  required;  yet  you  do  have  the  linear  equa¬ 
tions,  eo  there  Is  some  structure  being  as¬ 
sumed  In  tho  actual  Identification  procedure. 
Exactly  what  data  wore  taken?  Wero  only  ac¬ 
celeration  data  taken,  or  were  displacement 
and  velocity  data  taken  as  woll? 

Mr.  Raney;  Tho  answer  to  the  first  ques¬ 
tion  Is  ossonUaLly  my  terminology  vs  someone 
elsoB.  When  1  say  no  analysis,  what  1  really 
moan  to  that  the  step  of  taking  the  drawings  of 
tho  model  and  breaking  them  up  Into  a  1000- 
degree-of-freedom  finite  elomont  model,  and 
that  type  of  thing,  has  been  bypassed,  So  wo 
assume  we  know  quite  a  bit  about  tho  struc¬ 
ture.  As  to  the  other  question,  the  only  things 
that  were  measured  wore  toe  three  quantities 
that  I  indicated.  Tho  phase  was  not  measured. 
-Forces  and  accelerations  were  measured. 

These  were  recorded  on  FM  tape,  digitized,  and 
filtered  with  a  24-ordlnat«-per-'ycle  Fourier 
system.  We  looked  at  all  tho  liarmonlcs  as  woll 
to  be  sure  wo  wore  getting  good  sinusoidal  data. 
We  used  only  the  lundamental  of  the  force  and 
toe  acceleration  response  which  was  all  wc 
needed  because  that  was  00-9  porcent  of  what 
T?e  had.  Wo  then  determined  the  phaso  between 
those  two  by  numerical  means  —  zero  crossing 
and  tlk&t  type  of  thing.  Wc  had  the  data  all  digit¬ 
ized  and  actually  computed  the  phase  without 
measuring  It  explicitly.  That  was  tho  data  on 
which  we  operated. 

M.  J.  Baruch  (KoUeman  Instrument  Corp.): 

1  notice  you  nan  flm  cutaoiCiu  equation  o*  mot  .on 
which  Involved  K,  C,  and  H.  How  did  you  arrive, 
at  these  coefficients  for  your  equations  ?  Were 
these  modal  quantities,  modal  mass,  modal 
Spring  constants,  or  modal  damping?  I  know 
you  had  to  teed  the  response  back  Into  the  equa¬ 
tion  lo  add  these  coefficients.  Would  you  clarify 
ihia  If  possible  ? 

Mr  Raney:  It  Is,  1  think,  totally  clarified 
In  the  paper.  I  would  chsrac  erlze  these  coef¬ 
ficients,  as  I  use  them,  as  el  cuw  mass,  stiff¬ 
ness,  and  damping  lor  the  )'  v>  da  and  too  ik 
transmission  path.  I  do  not  v  mine  modal 
mass  nor  have  I  determined  ...~  diagonal  mass 
matrix  in  tense  of  modal  masses.  5  have 


determlnod  an  offoctlvo  mass  tor  a  given  trans¬ 
mission  path  for  a  given  mode.  That  is  what 
those  coefficients  turn  out  to  be  and  it  is  ex¬ 
plained  more  fully  In  toe  paper. 

Mr.  Forkols  (NHL):  Can  you  toil  ub  some- 
IhlngaGout  too  structural  and  material  simula¬ 
tion  of  your  modols  ? 

Mr.  Raney:  If  I  understand  your  question 
correctly,  that  was  not  Important  In  this  talk. 

It  is  a  1/  iOth-scale  replica  model  of  the  Apollo/ 
Saturn  V  launch  vehicle.  It  wob  originally  built 
for  Langley  for  research  related  lo  the  Saturn 
V/Apollo  program  and  not  for  the  program  on 
which  my  paper  Is  based. 

G,  C.  C.  Smith  (Dell  Aerogyaloms):  Would 
you  agree  Uinil  the  success  of  the  method  de¬ 
pends  onttroly  on  having  well-separatod,  lightly 
damped  modes? 

Mr.  Raney:  Well,  lhat  lo  the  type  of  system 
on  which  U  has  been  successfully  used.  On  toe 
other  hand,  until  I  try  It  In  more  complicated 
situations,  I  do  not  bollevc  I  would  like  to  say 
that  I  would  agree  with  that  particular  proposi¬ 
tion.  Wo  have  evidence  that  wc  could  deal  with 
systems  that  behave  in  n  more  complex  fashion 
than  tho  system  described  here;  however,  I  do 
not  want  to  Indicate  Unit  1  am  competing  with 
modal  density  people  where  they  are  up  In  toe 
very  high-frequency  ranges  olthor. 

R.  M.  Mains  (WaBh.  Unty.):  I  would  like  to 
say,  by  way  of  Information,  that  in  exploring 
this  kind  of  procooB  analytically  I  did  a  24- 
dogroe-of -freedom  system  using  all  the  com¬ 
puted  responses.  The  modes  were  not  all  lightly 
damped  and  not  all  well  separated.  I  was  able 
to  calculate  backwards  to  got  K,  c,  and  M  with 
agreement  to  around  sovon  figures.  It  works 
fine.  How  well  it  will  work  when  the  data  are 
experimental,  I  do  not  know. 

Mr.  Raney;  Having  this  reference  would  be 
very  helpful.  When  I  was  doing  this  work  It 
seemed  fairly  simple  to  me,  but  I  could  fmd  no 
references  where  people  had  actually  used  ex¬ 
perimental  data  and  done  very  nearly  what  I 
presented  here.  System  Identification  is  what 
you  want  to  make  It.  It  works  where  it  works, 
and  that  Is  it. 
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PROPAGATION  OF  LONGITUDINAL  STRESS  WAVES 
IN  A  COMPLEX  BAR-TYPE  STRUCTURE 


David  L.  Block 
Martin  Msr’"Un  Corporation 
Orlando,  Florida 


Tins  paper  prnsonts  results  oi  an  analytical  invontig.ation  on  tlio  propagation  of  longitudi¬ 
nal  stress  wnveo  in  a  complex  bar-type  atructure.  Tho  analytical  inventigation  presented 
io  simple  in  concept  and  yields  a  procedure  for  calculating  Ihe  longitudinal  response  of  a 
structure  which  le  impact  or  shock  loaded  and  that  can  be  modeled  by  a  rotatlonally  sym¬ 
metric  nonuniform  bar  with  attached  nonstructural  masses.  An  example  of  such  a  struc¬ 
ture  is  a  missile  configuration.  Equations  arc  derived  for  tho  transmission  and  reflection 
of  stress  waves  through  elements  that  account  for  gradual  changes  and  discontinuities  in 
area  and  material  and  that  account  for  rigidly  attached  masses.  Tho  effect  of  ncnelastlc 
waves  and  wave  attenuation  is  also  considered.  From  the  developed  equations,  the  re¬ 
sponse  of  tho  structure  at  a  particular  position  may  bo  calculated  by  superimposing  tbo 
effects  of  ihe  responses  of  the  various  elcmenla  m  proper  time  instances.  Calculations 
illustrating  the  developed  procedures  are  presented  for  tho  longitudinal  response  of  a 
missile  configuration  excited  by  a  velocity  shock.  Calculated  accelerations  are  compared 
with  measured  acceleration  data  from  o  missile  configuration  and  exhibit  good  agreement 
considering  the  complexity  of  the  structure. 


INTRODUCTION 

To  Investigate  and  design  structures  that 
are  to  withstand  shock  and  impact  loadings,  a 
theoretical  nppronch  Is  needed  that  wlU  nc  count 
lor  the  complexities  of  the  actual  structure  and 
yet  be  simple  In  concept  and  procedure.  For  a 
structure  such  ns  a  missile  configuration,  a  con¬ 
figuration  with  a  longitudinal  dimension  large 
In  comparison  with  the  other  two  dimensions,  a 
realistic  model  may  be  formulated  by  consider¬ 
ing  longitudinal  rcsixmses  Only.  For  this  type 
of  response  two  theoretical  models  may  be  em¬ 
ployed:  a  lumped  parameter  type  model,  or  a 
continuous  typo  model  such  as  a  bar  or  beam. 
The  lumped  parameter  model  can  be  made  to 
approximate  the  actual  structure  by  using  ns 
many  spring  and  mass  parameters  as  needed 
(1-3],  but  this  representation  Is  limited  hi  fre¬ 
quency  content  owing  to  tho  necessity  ol  using 
a  finite  number  oi  springs  and  musses  in  the 
model.  Consequently,  the  spring  mass  model 
la  not  desirable  for  obtaining  responses  owing 
to  stress  waves.  To  obtain  the  proper  wave 
responses  and  frequency  content  a  continuous 
type  model  ts  needed. 

Therefore,  the  purpose  of  this  paper  ts  to 
present  a  theoretical  Investigation  using  a 


continuous  model  on  propagation  of  longitudinal 
stress  waves  owbig  to  an  impact  or  shock  load¬ 
ing  In  a  rotatlonally  symmetric  nonuniform  bar 
with  attached  nonstructural  masses.  Tho  re¬ 
sponse  nt  nny  position  Is  calculated  by  using  the 
simple  concept  of  a  building  block  technique  that 
superimposes  the  responses  at  the  proper  time 
instant  oi  Use  various  elements  that  account  icr 
the  complexity  of  Uio  actual  structure.  Equa¬ 
tions  are  derived  for  the  transmission  and  re¬ 
flection  of  the  stress  waves  through  elements 
which  account  for  gradual  changes  and  discon¬ 
tinuities  hi  area,  material,  and  mass  of  the  bar. 
The  equations  for  discontinuities  and  gradual 
changes  in  area  and  material  have  been  previ¬ 
ously  presented  (4-0 J  and  are  presented  here 
for  completeness;  however,  the  effect  of  at¬ 
tached  nonstructural  masses  lias  not  been  pre¬ 
viously  considered  and  allows  for  the  calcula¬ 
tion  ol  accelerations.  Nonclastlc  waves  and 
wave  attenuation  eflects  are  nlso  considered. 

Calculations  of  dynamic  response  illustrat¬ 
ing  tho  developed  procedures  are  presented  for 
a  missile  configuration  that  Is  loaded  owbig  to 
a  velocity  shock.  Experimental  acceleration 
data  are  compared  with  calculated  accelerations 
to  evaluate  the  theoretical  results. 
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NOMENCLATURE 

A  CroBB  sectional  area  oi  bar 

£  Modulus  oi  elasticity 

£,,  Modulus  of  elasticity  for  stress 
aftor  yield  stress  (see  fig.  3) 

N  Nonstructural  attached  mass 

v  Magnitude  oi  step  velocity 

•  Particle  acceleration 

c  Velocity  of  propagation  of  longltu 
dlual  elastic  wave,  \fl£7e 

Velocity  of  propagation  of  longltu' 
dtnal  nouolastlc  wavo,  </£p/p 


rotntlonnlly  symmetric  nonunlforro  bar  with  at¬ 
tached  nomjtvuctvxnl  masses.  the  equations 
governing  wave  propagation  in  simple  struc¬ 
tural  olomonts  aro  derived  and  used  to  roplaco 
the  complex  structure  by  a  sertos  of  equivalent 
simple  elements  and  by  superimposing  tholr 
effects.  Tho  assumptions  to  develop  tho  govern¬ 
ing  equations  are:  Tho  loading  Is  symmetric 
about  tho  ccntorlino  of  the  bar;  tho  only  waves 
nro  plane  waves;  and  the  response  of  each  wave 
is  Independent  of  effects  of  othor  waves  on  ltnoar 
responses  so  that  the  principle  of  superposition 
Is  applicable.  The  elements  that  are  used  to 
represent  tho  complex  structure  nro  shown  In 
Fig.  1.  Thoen  elements  will  account  for  dis¬ 
continuities  in  aroa  or  material,  gradual 
changes  hi  area  or  material,  and  attached  non¬ 
structural  masses,  and  by  suitable  combination 
will  represent  the  considered  structure. 


n  integer 
t  Time 

v  Particle  velocity 

x  Distance  wavo  travels  (boo  Eq. 

(22)) 

<*./!  Constants  defined  by  Eq.  (11) 

a  Mass  density  of  bar 

y  Internal  friction  damping  factor 
(see  Eq.  (22)) 

e  Longitudinal  stress 

a  Yield  stress 

U(t  -  Step  function  defined  by  Eq.  (13) 
at  Time  increment 


Subscripts 


1  Incident  wave 
r  Reflected  wave 
t  Transmitted  wave 


Vic, 


W 


*2 *£^£ 


<«)  DISCONTINUITY  IN  AA£A  AND  MATERIAL 

#N 


1C)  NlOlOLV  Af  TACMCO  NONSTRUCTURAL  MASS 


1.2.3 . n  Integers  referring  to  section  of  Fl«  t-  Typical  structural  oleinoMB 

bar  (see  Fig.  1)  or  velocity  steps 
(see  Fig.  2) 


DEVELOPMENT  OF  BASIC  EQUATIONS 

To  develop  the  baste  equations  for  tho 
propagation  of  longitudinal  stress  waves  In  a 


To  derive  the  relations  governing  the 
transmission  and  reflection  of  waves  In  the 
elements  of  Fig.  ’ ,  the  relationship  between 
stress  and  particle  velocity  Is  required.  Using 
the  uniform  bar  solution  for  n  wave  traveling  In 
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nnp  direction  (ane-dimenotonal  wave  equation 
solution)  and  Die  one-dlirienjslonal  utroi>B- 
straln  and  displacement -vo.ioclty  relations,  the 
following  equation  may  be  derived  ( 4 - 0 ]: 

.  ov  (1) 

where  ■  Is  the  longitudinal  stress,  ,  Is  the 
muss  density,  c  is  the  wave  propagation  veloc¬ 
ity,  and  v  la  Uio  panicle  velocity.  Equation  (1) 
gives  the  relation  between  stress  and  velocity 
and  le  often  referred  to  as  the  mechanical 
counterpart  of  Ohm's  law  He  Lintons  may  now 
be  obtained  for  each  of  the  elements  of  l'ig,  1 
by  ualng  funds  cental  force  equilibrium  und 
displacement  compatibility  concepts. 

Consider  first  what  happens  to  a  wave 
traveling  in  a  uniform  bar  tluit  encounters  a 
discontinuity  in  area  and/or  material  ns  shown 
In  Fig.  1(a).  At  the  discontinuity  there  will  be 
transmitted  and  reflected  waves  us  Illustrated 
In  Fig.  1(a).  Noto  that  for  the  sign  convention 
of  Fig.  1,  the  particle  velocity  and  wave  veloc- 
tty  are  assumed  In  tho  same  direction.  Equal¬ 
ity  of  the  forces  n(  tho  discontinuity  gives 


In  Fig.  1(b).  and  that  nt  oaeh  of  the  elope  there 
Is  no  reflected  wave.  Using  Eq.  (4),  tho  trans¬ 
mitted  particle  velocity  through  tho  that  stop  Is 


where  v,  is  the  Incident  pnrtlclo  velocity  at 
aection  l.  Similarly,  through  Lite  proceeding 
sections 


Combining  the  above  equations  gives  tho  fol¬ 
lowing: 


A,  (■’,  •  V,)  -  A,e,  (2)  A,>  ,r, 

and  equality  of  the  particle  velocities  at  tho  v„  - V— n — - - 

dlscomlnutty  gives  (\  i  An.rn.icn.,\  /i  l  aj ,V>\(l  lVici\ 

[r  7 lr  Jx777)ij-IX7T7) 

vi  ’  vr  *  vi  (3>  (0) 


where  the  subscripts  t ,  and  i  refer  to  tire 
Incident,  reflected,  and  transmitted  waves,  re- 
spcctlvoly,  and  A,  and  A}  are  the  areas  of  the 
two  bars.  Equations  (2)  and  (3)  are  approximate 
as  the  stresses  and  velocities  are,  in  general, 
not  uniformly  distributed  over  the  Cross-section 
areas  and  are  valid  only  for  small  changes  in 
area.  By  combining  Eqs.  (1),  (2).  and  (3),  the 
particle  velocity  of  the  transmitted  and  re¬ 
flected  waves  can  be  determined  as 


Now,  letting  the  number  ol  steps  ■>  become  in¬ 
finite,  the  denominator  of  Eq.  (6)  (for  details 
see  Ref.  [4))  ts  reduced  to 


From  l*i s .  (0)  and  (7),  the  equation  relating  tho 
particle  velocity  v,  incident  at  one  end  to  an 
element  with  a  gradual  change  in  area  or  mate¬ 
rial  and  the  particle  velocity  vn  transmitted  at 
the  other  end  13 


Tlie  corresponding  transmuted  and  reflected 
stresses  are  determined  from  Eq.  (1). 

Consider  next  what  happens  to  a  traveling 
wave  If  there  Is  a  gradual  change  In  area  and/or 
material  of  the  bar  as  shown  in  Fig  1(b).  For 
this  cd3e  assume  that  the  change  from  one  end 
to  the  other  is  brought  about  In  a  series  ot  n 
successive  steps  as  shown  by  the  dashed  lines 


Again  the  stresses  may  be  obtained  from  Eq. 
(1).  Note  dull  tf  the  gradual  change  Is  one  of 
area  only,  Eq.  (8)  predicts  that  the  velocity  or 
stress  of  the  wave  will  vary  inversely  as  the 
linear  dimension  of  the  area  Note  also  that 
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the  total  energy  of  tho  wave  does  not  change  at* 

It  passes  through  the  section. 

Consider  finally  what  happens  to  a  travel¬ 
ing  wave  that  is  incident  to  a  section  that  has 
an  Attached  nonstructuroA  mass  as  shown  in 
Fig.  l(o).  In  Fig.  1(c),  tho  maos  Is  shown  at¬ 
tached  to  a  uniform  eloment;  however,  Uio  rota¬ 
tions  developed  below  consider  the  element  to 
havo  also  a  discontinuity  In  nroa  and  material 
at  the  point  ot  the  attached  mass.  The  attached 
mass  is  assumed  rotationally  symmetric,  lo¬ 
cated  at  a  pent,  and  rigidly  attached.  The 
rigid  attachment  allows  no  relative  motion  ol 
the  mass  with  respect  to  tho  bar.  At  tiie  point 
of  tho  attached  mass,  equality  of  forces  gives 

AlOW)  •  V.  •  <9) 

where  M  is  the  total  mass,  v,  in  tho  transmitted 
parllolo  velocity,  and  t  le  Uio  time.  Equation 
(0}  Is  equivalent  to  Eq.  (2)  except  tor  tlie  addi¬ 
tion  ot  the  mass  ttmeu  decoloration  term. 
Equality  ot  particle  volooltlos  gb'es  Eq.  (9),  and 
then  substitution  of  Eqs.  (1)  and  (9)  into  (ft) 
gives  tho  following  differential  equation  govern- 
ing  the  transmitted  particle  velocity: 

dv , ( t ) 

— V--  •  Jv,(t)  -  av,(U  (10) 
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where  v,  is  tho  incident  particle  velocity  at  the 
attached  mass  and 
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M 
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Substituting  tho  incident  velocity  given  by  Eq. 
(12),  Eq.  (10)  can  be  solved  by  Laplace  trans¬ 
form  methods  io  give,  (or  iho  irnnemiHoii  vo- 
loctly  v  | , 


Nolo  that  tho  solution  of  Eq.  (10)  (or  the  trans¬ 
muted  velocity  v,  will  bo  a  (unction  ol  tho 
shape  with  respect  to  time  of  tho  tncidont  ve¬ 
locity  v, ,  As  tho  shape  of  tho  Incident  velocity 
v,  may  change  with  respect  to  time  and  as  the 
exact  shape  may  become  vory  complex  to  de- 
scrlbo,  an  analytical  solution  of  Eq.  (10)  cannot 
bo  obtained  for  all  cosoa.  Howevor,  approxi¬ 
mate  solutions  may  be  obtained  in  the  following 
manner. 


t  -  <• 


-’(<  i.i 


»  !  tv  t  - 1„>  0-*) 


and  for  the  transmuted  acceleration 


<lv> 

<ii 


-  .*(  •  'a  I 

“,(«  )  -  lV*c  U(,l  - 10 1 


(15) 


Assume  first  dial  the  incident  particle  ve¬ 
locity  at  tho  attached  mass  to  In  tho  form  of  * 
slop  velocity  at  time  i0  no  shown  by  tho  solid 
line  in  Fig.  2(a).  This  Incident  velocity  can  be 
expressed  mathematically  as 

v,( t )  -  V„  U(1  -  t0)  (12) 

where  v0  is  the  magnitude  of  the  velocity  and 
Hit  ■  t  „  )  is  a  step  function  defined  as 


The  reflected  voloclty  Is  determined  from  Eq. 
(3),  imd  the  c0rfe6|)0udlfiR  8trC38<?8  Rrc  dclor- 
mined  from  Sq.  {!).  The  reflected  acceleration 
Is  determined  by  differentiating  Eq.  (3)  and 
solving.  Thus,  from  Eq.  (3) 

Ot  :  O,  -  0,  (16) 

where  a,  in  the  Incident  acceleration  and  «,  is 
till*  transmitted  acceleration.  For  the  cose  of 
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tho  stop  volocity,  the  incident  acceleration  Is 
lOio  (except  at  time  <„ ),  and  the  reflected  ac 
coloration  equals  tlio  negative  of  tho  trans¬ 
mitted  acceleration.  Tito  value  of  tlio  incident 
nccolorntlon  at  time  i„  may  bo  neglected  for 
the  type  ol  responses  considered  here  by  phys¬ 
ical  considerations. 

1(  tor  a  bar  with  on  attached  in  ass  there  is 
no  dleconttnully  in  area  or  material  of  the  bar 
(A,- Aj,  ,i then  j  equals  and  the 
solution  for  tile  transmitted  velocity,  Eq.  (H), 

Is  ta  a  form  as  shown  by  the  dashed  lino  In  Pig, 
2(a),  Note  In  Pig.  2(a)  and  in  Eq.  (14,  that  in 
tile  limit  us  i  becomes  large  the  transmitted 
velocity  approaches  tho  Incident  velocity  and 
die  reflected  velocity  approaches  zero.  11  . 
does  not  equal  ft  (thore  is  a  discontinuity  in 
urea  or  material),  the  transmitted  and  reflected 
velocities  approach  die  values  given  by  Eqe. 

(4)  and  (5). 


[•at »  •  _ ) 
vo"  «d-i#) 


(IB) 

In  general,  Eqa.  (18)  and  (ID)  are  tedious  to 
evnluate  at  any  time  Instant.  Therefore,  recur¬ 
rence  equations  wore  derived  that  allowed  Eqa. 
(10)  and  (10)  to  be  evaluated  at  each  time  Incre¬ 
ment  m  from  the  initial  time  t„.  The  recur¬ 
rence  equations  were  obtained  by  evaluating 
Eqe.  (18)  and  (10)  at  ouch  time  increment 
and  combining  the  results.  Thus,  the  following 
recurrence  equations  are  obtained  for  the  trans¬ 
mitted  volocity: 

V,^4  *  in  •  l)Ot)  ■|v„(l  - 


Using  the  above  rosutts,  *n  approximation 
can  bo  derived  for  the  cqbo  where  thu  iucldout 
wave  has  an  arbitrary  siuipo  at?  a  function  of 
time  A.n  arbitrary  shaped  Incident  wave  would 
occur  in  waves  that  are  produced  by  variable 
input  forces  or  by  waves  that  have  passed  at¬ 
tached  masses.  To  obtain  the  rotations  for  a 
wavs  passing  an  attached  mass,  aasum.*  that 
the  incident  volocity  can  be  approximated  by  a 
eorios  of  successive  volocity  stop  functions 
separated  by  equal  ttmo  IncromontB  i,  as 
shown  In  Fig.  2(b).  For  tills  representation,  the 
incident  velocity  v,  can  be  expressed  mathe¬ 
matically  as 

v,<<>  5  V6U{1  -  i0i  .  (V,  -  v0iu  [i  -  (t„  •  At  ,j 

’  j*  ~  i  *#  •  1-  *  »j  •  (1‘) 

where  the  vs  are  (ho  magnitudes  of  tlio  veloci¬ 
ties  at  each  lime  increment  and  U<  ro  arc 
unit  step  functions  ns  defined  by  Eq.  (13),  The 
representation  of  the  velocity  by  Eq.  (17)  can 
be  made  as  accurate  as  needed  by  taking  ‘i 
Small.  Substituting  Eq.  (17)  (or  tlio  incident 
velocity  in  Eq.  (10)  and  again  solving  Eq.  (10) 
by  Laplace  transform  methods  gives  the  follow¬ 
ing  (or  the  transmitted  velocity: 

*.<»>  -  4  j,  («**•"'  «<»  -  «„> 


UU) 


■  p‘?4*  »,(  i8  <  not  i  (20) 

and  lor  the  transmuted  uccoloraUon, 

",  (<o  *  t«*  I  )  ■<)  -  1  <  V„,  ,  "  Vs  ) 

•  n,  (t,  ■  nAt  >  (21) 

where 

>•  -  0.1. 1.3 

V„>  w 

,v» 

Equations  (20)  and  (21)  give  the  trans- 
m tiled  particle  velocity  and  acceleration  at  the 
point  of  an  attached  mass  for  any  timo  instant 
front  the  prior  time  Instant  and  beginning  at 
time  t„.  Equations  (1),  (3),  and  (10)  are  used 
to  calculate  tho  stresses,  reflected  particle 
volocity,  and  reflected  particle  acceleration, 
respectively.  Equations  (20)  and  (21)  are 
Ideally  suited  (or  computer  computation;  there¬ 
fore,  (or  tho  calculations  presented  here,  a 
computer  was  used  to  calculate  tho  numerical 
values  of  these  equations.  The  accuracy  of 
Eqs.  (20)  and  (21)  was  examined  by  making  an 
example  calculation  in  which  tho  exact  form  of 
the  transmitted  velocity  and  acceleration  was 
known  and  compared  with  the  values  calculated 
using  Eqs.  (20)  and  (21),  This  comparison  re¬ 
sulted  it:  negligible  differences  between  the 
exact  and  the  approximate  values  os  long  as  At 
was  taken  significantly  smalt. 


and  lor  the  tr  uiemltted  acceleration: 
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Dio  effect  of  nonclastic  waves  may  also  be 
considered  and  included  in  the  present  analysis 


Ir.  a  straightforward  manner.  For  an  elastic 
wave  the  velocity  of  the  wavefront  In  tho  mate¬ 
rial  Is  a  constant  (c  =  </k/c ),  and  the  stress  is 
directly  proportional  to  the  particle  velocity  v 
(Eq.  (1)).  For  an  elastic  wave,  the  wavefront 
does  not  change  with  time  except  when  passing 
an  attached  mass  or  It  the  wave  is  produced  by 
a  variable  force  Input.  For  a  nonelastic  wave, 
the  situation  Is  different  because  the  wavefront 
changes  with  time.  However,  a  nonelastic  wave 
may  be  UBed  In  the  present  analysis  by  the  fol¬ 
lowing  approximate  procedure.  Assume  that 
the  i-onelastic  stress-strain  relationship  can  be 
represented  by  two  straight  lines  as  shown  in 
Fig.  3(a).  Straight  lines  would  not  have  to  be 
used  for  the  nonelastic  stress-strain  relation¬ 
ship;  however,  other  relationships  would  com¬ 
plicate  the  procedure  of  superimposing  the 
wave  effects.  For  the  str<  ns -strain  relation¬ 
ship  of  Fig.  3(a),  the  first  part  up  to  the  yield 
stress  is  linear  and  elastic  (e  -  Ef  for  e  <  o  ), 
and  the  second  u't,  after  the  yield  stress,  is 
again  linear  ar  jlated  to  strain  by  a  reduced 
modulus  denote..  ,.  (u  =  Ept  *■  oy  for  e  »  -y). 

For  a  stress  less  than  or  equal  to  the  yield 
stress,  the  velocity  of  the  wavefront  is  con¬ 
stant  and  is  the  elastic  wave  velocity  c.  Once 
the  stress  Is  greater  than  yield  stress,  the  ve¬ 
locity  of  the  wavefront  is  not  constant,  but  may 
be  represented  by  superimposing  the  nonelas¬ 
tic  wave  velocity  (cp  =  v'F^7)  on  the  elastic 
wave.  Thus,  the  nonelastic  wave  moves  with 
two  velocities  that  cause  a  gap,  which  In¬ 
creases.  with  time,  between  the  elastic  and 
nenolastic  wavefronts.  This  nonelastic  wave  is 
illustrated  in  Fig.  3(b)  where  stress  is  plotted 
against  distance  of  wave  travel.  The  only  prob- 

lam  Kir  -i  naualo  eKe 
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wave  in  the  above  manner  is  that  the  time  rela¬ 
tionship  of  the  waves  becomes  more  complex. 
Further  discussion  of  nonelastic  waves  may  be 
found  In  Kefs.  [4]  and  [6]. 

The  effect  of  wave  attenuation  owing  to  In¬ 
ternal  friction  of  the  material  may  also  be  con¬ 
sidered  In  the  present  analysis  in  the  following 
manner.  If  the  wave  does  not  exceed  the  elastic 
limit  of  the  material,  the  effect  of  internal  fric¬ 
tion  on  reducing  a  traveling  wave  may  be  taken 
as 

f(*)  -  f0  <-'>x  (22) 
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Fig.  3,  Elastic-plastic  waves 


By  using  Eqs.  (1),  (3),  (4),  (5),  (8),  (16), 
(‘JO),  (23),  and  (22)  and  superimposing  the  effect 
of  each  wave,  the  responses  (particle  velocity 
and  acceleration)  or  the  stresses  at  any  posi¬ 
tion  and  time  owing  tc  impact  or  shock  loading 
can  be  calculated  for  a  rotationally  symmetric 
iiummuoi'iit  bar  with  attached  masses.  The 
above  governing  equations  arc  summarized  in 
Table  1  where  the  first  column  gives  the  text 
equation  number,  the  second  column  gives  the 
equation,  the  third  column  gives  the  quantity  or 
quantities  that  may  be  determined  from  the 
equation,  and  the  fourth  column  gives  the  struc¬ 
tural  element  for  which  the  equation  is  appli¬ 
cable.  Note  that  although  the  concept  is  simple, 
the  type  of  structure  to  oe  modeled  can  be  quite 
complex.  An  example  calculation  ir.  presented 
in  the  next  section  to  illustrate  the  application 
of  the  developed  equations  and  to  present  a 
method  of  bookkeeping  for  the  superimposed 
effects  of  all  the  waves. 


where  U*'  *8  the  particle  velocity  or  stress  at 
a  distance  <  from  the  beginning  point  of  the 
wave,  f0  iB  the  particle  velocity  or  stress  at 
the  beginning  (x  -  Of,  and  -  is  a  damping  factor. 
The  above  equation  and  the  camping  factor 
are  presented  and  discussed  in  Ref.  [3],  and  no 
attempt  is  made  here  to  assign  numerical  val¬ 
ues  to  . 


KESULTS 

In  this  section,  calculations  of  the  response 
to  an  impact  loading  employing  the  equations 
developed  here  are  presented  and  discussed.  A 
comparison  between  calculated  and  measured 
accelerations  is  also  presented  to  evaluate  the 
theoretical  results.  For  these  calculations,  the 


TABLE  1 


structure  considered  is  a  complete  test  missile 
f configuration  consisting  of  an  outer  6hell  struc¬ 
ture  with  attached  -terror  sundry  packages 
(nonet -cci oral  masses)  that  would  represent 
electfw:.  c  devices.  The  missile  configuration 
is  assumed  to  have  longitudinal  motion  only  as.d 
to  be  represented  by  a  rotationally  symmetric 
bar  with  cross-  section  areas  and  attached  n<  n- 
structural  masses  as  shown  in  Fig.  4.  In  Fig, 

4,  the  ordinate  is  the  cross-section  -rea  in 
inches  squared  of  the  missile  skin  configuration 
and  the  abscissa  is  the  station  along  the  mis¬ 
sile  longitudinal  axis.  The  stations  are  spaced 
1  in.  apart  and  station  0  corresponds  to  the  tip 


of  the  missile.  The  attached  nonsiructural 
masses  are  shown  as  weights  in  Fig.  4.  For 
the  calculations  presented  here  it  Is  assumed 
that  the  Btress  waves  are  elastic,  the  material 
is  aluminum,  and  there  is  no  wave  attenuation. 

The  impact  loading  Is  assumed  to  be  an  ex¬ 
citation  caused  by  a  velocity  shock.  This  im¬ 
pact  loading  is  assumed  to  produce  two  step 
waves,  equal  in  magnitude,  that  propagate  in 
opposite  directions  from  the  point  of  impact 
(station  34 )  at  the  speed  of  sound  of  the  mate 
rial  (■  .T"  =  200,000  in.  sec).  The  initta. 

magnitude  of  the  particle  velocity  is  assumed 


Fig.  4.  Geometry  of  missile  configuration 


to  bo  150  tn./sec  (Initial  compressive  stress 
=  7600  pel). 

The  waves  beginning  at  the  point  of  Impact 
propagate  and  will  be  reflected  at  points  of  dis¬ 
continuities  In  area  (stations  7  and  68),  at  points 
of  attached  masses  (stations  52  and  68),  and 
from  the  ands  (stations  0  and  107).  The  magni¬ 
tudes  of  the  responses  or  stresses  In  the  struc¬ 
ture  owing  to  these  waves  are  calculated  using 
the  developed  equations  and  may  be  increased 


or  decreased  depending  upon  the  manner  in 
which  the  reflected  and  transmitted  waves 
combine  together.  To  develop  a  bookkeeping 
procedure  to  account  for  each  wave,  a  plot 
tracing  the  waves  and  their  reflections  is  made 
and  is  shown  in  Fig.  5,  In  Fig.  5,  the  ordinate 
is  the  missi'e  stations,  and  the  abscissa  is  time 
(time  i  -  o  corresponds  to  time  of  initial  Im¬ 
pact).  In  Fig.  5,  .he  slope  of  lines  (slope  =  •<•) 
gives  the  correct  distance-time  relation  of  the 
waves.  For  example,  the  time  distribution  for 


TIME  (seconds • 

Fig.  5.  Stress  waves  in  missile  configuration 
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all  of  the  waves  Intersecting  at  station  08  is 
easily  determined  from  Fig.  5;  that  is,  the  first 
wave  Intersects  at  t  =  0.0017  sec,  the  second  at 
0.0035  sec,  and  so  on.  Note  In  Fig.  5  the  com¬ 
plexity  of  tlie  wave  pattern  as  time  Increases. 

For  this  configuration  where  the  modulus  of 
elasticity  and  the  material  Is  a  constant,  the 
slope  of  the  lines  in  Fig.  5  is  constant;  however, 
if  the  modulus  of  elasticity  or  the  material  is 
not  constant  throughout  the  configuration,  the 
slope  of  the  lines  would  vary  accordingly.  The 
direction  of  the  waves  (wave  propagation  veloc¬ 
ity  sign)  is  accounted  for  in  Fig.  5  by  the  ar¬ 
rows  on  the  lines.  Knowing  the  time  distribu¬ 
tion  of  the  waves  from  Fig.  5,  the  magnitude  of 
the  particle  velocity  of  each  wave  is  deter¬ 
mined  by  applying  the  appropriate  equations 
developed  in  the  previous  section.  For  these 
and  the  remaining  calculations,  the  particle 
velocity  and  acceleration  will  be  the  response 
quantities  that  are  described;  however,  from 
the  particle  velocity  the  stress  may  be  calcu¬ 
lated  using  Eq.  (1).  In  calculating  the  stress 
from  the  particle  velocity,  the  sign  of  the  wave 
velocity  c  (from  Fig.  5)  must  be  taken  Into 
account. 

To  calculate  the  particle  velocity  and  ac¬ 
celeration  at  a  particular  station  the  following 
procedure  is  used.  Beginning  at  the  point  of 
impact,  station  34,  and  tracing  the  wave  toward 
the  tip  station  0,  the  wave  is  first  reflected  at 
station  7  (see  Fig.  5).  From  station  34  to  sta¬ 
tion  7,  the  magnitude  of  the  incident  wave  par¬ 
ticle  velocity  is  calculated  using  Eq.  (8),  and 
then  the  transmittal  and  reflected  particle  ve¬ 
locities  are  calculated  using  Eqs.  (4)  and  (5i. 
These  calculated  values  of  velocities  In  inches 
per  second  are  shown  at  station  7  in  Fig.  5,  and 
their  directions  are  shown  by  the  arrow  above 
iiia  numerical  value.  The  first  transmitted  ve¬ 
locity  at  station  7  travels  to  the  Up  (station  0) 
where  it  is  reflected  from  the  free  end  and 
travels  back  to  station  7.  Note  that  the  reflec¬ 
tion  a  the  free  end  reverses  the  direction  of 
the  particle  velocity  and  the  wave  velocity.  At 
station  7,  the  wave  is  again  reflected.  The 
magnitudes  of  these  transmitted  and  reflected 
velocities  are  calculated  using  Eqs.  (4)  and  (5) 
and  are  shewn  on  the  second  wave  at  station 
7  in  Fig.  5.  The  process  is  repeated. 

Tracing  the  wave  in  Fig,  5  beginning  at  the 
impart  point  (station  34)  and  progressing  toward 
station  107,  at  station  72  a  nonstructural  at¬ 
tached  mass  is  encountered.  At  this  point,  the 
transmitted  particle  velocity  and  acceleration 
are  calculated  using  Eqs.  (20)  and  (21),  respec¬ 
tively,  and  the  incident  particle  velocity  at  sta¬ 
tion  52.  The  incident  particle  velocity  at  station 
52  is  calculated  using  Eq.  (8)  and  is  shown  in 


Fig.  5.  As  the  transmuted  wave  travels  on 
from  station  52,  it  encounters  another  mars  at 
station  08  where,  again,  Eqs.  (20)  and  (21 1  are 
used  to  calculate  tho  transmitted  particle  ve¬ 
locity  and  acceleration.  Note  that  the  magnitude 
of  the  incident  particle  velocity  at  station  68 
used  in  Eqs.  (20)  and  (21)  Is  calculated  using 
the  magnitude  of  the  transmuted  particle  veloc¬ 
ity  from  station  52  and  Eq.  (6). 

Using  this  procedure,  all  the  waves  may  be 
systematically  traced  throughout  the  configura¬ 
tion.  That  Is,  whenever  the  wave  travels  through 
a  region  in  which  there  are  no  discontinuities 
or  masses,  Eq.  (8)  Is  used  to  calculate  the  par¬ 
ticle  velocity  magnitude;  at  the  points  of  area 
and  material  discontinuities,  Eqs.  (4)  and  (5) 
are  u6cd  to  calculate  the  particle  velocity  mag¬ 
nitudes;  and  at  the  point6  of  attached  masses, 
Eqs.  (20),  (3),  (16),  and  (21)  are  used  to  calcu¬ 
late  the  particle  velocity  and  acceleration  mag¬ 
nitudes.  The  direction  (sign)  and  the  time 
variation  from  impact  of  the  velocities  and  ac¬ 
celerations  are  determined  from  Fig,  5. 

The  final  response  at  a  particular  station  is 
then  determined  by  superimposing,  at  the  proper 
time  instant,  the  effect  of  each  wave.  This 
method  Is  illustrated  in  Fig.  6  where  the  parti¬ 
cle  velocity  at  station  60  is  plotted  vs  time. 

The  dashed  lines  shown  in  Fig.  6  are  the  calcu¬ 
lated  velocities  from  Eq.  (20)  for  each  wave 
intersecting  station  68.  The  time  variation  for 
each  of  the  waves  is  determined  from  Fig.  5. 

The  total  particle  velocity  at  station  G8  is  then 
determined  by  adding  together  the  effects  of 
each  of  the  waves  and  is  shown  by  the  solid  line 
in  Fig.  6. 

In  Fig.  7,  the  calculated  total  particle  ve¬ 
locity  at  station  52  is  shown  plotted  vs  time. 
These  velocities  were  also  calculated  using  the 
procedure  as  illustrated  in  Fig.  6.  From  the 
calculations  of  particle  velocity  for  Figs.  6  and 
7  and  from  Fig.  5  (sign  of  wave  propagation  ve¬ 
locity),  the  stresses  at  stations  52  and  68  can 
be  obtained  by  using  Eq.  (1). 

In  Figs.  8  and  9,  comparisons  of  Uie  calcu¬ 
lated  and  experimental  accelerations  are  shown 
for  stations  68  and  52,  respectively.  The  dotted 
lines  shown  in  Figs.  8  and  9  are  accelerations 
determined  from  accelerometer  data  obtained 
from  tests  performed  at  Martin  Marietta.  These 
acceleration  data  were  obtained  from  a  test 
facility  that  simulates  a  velocity  6hock  on  a 
test  missile  configuration.  No  attempt  will  be 
made  here  to  describe  the  experimental  tests 
as  their  purpose  is  only  to  evaluate  the  the¬ 
oretical  results.  The  experiment  also  deter¬ 
mined  the  magnitude  of  the  initial  particle 
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Fi|  6.  Calculated  And  experimental 
accelerations  at  station  68 


velocity  that  was  used  in  the  theoretical  calcu¬ 
lations.  The  theoretical  accelerations  were 
calculated  using  Eq.  (21)  and  were  superposi- 
Uoncd  according  to  the  time  variation  of  Fig.  5. 
The  total  acceleration  is  6hown  as  the  solid 
lines  on  Figs.  8  and  9.  hi  Fig.  8,  the  results 
comparing  calculated  and  experimental  accel¬ 
erations  show  good  agreement,  hut  in  Fig.  9 
the  results  exhibit  only  fair  agreement  when 
comparing  the  amplitudes  of  the  responses. 
However,  the  theoretical  results  of  Figs.  8  and 
9  do  show  remarkably  good  agreement  con¬ 
sidering  the  complexity  ol  the  structure  ex¬ 
amined,  and  give  adequate  and  reasonable  re¬ 
sults  for  design  purposes. 

A  standard  industry  practice  is  to  describe 
the  response  by  a  shock  spectrum  or  transient 
response  spectrum,  but  Figs.  8  and  9  com¬ 
pletely  describe  the  response  by  showing  Us 
time  history.  A  shock  spectrum  is  a  plot  of 
acceleration  vs  frequency  and  is  derived  by 
considering  the  maximum  response  of  a 


single-degree-of-freeriom  oscillator  to  a  given 
forcing  function.  The  analytical  acceleration 
time  histories  of  Figs.  8  and  9  and  the  experi¬ 
mentally  measured  acceleration  time  histories 
were  converted  into  shock  spectra.  These  are 
shown  in  Figs.  10  and  11  where  the  acceleration 
in  gravities  is  plotted  vs  frequency  in  hertz  for 
misGilc  stations  80  and  52,  respectively.  Again 
the  agreement  between  theoretical  and  experi¬ 
mental  is  better  for  station  68  than  station  52. 

If  the  thock  spectra  of  Figs.  10  and  11  were  to 
be  used  for  specification  purposes  and  If  a  curve 
is  drawn  through  the  peak  points  of  the  spectra, 
then  the  agreement  Detween  the  experimental 
and  theoretical  spectra  would  be  good. 


CONCLUSIONS 

An  analytical  method  is  presented  tor  cal¬ 
culating  responses  (particle  velocities  and  ac¬ 
celerations)  and  stresses  owing  to  longitudinal 
stress  waves  in  a  complex  bar-type  structure. 
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Fig.  9,  Calculated  and  experimental  uccyl- 
orations  at  station  5<i 
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Fig.  10.  Calculated  and  experimental 
shock  spectra  at  station  68 
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The  method  is  particular  applicable  to  a 
structure  such  as  a  missile.  The  method  ib 
simple  m  concept  and  has  the  advantage  o'  al¬ 
lowing  for  realistic  consideration  of  the  wave 
transmission  process  and  of  accounting  for  the 
effects  in  the  structure  of  mass,  area,  and  ma¬ 
terial  changes,  nonclastic  waves,  and  wave  at¬ 
tenuation.  The  response  or  stress  at  any  posi¬ 
tion  is  calculated  by  superimposing  the  response 
at  proper  time  instants  of  the  elements  that  ac¬ 
count  for  the  complexity  of  the  actual  structure. 


Results  of  sample  calculations  are  presented 
for  the  longitudinal  response  of  a  missile  which 
is  impact  loaded.  For  this  configuration,  the 
theoretical  accelerations  are  compared  with 
measured  experimental  results  and  exhibit  good 
agreement  considering  the  complexity  of  the 
missile  structure.  In  addition,  as  the  analysis 
considers  the  actual  wave  pattern,  the  effects 
of  reflected  and  combined  waves,  either  detri¬ 
mental  or  advantageous,  can  be  considered  and 
could  be  included  in  a  design  application. 
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DISCUSSION 


U.  Muntaln  (McDonnell  Douglas  Corp.). 
You  did  not  eay  how  you  did  your  experiment. 
Wont  was  your  inpul  force ?  Was  it  an  explo¬ 
sive  type  of  shock? 


Mr.  DIock:  Tho  input  was  the  upper  sec¬ 
tion  Tmpacflng'nnd  latching  the  lower  section. 

It  was  a  true  impact.  The  lower  section  is  sit¬ 
ting  and  the  upper  section  moves  into  it  at  a 
known  velocity.  That  would  sot  up  the  wave 
that  would  travel  In  both  directions  and  actually 
travel  back  through  llmt  Impact  point  again. 


Mr.  Mustaln:  Maybe  you  have  made  some 
kind  of  a  bronkFFirongh  for  the  explosive  type 
shock.  1  certainly  want  to  rend  your  paper. 


Mr.  Block:  Are  you  thinking  of  something 
like  stngo  separation  where  tliore  is  an  explo¬ 
sive  cutting  charge? 


Mr,  Muatain.  This  is  true.  You  arc  show¬ 
ing  high  frequencies  and  up  to  now  we  have  not 
been  able  to  do  any  good  prediction  work  on  that . 


Mr.  DiocK:  11  you  have  n  symmetric  sepn- 
ratlon  charge  alt  the  way  around  and  explode 
that  by  some  reliable  method,  knowing  the  initial 


particle  velocities,  you  could  actually  trace  the 
wave  throughout  the  structure  to  some  place  in 
which  you  arc  interested. 


Mr.  ForkoiB  (NRL):  Can  you  tell  us  what 
10,OGTTgTfl  means  tii  terms  Of  stress  0 


Mr.  Block:  The  g's  do  not  mean  anything 
in  terms  of  slresa.  To  get  the  stress  you  hnve 
to  go  back  to  the  particle  velocity.  Stress  is 
related  to  particle  velocity  and  to  the  material 
constants,  so  you  are  working  with  '.ho  integral 
of  that  curve,  if  you  want  to  louk  at  it  that  way. 


G.  Brooks  (NASA  Langley):  When  1  looked 
at  your  next  ku  the  last  elide,  1  wondered 
whether  that  accelerometer  was  picking  up  the 
stress  wave  or  whether  it  was  just  moving 
relative  to  the  shell.  Did  you  look  at  that 
problem  ? 


Mr.  Block:  The  acccleroincterB  were  not 
located  on  the  shell.  They  were  located  on  a 
ring  and  the  twe  I  showed  were  both  where 
there  were  attached  masses.  They  were  lo¬ 
cated  at  a  ring  interior  lo  the  she!!  in  the  di¬ 
rection  of  the  wave.  There  would  not  be  lateral 
motion  of  the  shell,  if  that  is  what  yon  mean 
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ALSEP  SYSTEM  STRUCTURAL  DYNAMICS  STUDY 


M  M.  B&hn 

The  Qsadix  Corporation 
Ann  Arbor,  Michigan 


The  dynamic*  study  undertaker,  by  the  Aeroapaco  Sytl«m«  Division  of  The 
Bendix  Corporation  investigated  the  steady- elate  response  of  ALSEP  (Apollo 
Lunar  Surface  Experiments  Package*  c'rr.ponenta,  both  elastically  coupled 
atul  uncoupled  with  the  Lunar  Module  (LM)  structure.  The  results  of  iho  ano- 
lyticaS  study  are  correlated  with  the  experimental  results.  The  dynamic  study 
resulted  in  rocummendatiens  for  design  modifications  and  dynamic  interface 
requirements.  A  Statistical  program  has  been  developed  that  optimises  rau- 
doin  vibration  flight  approval  and  qualification  test  specifications.  Currently, 
the  common  procedure  is  to  take  the  maximum  value  of  transmissibility 
within  a  discrete  bandwidth.  The  optimization  of  random  vibration  specifica¬ 
tions  is  bused  on  the  axiomatic  logic  that  tlio  transnueeibility  within  a  die- 
croto  frequency  band  will  be  loss  than  a  statod  reterenco  value  based  on  givsn 
confidence  and  probability. 


INTRODUCTION 

This  systems  study  of  the  coupled  and  un¬ 
coupled  ALSEP  and  LM  was  conducted  to  de¬ 
velop  dynamic  Interface  qualification  specifi¬ 
cations  for  experiments  selected  by  the  Manned 
Space  Center  for  lunar  scientific  exploration. 
Three  distinct  and  separate  structural  units 
form  the  ALSEP;4 

1.  Compartment  1,  located  in  the  Scientific 
equipment  bay  of  the  LM,  carries  lour  experi¬ 
ments  (ton  detector,  passive  seismic,  solar 
wind,  and  magnetometer)  and  Uie  electronic 
data  subsystem. 

2  Compartment  2,  located  in  the  other 
scientific  equipment  bay,  carries  throe  experi¬ 
ments:  goologlcnl  tools,  drill  box,  and  radio¬ 
isotope  thermal  generator. 

3.  Cask  structure  supporting  the  radio¬ 
active  fuel  element,  mounted  externally  to  the 
LM 

The  dynamics  study  computed  Lie  steady  - 
state  response  of  the  components  mounted  on 
the  structure,  Ixith  elastically  coupled  and  un¬ 
coupled  with  the  LM  structure.  A  generalized 
frequency  response  program  was  developed  to 

* THr  prrrrni  configuration  is  3  modification  oi 
l Sr  one  ribe<i  here 


compute  the  steady-state  response  A  an  n- 
degreo-of-freedom  system  using  specified 
structural  damping  as  on  Input. 

Further  eigenvectors  and  eigenvalues  were 
computed  and  mode  ships  plotted  using  matrix 
iteration  techniques.  To  check  the  above 
frequency-response  program,  a  normal  mode 
frequency  program  using  viscous  damping  and 
a  generalised  lotcinx  muirix  won  aj»o  devel¬ 
oped.  The  dynamic  study  resulted  tn  a  recom¬ 
mendation  to  govern  dynamic  interfaces  and 
qualification  tost  criteria,  and  chongos  in  con¬ 
ceptual  design  of  the  AbSKP/LM  supporting 
Btructiire  for  the  experiments. 


MATHEMATICAL  MODELS 

A  flexibility  influence  coefficient  matrix 
was  generated  for  the  43-DOF  (degree  of  free¬ 
dom)  dynamic  system  when  compartments  1  and 
2  were  added  to  the  LM.  The  LM  landing  radar 
assembly  and  tilt  mechanism  base  properties 
were  unchanged  from  (hose  give-*  by  OrumniOi: 
Aircraft  Co 

The  mass  matrices  oi  compartments  1  and 
2  were  lumped  at  Die  cente-  of  gravity  (eg)  of 
the  components.  An  additional  degree  of  free¬ 
dom  has  been  added  to  the  compartment  I  model 
previously  described  to  represent  the  dynamic 
effect  of  the  tlieimal  plate  assembly  (see  Fig.  1). 


Tho  composite  structure  was  excited  along 
ench  ol  the  1JM  coordinates. 


Mathematical  Modols  of  Compartments 
1  and  2  and  the  Thermal  Plate 

Compartment  1  was  idealized  (ace  Fig.  1? 
iie  follows: 

1 .  The  experiments  attached  to  the  base 
plate,  also  known  as  the  "sunshleld."  were  as¬ 
sumed  rigidly  connected  to  Iheir  attachment 
points. 

2.  The  mass  of  the  experiments  was  as¬ 
sumed  lo  be  concent  rated  at  the  center  of 
gravity 

3.  Hie  "sunshleld"  plate  was  assumed  to 
be  simply  supported  all  around  Us  edges,  and 


the  influence  coefficients  were  calculated  lor 
the  attachment  points  of  each  component. 

d.  The  compartment  1  structure  was 
rigidly  attached  to  the  LM, 

The  model  as  described  is  shown  in  Fig.  1 
The  dUclinlenl  points  are  Arguniw!  lo  move 
only  m  ‘.he  vertical  direction,  as  in-plane  de¬ 
flections  of  ihe  plitle  are  neglected.  This  im¬ 
plies  that  the  center  of  gravity  of  each  attached 
both  hits  only  3  DOF.  The  generalized  coordi¬ 
nates  were  thus  laheii  as  the  three  'ranslaiions 
of  the  center  Of  gravity  ol  each  box  relative  to 
positive  LM  coordinates. 

To  use  these  coordinates,  instead  of  the 
plate  deflections,  as  generalized  coordinates 
require  u  rigid  body  coordinate  transformation 
to  obtain  influence  ct-elficicnte  in  terms  of  cen¬ 
ter  of  gravity  displacement  Tills  may  be 


UN 


carried  out  ae  follows.  Tlio  potential  onergy  in 
terms  of  plato  displacement  and  stiffness  Is 

v  1  ,i  :c  1  ‘  .i-  t») 

wliore 

i.lj  -  the  row  displacement  vector  anti 

;Ci‘ 1  =  the  inverse  of  the  influence  coet- 
ficicnl  matrix. 

However,  or-  is  related  to  b  by  a  rigid  body 
coordinate  transformation,  Hull  IS, 

•o'  •  ii  -n  (2i 

U  this  is  substituted  into  the  potential  energy 
expression,  the  following  is  obtained: 

V  •  -J  iDl  iI;Titt*  ‘it:  ; D:  (3) 

Thus.  [  T  T  if  ' "  1  t  |' 1  is  the  influence  coeffi - 
cient  matrix  In  terms  of  displacement  of  the 


various  component  centers  of  gravity,  that  is, 

Die  a 'a.  Figure  1  shows  the  locations  of  tbs 
attachmont  paints  and  the  centers  of  gravity  of 
Iho  experiments. 

Compartment  2  was  modeled  In  the  same 
m tumor  as  cornp&rtmonl  1.  Figure  2  shows  the 
conceptual  model  uesd  for  compartment  2.  as 
Die  tuel  cask  is  attached  externally  to  a  substan¬ 
tially  suffer  LM  structure,  it  was  analysed  as 
uncoupled  with  respect  lo  (lie  LM  structure. 

The  analysis  of  the  fuel  cask  is  In  Itself  'airly 
detailed,  amt  no  attempt  will  be  made  here  to 
explain  it.  However,  the  general  method  of  dy¬ 
namic  analysis  was  the  same  as  above. 


Comments  on  the  Mathematical 
Models 

A  general  philosophy  is  involved  when  at- 
ic.r.piing  to  create  t  meaningful  dynamic  model 
to  represent  an  clastic  system.  The  model  will 
usually  be  some  mathematical  expression  which 
will  describe  to  the  desired  accuracy  the  over¬ 
all  dynamic  behavior  of  a  system  Problems 
associated  wtth  obtaining  solutions  to  a  large 
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number  of  differential  equation* 

usually  loud  to  limit  the  complexity  of  the 
model  choBeii  Therefore,  the  accuracy  of  the 
analysis  in  predicting  the  behavior  of  the  elas¬ 
tic  system  depends  to  a  Urge  extent  upon  how 
veil  the  mathematical  model  represents  the 
actual  structure 


METHOD  OF  fTRUCTURAL 
ANAL- SIS 


and  the  clef  lection  becomes 


1  V"  V 

4 


V 


(9) 


To  obtain  the  coefficient  we  turn  now  to 
the  Fourier  formula  It  is  not  difficult  to  show 
that  the  coefficient  in  the  load  function  can  be 
expressed  as 


Compartment  1  Influence 
Coefficients 


4P 

nl> 


sin 


A 


s  in 


(10) 


The  differential  equation  for  the  deflected 
surface  of  the  thermal  plate  and  sunahieid  in 
Fig.  I  is  [tj 


where  f  and  -  are  at  45  degrees  to  the  LM  Z 
and  v  axes  (see  Fig,  1).  Substituting,  we  finally 
obtain  the  deflection  formula  of  the  plate,  which 
is  loaded  by  a  concentrated  load  on  the  f.n  co¬ 
ordinates. 


where  D  *  plate  flexural  rigidity. 

Lot  the  loading  and  deflection  functions  be 
represented  In  the  form  of  a  double  trigono¬ 
metric  series: 


(5) 


Compartment  2  Influence  Coefficients 


(Solutions  with  double  trigonometric  series  are 
due  to  Navler.)  The  deflection  function  satisfies 
the  conditions  of  zero  deflection  and  zero  bend¬ 
ing  moments  along  the  simply  supported  eug<n 
of  the  plate. 

If  the  load  and  deflection  functions  are 
placed  in  the  differential  equation,  the  following 
ts  obtained: 


m •  1  n»  I 


|®±  2l\‘ 

*  b*/ 


Mn 


nry 
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Compartment  2  has  four  pinned  supports. 
The  general  method  used,  namely  that  of  as¬ 
suming  geometrically  admissible  functions  and 
minimizing  potential  energy,  is  outlined  by  H.  L.. 
Langhaar  [2], 


Solution  by  Matrices  for  the  Structural 
Transmisalblltty  of  an  n-Degree-of- 
Frcedom  System 

As  previously  discussed,  it  is  usually  pos¬ 
sible  to  express  the  equations  of  motion  for  on 
undamped  lumped  parameter  system  in  the 
matrix  form 


[Mi  id)  •  (Ki«d>  *  (F(i)i  (12) 


ir»:x  n  "y 

sin  — —  sin  — —  . 

fl  b 


(?) 


Kvfice,  it  is  found  that 


(8) 


where  M  represents  the  mas6  matrix,  K  the 
structural  stiffness  matrix,  and  d  the  displace¬ 
ments  of  the  various  generalized  coordinates. 

It  is  usually  desirable  In  response  work  to  in¬ 
troduce  a  form  of  energy  Sink  into  the  equations 
to  account  for  the  structural  damping  of  the 
system.  If  r  represents  such  a  damping  pa¬ 
rameter,  one  way  of  Including  such  a  dissipative 
effect  is  shown  in  Eq.  (13),  where  the  complex 
constant  i  -  \  -  i-. 
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If  the  nputs  '  '  ■  are  known,  it  is  possible  to 

(iiij  the  response  of  the  system  tf,iliy,  ho-’ 
ever,  the  inputs  axe  known  only  on  a  statistical 
basis  and  thus  statistical  m •'thods  of  response 
computation  are  require*!,  fundamental  to 
these  calculations  is  a  knowledge  of  the  com¬ 
plex  displacement  ll,,  ;  which  Is  defmeo  below. 
II  an  input  to  the  system  is  written  as 


after  a  sufficient  period  of  time  the  transients 
will  have  died  out  because  of  damping.  The 
solution  will  be  of  the  form 


A  solution  for  the  displacement  lt(..i  as  defined 
by  Eq.  (14)  might  be  carried  out  as  shown  be¬ 
low.  Substituting  Eq.  (14)  Into  Eq.  (13)  yields 

-riJ(MI  <H>  *  (Hi  g  )!Ki  ill!  --  *  A>  (15) 

where  the  factor  exp  ( ifit  i  has  been  removed, 
as  Eq.  (13)  is  to  be  an  Identity  for  all  time.  We 
break  up  H  and  A  into  their  complex  components, 


iH(fi))  (H„V  *  iiH,! 


‘A*  -  Ar»  *  HA,' 

If  Eq.  (16)  is  substituted  into  Eq.  (15)  and  real 
and  imaginary  parts  are  equated,  the  following 
pair  of  matrix  equations  are  obtained: 

iE:  Hr'  -  g!K] (H|l  -  Ap: 

(17) 

r(k;(IIr)  •  IE)  ill,)  -  i A, ) 

where  Uie  matrix  E  is  defined  by 

IEI  -  :Ki  -  It1  (Ml  (18) 

U  may  be  noted  that  E  is  tlie  matrix  that  yields 
the  natural  modes  and  frequencies  of  the  dy¬ 
namic  system.  Solution  of  the  pair  of  equations 
in  Eq.  (17)  may  be  effected  as  follows.  The 
second  equation  of  Eq.  (17)  may  be  solved  for 


IK"  »!'*,)  -  ~  !K'  *;  IE1  Ml,*  (19) 


This  may  then  be  substituted  back  into  the  first 
equation  of  Eq.  (17)  to  solve  explicitly  for  It, . 
The  following  »s  obtained: 

mi.  *  -  He!  hr  '!  ie:  •  e 1  k  ! " ' 


;iEj  Ik-  •>  < A,* 


*' V  j 


Sul-sUtuUott  of  the  result  tEq.  (20))  back  tnia 
Kq.  (10!  would  then  yield  part  of  the  respori?"* 
vector  >■ 


Comments  on  LM/ALSEP 

Dynamic  Analysis 

A  comparison  of  the  results  of  dynamic 
modes  of  compartments  1  and  2  with  test  re¬ 
sults  is  Bhown  in  Table  1. 

In  attempting  to  describe  a  system  with  in¬ 
finite  degrees  of  freedom  representing  a  con¬ 
tinuous  structure,  by  a  system  with  only  a  finite 
degree -of -freedom  system  has  only  a  finite 
number  of  natural  frequencies,  it  may  respond 
only  to  excitation  in  these  degrees  of  freedom, 
tt  is  apparent,  then,  that  the  response  of  such  a 
model  to  excitations  with  frequency  spectra 
greatly  above  its  own  natural  frequency  range 
must  be  Inherently  in  error  owing  to  Ue  higher 
frequency  contributions  which  the  finite  degree  - 
of -freedom  model  ignores.  The  contribution  of 
these  higher  modes  may  be  ignored  if  the  model 
is  well  chosen  and  a  realistic  value  of  damping 
is  Included  in  the  system. 

The  results  are  very  sensitive  to  the  choice 
of  the  structural  damping  coefficient.  This 
choice  depends  upon  comparison  with  similar 
structures,  and  also  refects  the  skill  of  the 
modeler. 

Figures  3  and  4  show  the  analytically  ob¬ 
tained  plots  of  the  frequency  response  of  the 
center  of  gravity  of  compartment  1  along  X,  Y, 

Z  directions  (X  axis  forcing)  for  the  following 
cases: 

1.  Considering  LM  and  ALSEP  mass  and 
flexibility  matrices  assembled  (Fig.  3). 

2.  Considering  LM  flexibility  matrix  only, 
the  masses  of  ALSEP  compartments  1  and  2 
are  assumed  to  be  concentrate*  at  their  re¬ 
spective  centers  of  gravity  (Fig.  4).* 

The  effect  of  adding  additional  degrees  of  free¬ 
dom  of  ALSEP  to  n  complex  structure  like  LM 
results  In  altering  the  center-of-gravtty  re¬ 
sponse.  The  additional  degrees  of  freedom  act 
to  impose  oerlurbatlons  in  the  center  -of -gravity 
response,  even  though  the  substructure  is  very 
small  compared  with  the  combined  structure. 
However,  as  may  be  seen  from  Figs.  3  and  4, 


plots  ot  vibration  response*  of  the  LM 
st-ucture  shown  in  Fig.  4  have  been  obtained 
front  Grumman  Aircraft  (}]. 


TABLE  1 


Comparison  of  Dynamic  M  fide  is 

of  Compartments  1  and  2 

with  Test  Reports 

Compartment  1  ('.vlthottl  LM  — 

12  Degrees  of  Freedom)  ; 

j  a  Natural  Frequencies- 

!  Theoretical  (Hz) 

Test  (Hz) 

j  85 

38 

69 

07 

!  102 

95 

151 

150  i 

242 

250 

207 

290 

307 

310  : 

!  477 

500  S 

725 

650 

1475 

1200 

1775 

— 

1875 

— 

b.  Peak  TransmisslbUltles: 

Theoretical  -  10.1  g/g 

Test  -  11.0  g/g  j 

Compartment  2  (without  LM) 

The  theoretical  analysis  assumes  9 -degree -of -freedom  . 

mathematical  model. 

1 

a.  Natural  Frequencies: 

Theoretical  (Hz) 

Test  (Hz) 

11.5 

5.0 

30.5 

30.5 

50.0 

52.0 

83.0 

75.0 

112.5 

110.0 

137.5 

180.0 

232  7 

ooo.o 

307  5 

283.0 

525.0 

450.0 

b.  Peak  Transmtselblhtles: 

Theoretical  -  8.0  g/g 

j 

Test  -  10.3  g/g 

no  drastic  change  in  the  magnitude  of  the  re¬ 
sponse  of  :he  center  of  gravity  resulted. 


rantxjm  vibration  SPECIFI¬ 
CATIONS  ANALYSIS 

K  random  vibration  spoctruiu  is  repre  - 

sonted  by  a  plot  of  acceleration  power  Bpectrai 
density  vs  frequency  (g?„,/Hz  vs  Hz).  This 
plot,  whether  generated  by  test  or  analysts,  is 
a  nightmare  of  "wiggly  lines."  To  conduct  a 
vibration  test  using  this  as  an  Input  would  be 
nenrly  impossible.  The  power  spectral  density 


plot  must  be  approximated  by  a  series  of  con¬ 
stant  slope  power  density  lines.  Herein  lies 
the  problem  of  what  level  of  constant  trans- 
mlssibllity  should  be  used  to  represent  the 
"wiggly  lines"  In  discrete  frequency  Intervals. 

One  set  of  output  data  that  Is  of  Interest  is 
the  tranomisalullliy  of  the  test  article.  It  mleht 
also  be  expressed  as  the  square  root  of  the 
ratio  of  the  output  random  vibration  level  (in 
g  //Hz)  to  the  input  random  vibration  level  (in 
g  VHz).  A  procedure  commonly  used  la  to  draw 
an  envelope  over  the  peaks  of  transmisslbUltles. 
The  resulting  curve  is  then  multiplied  by  tire 
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F rsqusncy  (kit) 


square  of  some  irbltnvy  number  (lor  oMUnpla, 
1-3*)  to  generate  th»*  qualification  levm  it  ip 
believed  by  the  writer  that  the  results  would  be 
highly  conservative  anc  probably  would  cause 
an  unnecessary  burden  in  design  and  schedules, 
BeudU  Aerospace  Systems  Division  has  devel¬ 
oped  a  "statistical  test  criteria"  program  which 
assigns  a  probability  and  a  confidence  level  to 
the  approximation  of  the  'wiggly  lines''  in  the 
discrete  frequency  interval  by  a  constant  level  of 
g,„,.  It  is  believed  that  more  reasonable  test 
levels  will  be  generated  this  way  and  the  result¬ 
ing  conservatism  can  be  controlled  by  statisti¬ 
cal  inference. 


Exponential  Distribution  of 
Vibration  Responses 

If  a  variable,  X,  is  attributed  La  the  Indi¬ 
viduals  of  response  data  points,  the  distribution 
(unction  of  X,  denoted  F(»),  may  be  defined  as 
the  number  of  all  data  points  having  an  X  <  » 
divided  by  the  total  number  of  data  points. 

Thle  function  also  gives  the  probability,  p, 
of  choosing  ai  random  a  discrete  response  hav¬ 
ing  a  value  of  X  equal  to  or  less  than  x  and  thus 
we  have 


p iX  i  v)  »  F( x ) 


(21) 


To  derive  a  general  form  tor  the  distribution, 
the  distribution  function  may  be  written  In  the 
form 


F(x> 


(22) 


The  advantage  of  this  formal  transformation 
depends  on  the  relationship 


li  -  O  $ 


whore  P  la  the  probability  of  a  single  observa¬ 
tion.  The  probability  of  n  buccosscb  in  a 
events  can  be  expressed  os 


l  - 


!  i  -  r>' 


(2-1) 


locatiun  parameter  The  most  simple  function 
satisfying  this  condition  is 


\  \ 

- 


(20) 


where 


>:„  *  relative  magnitude  scale  parameter 
(units)  and 

•  minimum  independent  variable  loca¬ 
tion  parameter  (units). 

Thus,  we  have  from  Eqs,  (22)  and  (20l 


(27) 


K(x)  '  1  *■  « 


From  Eq.  (21)  the  probability  that  a  randomly 
selected  observation  x  will  not  exceed  x  is 


P(  x  1  l  -  r 


(  X  X„)" 
X 


(28) 


where 


X  »  the  response  at  any  frequency  (in¬ 
dependent  variable), 

Pi  x  >  «  the  probability  of  occurrence  of  a 
discrete  response,  and 

m  »  the  shape  parameter  (no  units), 


(20) 


1  -  P(  *  )  *  P 


According  to  WcibuU  [4],  Eq.  (20)  satisfies  the 
observations  better  than  other  known  distribu¬ 
tions. 

To  fit  the  observed  data  to  the  distribution 
of  Eq.  (29).  the  data  may  be  linearized  by  taking 
logarithms: 


and 


P„  ~  1  -  ;  1  -  P>" 


P.  =  I  -  c* 


(25) 


For  the  resulting  function  to  be  a  distribution 
function,  the  only  necessary  condition  A*)  has 

to  satisfy  is  to  be  a  positive,  nondoc  reading 
function  vanishing  at  a  value  Xu  which  is  not 
necessarily  equal  to  zero.  xu  can  also  be  de¬ 
fined  as  a  minimum  independent  variable 


■:  x  -  >" 


(30) 


1  -  Pi  x  | 


i  .  ,.v V)  xo  •  *  -n  <•'  x..>  (3i) 


The  following  nomenclature  may  be  con¬ 
venient. 
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i!\d 

!  -  X 

Hr!  i  \  • 

A  typical  Compiler  Output  Wt  1 1  provide  the 
following  Information  for  the  above  equation: 

1  Fifty  percent  Confluence  Line, 

V  -  L  •  t  <  x  -  ; 

(the  computer  programs  .all  the  subroutine 
"Least  Squares  Polynomial  fit") 

2.  K 

3  l- 

4.  Slope  m 

5.  Sum  of  the  square  deviations  about  item 
(4),  above 

The  value  of  ^  indicates  the  type  of  distrl- 
button.  ■»  1  Indicates  exponential  distribution, 

or 

'  *  *„  ■’ 


s r-  rmoiiijcii  Tibrrison  analysis  ol  iireraft  ftr uc  = 
tare*  normal  imtnbc’Uifi  is  CoftiaSutOj  as¬ 
sumed  artd  the  qualification  test  level  is  trJisti 
«  the  3  lev#:  However,  the  present  random 
vibration  specifications  Computer  progvem  *: 
Ltendix  computes  <he  form  of  the  distribution 
function,  and  derive*  the  equation  uf  the  poly¬ 
nomial  defining  the  probability  of  a  certain  value 
of  iransiiossiUlity  as  a  function  of  Hie  eKponen- 
*.:?.!  parameter,  it.  ,  that  call  alao  be  Interpreted 
as  the  dialributlon  function.  The  exponential  tn 
alSbp  specification  analysis  results  varies 
from  0.7  to  3  0,  signifying  dial  ributlon  functions 
ranging  from  nearly  exponential  to  nearly  nor¬ 
mal  distributions 

The  basis  for  assigning  probabilities  is  a 
combination  of  "axiomatic"  logic  and  a  priori 
argument  From  the  guidelines  of  the  ALSEP- 
Quallflcatlon  Test  Plan,  the  qualification  test 
criterion  for  normal  distribution  Is  3«  or  99,9 
percent.  Inasmuch  as  the  Exponential  Distri¬ 
bution  and  Rayleigh  Distribution  are  far  more 
conservative  than  the  Normal  distribution 
(Mi  l  s),  we  cun  with  reasonable  certainly 
allocate  lower  values  of  probabilities  for  dis¬ 
tributions  ranging  from  M  -  o  7  to  M  <  3 ,  A 
typical  ALSEP  component  random  vibration 
spectrum  obtained  by  statistical  analysis  of 
transmisslbiUtU  R  is  shown  in  Fig.  5  Super¬ 
imposed  on  ihe  figure  is  the  eame  spectrum 
obtained  bv  enveloping  trnnemmalbllltles  nnd 
multiplying  by  a  factor  of  (1.3) 3.  It  is  obvious 
that  the  qualification  random  vibration  spectrum 
based  on  Slalislical  analysis  is  mure  realistic 
than  the  spectrum  based  on  enveloping  of  peak 
transmioclblllties. 


Comments  on  Random  Vibration 
Specifications  Analysts 

Of  particular  interest  in  optimizing  a  ran¬ 
dom  Vibration  fliierlrum  ih  (tie  nrnnniniii  y  mat 
at  a  given  confidence  level  and  probability  the 
equipment  (ransmissibility  within  a  given  fre¬ 
quency  band  will  exceed  or  be  less  than  a  stated 
reference  level.  The  guideline  in  Ihe  present 
analysis  calls  for  Uie  severity  of  any  applied 
environment  for  the  qualification  program  lo  be 
set  on  a  statistical  basis  The  noteworthy  dif¬ 
ference  18  the  Crtte-  ion  of  distribution  function. 
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REDUCING  THE  NUMBER  OF  MASS  POINTS 
!N  A  LUMPED  PARAMETER  SYSTEM 


II*.  :il  Uit  wui'r  uu?»c  i_:n  i-;r  trficmJt  iumun!  juisim-ui  vy»tciu  uy  Uiv 
mrrli-ii  lore***,  rhit'inv  n  I  rrr  v  i  iirtit  ion .  n  pqual  tti  th#»  work  ilonr  on  I  h»*  I 

rotf.irr-i  -:y?.1ris:. 

icxcr.ti  tx.iri-jjita  ire  pic  nr -iLti-.i,  .will.  li_-r  Ihc*c  ci.ih-pif  a  -.iiiuii-iial 
vm-U '-ilffKv  ;s  **  z-\  * \j-i  =  i’-,c  pivtcti-Jiv  is  f vt:.s In tr.c title -i  •• ;i  i!l  \-li- 

iem«  in  wrucii  j  base  accs Ip ra«.»»n  ir  me  input. 


INTHODICTIUN 

A  method  commonly  need  (or  studying  the 
dynamics  o,  complex  clastic  structures  10  to 
l  e |>l.u  »■  l..e  “ '  a  t  u  l  e  l>y  4  lumped  parameter 
system  ithat  is,  a  Syaieii;  consisting  of  a  set  ui 
discrete  mass  points,  springs,  and  dash  puts). 
The  location  and  number  ,,(  mass  points  omen¬ 
ing  the  system  will  Ue  determined  Uy  consider 
atoms  such  as  me  physical  appearance  01  tne 
sl>  jeture,  the  number  ,.d  mt.xles  desired,  the 
eliccts  ul  rutary  mortia,  shear,  and  the  lump¬ 
ing  ot  appendage  masses  with  main  masses 

Snj  }lrx{u  •  j  l  1  !<•  #_*  v  v»  *>» 

l'lie  lumped  parameler  method  usually 
yields  re  I,  aide  results  for  flic  first  !  >it  ‘  'd.i  1 
ChiU'ikiiteriwics  of  the  real  structure  if  at  leasi 
l-  mass  points  are  used  !  1  j  in  a  number  ut 
problems  the  lirsi  ■  n, .  ■>.* y  t,[  mo  real  slruc  = 
t  u  1 1  are  desired  1! . .  w ,  V  r  1 ,  ..wing  to  the  con¬ 
siderations  mentioned  above,  it  is  necessary  to 
introduce  v  mass  points.  whin  e  »  ;  The 

use  of  v  mass  |k»iiiIs.  as  op^me-d  to  v--_  where 
',  will,  in  most  cases,  only  slightly 
improve  ilic  results  for  the  fu  st  modal  char 
aclerislicc.  Ihei  efiiie,  it  w-  ,i:ld  be  more  desir¬ 
able  tu  (real  tae  system  Consisting  of  only 


which  ;|, :■  mure  thue.  -  mass  jH.-iiiin  1  an  be 


used  An  example  is  iho  dynamics  id  a  truss 
type  structure  l-cu  the  torniulalion  ,i  ad¬ 
vantageous  I-:,  UiC.de  a  mass  (aunt  at  each  ! I  ,ss 
joint  However,  depending  on  the  si/e  o!  On 
ti-.iSs,  the  ii-nuboi  'i  modes  desue-.l  a?id  the 


imasiblr  interaction  of  the  trust  t*j  an  ad;.tr.:nti 
structure.  locating  a  mass  point  at  each  tmso 
joint  may  make  the  problem  •  00  cumbersome 
to  handle  efficiently. 

The  purpose  ul  this  paper  is  lo  present  a 
procedure  that  will  reduce  the  number  ol  mass 
poinl?  <  the  tumped  parameter  nysiem  and 
yield  rehablr  re»u!V  tor  the  modes  oi  interest. 

J  ut  pi occdui e  is  presented  tm  in 

which  each  mass  |*jint  is  allowed  a  single  de¬ 
gree  ut  I  reedum .  The  basis  lor  tlie  reduct  lull 
procedure  is  that  the  work  done  on  the  reduced 

SV5!C!!'.  Tii  t’CJ’Jili  l  J  1  Me  ¥.!L*rK  *’»»*  1!?C 

system  by  (lir  martial  <orc*s  Mur  mi;  a  Irrr 
vi  brat  imi 

aovorai  rx.mipUm  arc  presented.  And  iht» 
validity  y(  t he  reduced  syslOiu  is  ctdablinhcd  \av 
theso  ex;un|iio»  by  deni  on  st  rating  a  dynamic 
rQulV.ili'IKi'  *»o l  xii-i’ii  { ii f*  »:•!  ! filial  Alld  it'iluCftl 

systems,  Dynamic  equivalence  is  drained  hero 
.its  dcmun&l  rating  .1  ''cluficness  *  in  natural  lio- 
qiHUU'irs  and  Kumtiw'd  nffrrtiVP  wri^ht  & 

brtHrrn  the  reduced  and  ^ vicinal  system?*  C  _>t* - 
sidrraUun  ut  rlfoctivc  weight  is  ot  importance 
C :.i f  pi  Libieimt  in  ’x'liich  a  base  accc-lrration  is 
the  as  it  is*  the  l-fc  base  reaction  \  \\. 

n i;duc  i  ion  i »uoc: Km; i*  k 

Consider  an  uiHlampcd.  linearly  elastic  sys* 
lem  ii.insisi mg  lit  discrete  mass  t  «in- 

nectc-i  bv  *ipr»i»;?K  K  ». ;h  ma*i»  is  aU.*we«:i 


>1  llllilll'iN  •!  I  .|||:.|-||  ■■  -H  l-.haHl  III  II ! 


Where  the  ■.  , 'S  -lengle  Ills  inHaeM#  cyelji 
cieius  ftflW  IS,  displacements  at  point  t  owing 
to  >  ur.ll  toad  it  |*Oir,t  •  *,  iUUi  •  :  i »’  M  ( **"  r,  i|ip 

itfcpt#f'itit.in  ■  **  the  >th  mass  point,  - 

Consider  dividing  tlia  ,-.  mass  points  into  > 
group*  Ssch  group  may  or  may  not  contain 
Ins  tame  number  oi  mass  pmois  For  the 
present,  the  subdivision  into  the  r  groups  is 
assumed  to  be  an  arbitrary  process  for  cacti 
group,  replace  the  mass  points  u(  the  original 
system  rule  ring  tlir  group  by  a  single  mass 
point  located  at  the  center  of  mast  ol  the  group, 
and  equal  to  the  sum  of  the  masses  entering  the 
group.  For  example,  for  the  >th  group,  intro¬ 
duce  tits  mms  ti{,  rtMfinnrt  p ft 


i  -*  •  •  i 


HiP  Wvrk  liioii#  ait  tlin  |>  lh  >a:«nt  s»i‘  * f r  * 

iyitem  is  obtained  from  iuq.  i3;  as 
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where  v  -  v  j  denotes  the  number  «t  mass  points 
of  the  Original  System  enlerlm*  the  group  The 
•  g,  '•  defined  by  Eq.  (2)  arc  the  mass  points  of 
Hie  reduced  system.  A  method  for  connecting 
these  mass  points  is  required  such  that  the  re¬ 
duced  System  is  dynamically  equivalent  (as 
if^iouiiy  to  ttv?  original  systenv 


%  \  *  \  I  V  •  r,“,t,  • 

‘i-t*  ^i*  \  *  *  V,,  -V  )  ill 

where 


Considering  the  reduced  system,  the  work, 
*k,  done  vri  the  fjrtUfli  d-j.ing  a  !;  is 

ia  iHu#n  Iw 

*-  p*  ■  *•  -i 
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where  the  denote  the  a*  yet  unknown  in¬ 

fluence  coefficients,  and  \  denotes  the  accel¬ 
eration  of  the  iih  mesa  point,  m, 

The  criterion  to  be  used  for  determining 
ths  "t ,  .  ’•  is  that  Hi*  work  done  on  any  mass 
point,  if  the  reduced  system  during  n  tree 
vibration  is  equal  to  the  work  done  on  all  the 
mass  points  that  matte  up  the  mass  Mp  of  the 
original  system  This  implies  iMt  the  total 

WOrk  rlniift  aj\  AUnji  ayoifi ni  i  ^  t  lift  ^  j'l'h-v 

converee  would  not  neceasartty  be  true,)  As¬ 
sume  that  there  ire  mass  points  in  the 
first  of  the  t  groups.  !  a  ,  in  the  second.  . 
t  ■  -  *  :  in  the  pth,  .  ,  and  finally,  ,  i  -,  ^  m  the 


v  i«> 

Note  ton!  the  third  term  in  Kq.  (t>)  deno'cs 

uit  rt»i  k  thiii  miuiu  In*  liuni  ,„i  i u t*  m  ono  ui 

?  -  v  •  mass  points  if  these  points  were  isolated 
from  the  remainder  of  the  system.  The  remain¬ 
ing  terms  in  Kq  (0)  Correspond  to  the  work  con¬ 
tribution  owing  to  the  omer  mass  points  Simi¬ 
larly,  the  third  term  in  Eq  (7)  denotes  the  work 
that  would  be  done  on  the  mass  point  Mr  had  U( 
beer,  Isolated,  wrote  the  remaining  terms  denote 
the  work  contribution  owing  to  the  other  mass 
point o. 

Assume  that  (hr  accelerations  of  llie  mass 
I'Hituls  of  the  reduced  system  are  such  that  the 
menu  lorces  ul  the  I  educed  system  are  related 
to  the  merits  forces  »f  ihc  original  system 

through  the  rotation 


/ 


jli 
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*_4  the  r«uu£ffJ  systr Arc  ?  •  the  iutv 

r*!  ffiKjjrm  H  *,  .  ^iVl  § :.i ni ‘I; ptI 

ac;r:;U, 
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of  the  original  ivn»m,  The  Hit  mod*  "Hectiy? 
weight  ii  defined  through  the  equation 


UC) 


M  V 


(12) 


lieqiiiring  that  *iJ  .(l  (that  la,  equaling 
the  right  hand  sides  of  Eqs.  (?)  and  MO)),  and 
noting  that  the  v  , 's  are  linearly  independent, 
gives  the  unknown  s  as  functions  of  the 
kiluwn  '»  Fhesp  relations  are 


S  • 


(It! 


N  ' 


where  k  denotes  the  gfiVitilionhl  acceleration, 
and  ,  the  *th  mode  shape  associated  with 
ilie  tfi  mass  point,  ™ 


bxainple  1 

To  demonstrate  the  reduction  procedure, 

r'i'iiiniftor  tiw*  «wsm  nirw|#»»  «imwn  in  Fig 

This  model  was  selected  because  of  its  pros  ■ 
intty  to  the  panel  iv-inl  model  for  vertical  mo- 
tion  -d  the  simple  trust  shown  in  Fig  lib).  The 
parainelei'  in  lire  two-mass  model  is  left  open 
to  at  count  tor  a  variable  stillness  ratio  between 
ihe  vertical  nionibrr  and  upper  chords  of  Die 
simple  truss  The  dynamic  Characteristics  of 
interest  will  be  obtained  for  Die  original  system 
first  and  ttien  for  the  reduced  (single -mass) 
system  shown  in  Tig  Ih),  using  the  procedure 
•out lined  atK-ve  A  |-l>ys>c.illy  meaningful  range 
!  r  the  parameter  will  i-c  obtained  by  consid¬ 
ering  Die  relation  of  Die  two-mass  rnOdei  to  (he 
simple  truss 


Fui  any  ulhei  group  the  cot  n=sp..nding  i  »■  1  i 
turns  are  obtained  by  appropriately  adjusting 
Die  indices  ,  and  *  Equation:*  T 2  and  :11 
specify  Dir  physical  II  I  S’  I  i  1 1  *  !  liir  ]  I'tu.  !■  t 

system  in  terms  i  the  physical  pa  |>*  '  I . ,  i 
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Solving  the  associate'll  eigenvalue  problem,  the 
lowest  natural  frequency  is 


it-  -  e  1  4  ■’ 


(15) 


1*11(1  the  first  mode  amplitude  ratio  is 


1 1 1>  j 


I  4  ■  1 


To  obtain  the  natural  (requeue)',  ,  of  the 
reduced  system,  invert  the  stillness  matrix, 
s,  .  to  obtain  the  influence  coefficient  matrix 


(17! 


t'  .ni,  h'qs.  (11)  and  117),  obtain  the  influence 
coefficient  for  the  reduced  system 


I  \  ’ 


i  i 

I  L 


(18) 


se  that 


i  1  •  4  '  ir.  ! 


(19) 


To  establish  a  dynamic  equivalence  between  the 
original  and  reduced  systems,  compare  the  fre¬ 
quencies  and  ,,  and  the  first  mode  effective 
weight,  , ,  of  the  original  system  with  -  Me  i 
of  the  reduced  system. 


Refute  proceeding  with  this  comparison, 
examine  the  simple  truss  of  Fig.  !(b)  to  obtain 
a  range  of  physical  interest  for  the  parameter 
.  Requiring  that  llie  loaded  members  of  the 
truss  be  equally  stressed  when  Ihe  truss  >s 
subjected  to  equal  concentrated  vertical  loads 
at  join.s  1  and  2,  the  area  ratio  of  the  upper 
chord  to  the  ’ertical  member  is  leund  to  be 


(20) 


The  stiflness  of  joint  I  to  ground  (joints  A  and 
it),  for  vertical  motion,  is  given  by 


At 


,2  la) 


Tup  stiffness  between  joints  1  and  2,  b.r  verii 
cal  motion,  is  given  by 


A.K 


(2  111! 


Combining  Kqs.  (20)  and  (21b),  and  noting  the 
geometry,  Eq.  (21b)  may  lie  rewritten  .n  the 
form 


1 21c) 


SO 


a 

a 


The  stiffnesses  -  .iml  k  i!iu,i  ab.vccurie- 
s |)on ■  1  respectivel  to  w  and  l,  of  the  two-mass 

n:  d-1.  Hence. 


The  dynamic  characteristics  of  flic  uriif- 
mal  and  reduced  systems  will  mm-  be  compared 
fur  values  ol  I  .  The  comparison  between 
i  and  "  is  presented  in  Kip.  2.  It  is  seen  that 
the  error  in  approaches  a  maximum  value  of 
fi.7  percent  as  rpproac  les  0  5  from  above. 
Tills  error  decreases  rapidly  as  increases 
For  i  the  error  is  2.3  percent,  and  for  i 
the  error  is  less  than  1  percent,  decreasing  to 
zero  as  eoitmues  to  increase. 


ANGULAR  f  REOUFNCV  '  vV/m 


Til-  ...  1  fofj.ien*  v  comps# r i 


The  second  characteristic  to  be  compared 
is  the  first  mode  effective  weight  of  the  original 
system,  ,,  with  that  of  the  reduced  system,  ", 
For  the  original  system  ,  is  given  by 


1 23) 


i  ,  •—  •  i 

.aid  for  file  reduced  system, 

\1,  .*  1 24  > 


the  error  m  .  approaches  a  maximum  value 
of  17  percent  .is  approaches  0.5  from  above 
This  error  decreases  rapidly  as  increases. 
For  1  the  error  is  5  3  uercenl,  and  for 
'  the  error  is  less  tlian  1.5  pcrcenl,  de¬ 
creasing  lo  zi  ro  as  continues  to  increase 
Hence,  a  complete  dynamic  equivalence,  to 
within  5.3  percent,  is  established  between  the 
original  and  reduced  systems  for  l.  In 
terms  of  the  simple  truss  of  Fig.  1(b),  values 
of  i  are  attained  for  truss  angles  s  45 
degrees. 


EFFECTIVE  W  EIGHT  /  aiq 

Fig.  1.  Fifective  \l  right 
comparison 


The  preceding  example  was  presented  to 
demonstrate  the  reduction  procedure.  The  ex¬ 
amples  lo  be  considered  next  are  more  complex 
and  consequently  warrant,  from  a  practical 
viewpoint,  the  use  of  the  reduction  procedure. 


Example  2 

The  truss  shown  in  Fig.  4(a)  has  a  span- 
tu-heiglil  ratio  of  10,  and  was  so  proportioned 
that  each  of  its  elements  would  be  equally 
stressed  to  20,00  psi  when  a  30,000-lh  vertical 
load  is  placed  at  each  joint.  Using  a  material 
density  =  0.283  lb  in.  ’,  and  assuming  a  uni- 
loiiii  weight  distillation,  the  weight  per  mass 
puint  is  4093  lb.  The  inUuence  coefficient 
matrix,  , , ,  tor  vertical  deformation  is  given 
hi  Table  1.  This  matrix  was  obtained  by  first 
formulating  me  stiffness  matrix  allowing  for 
both  X  and  Y  deformations.  The  stiffness  ma¬ 
trix  was  then  inverted  rasing  i  digital  com¬ 
puter),  and  the  elements  Corresponding  to  de¬ 
formations  in  the  X  direction  delated.  The 


The  Comparison  between  ,  and  -  ,  tor 
l  .'  is  presented  in  Fig.  3.  It  is  seen  that 


presented  in  Tables  2  and  3,  respectively,  (or 
the  first  nine  modes. 

Using  the  influence  coefficient  matrix  given 
in  Table  1  and  Eq.  (11),  the  influence  coefficient 
matrix,  \  , ,  for  the  reduced  (nine-.nass-point) 
system  shewn  in  Fig.  4(b)  is  obtained.  This 
matrix  is  presented  In  Table  4.  Replacing  the 
mass  points  lying  on  the  same  truss  vertical  by 
a  single  mass  point,  and  using  Eq.  (2),  the 
weight  per  mass  point  is  8106  lb.  Again,  em¬ 
ploying  the  DTMB  program,  the  parameters  of 
interest  (  , ,  .', )  were  obtained  and  are  presented 
in  Tables  2  and  3,  respectively,  for  thi  system's 
nine  inodes. 


Influence  coefficient  matrix,  j t , ,  and  Uic  weight  The  errors  that  would  be  incurred  if  the 

matrix  were  substituted  mto  the  DTMB  Pro-  reduced  system  were  used  in  place  of  the  orlg- 

grom  2262  [4]  to  find  the  eigenvalues  and  modal  lnal  system  are  also  given  in  Tables  2  and  3. 

characteristics.  The  results  of  this  computation,  It  is  seen  from  Table  2  that  the  first  seven 

for  the  parameters  of  interest  (-, , are  natural  frequencies  are  reproduced  to  within 


TABLE  1 

Influence  Coefficient  Matrix  for  Vertical  Deformation  of  the 
Truss  Shown  In  Fig.  4(a)  (in. /lb) 
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11.1 

11.1 
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4.5 

4.2 

2.1 

2.3 
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6.0 

6.1 
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4.0 

!  1.1 

1.2 

2.4 

2.2 

3.4 

3.6 

4.8 

4.5 
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7.4 
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TABLE  2 

Frequency  Comparison  (Uniform  Weight  Distribution) 


|  Mode 

1“  -  — 

t  (rad/sec) 

(rad/sec) 

Percent 

Error 

!  i 

!  20,6 

!  20,  G 

i  o 

2 

!  45.0 

45  1 

0.2 

|  3 

1  68.4 

;  70.2 

2.6 

1  4 

102.8 

104,4 

1.6 

!  5 

104.8 

111.7 

6.6 

6 

151.4 

157.8 

4.5 

1 

156.8 

161.1 

2.7 

8 

188.6 

227.7 

20.7 

9 

220.4 

227  8 

3.4 

<b> 

Fig.  4  (a)  I  ruse  (original  system), 

ami  |b)  reduced  system 
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TADLE  3 

Effective  Weight  Comparison  (Uniform  Weigiit  Oislribution) 


Mode 

\  ' 

\  ■ 

Percent  ! 

.  -  1 

I'm  . 

Error » 

(lb) 

(lb) 

_ _ 

'  1 

63,576 

63,670 

0.2 

2 

03,576 

63,678 

0.2 

3 

68,067 

68,678 

0.9  j 

|  4 

70,708 

68,6/8 

2.9  j 

!  3 

70,708 

71,213 

6 

72,450 

72,450 

71,213 

1.7  j 

•  7 

72,669 

0.3  i 

8 

72.G61 

72,669 

0  j 

L  8 

72,661 

73,G75b 

.  .... 

1.4 

JTo  nen rent  tenth  of  a  percent. 
^Total  truss  weight  7.1,675  (b. 


TADLE  4 

Influence  Coefficient  Matrix  for  Vertical  Deformation 
of  the  Model  Shown  in  Fig.  4(b)  (in. /lb) 


4.9 

6.5 

7.0 

6.8 

5.8 

| 

6.5 

12.5 

13.9 

13.4 

11.4 

| 

7.0 

13.9 

20.0 

19.8 

16.9 

j  6.8 

13.4 

19.8 

25.3 

22.7 

5.8 

11.4 

1G.9 

22.7 

31.6 

!  4.5 

8.9 

13.1 

17.5 

22.7 

|  3.4 

6.6 

9.8 

13.1 

10.9 

,  2.3 

4.5 

6.0 

8.9 

11.4 

L1-1 

2.3 

3.4 

4.5 

5.8 

0.6  percent  accuracy. 

It  IB 

seen  from  Table 

3 

that  the  sum  of  effective  weights  (up  to  and  In¬ 
cluding  the  mode  of  interest)  are  reproduced  to 
within  2.9  percent  accuracy. 


Example  3 

T  ie  truss  of  Fig.  4(a)  was  treated  in  exam¬ 
ple  2  under  the  assumption  of  a  uniform  weight 
distribution.  The  same  problem  is  treated  here 
dropping  this  assumption.  The  weight  distribu¬ 
tion  used  is  obtained  by  assigning  lo  each  mass 
point  (truss  joint j  one-half  the  sum  of  the 
weights  ot  the  truss  members  entering  each 
joint.  From  ihe  geometry  of  the  structure  it  is 
seen  that  this  is  a  realistic  assumption.  The 
diagonal  weight  matrix  is  presented  in  Table  5. 

The  weight  distribution  for  the  reduced 
system  Is  obtained,  as  in  example  2,  by  replac¬ 
ing  the  mass  points  lying  on  the  same  truss 
vertical  by  a  single  mass  point,  and  using  Eq. 
(2).  This  diagonal  weight  matrix  is  presented 
in  Table  6. 
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13.1 
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17.5 

13,1 

8.9 

4.5 

22.7 
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11.4 

5.8 

25.8 

19.8 

13.4 

6.8 

19.8 

20.0 

13.9 

7.0 

13.4 

13.9 

12.5 

6.5 

6.0 

7.0 

6.5 

4.9 

The  DTMD  program  was  again  employed 
imputing  the  matrices  given  in  Tables  1  and  9 
for  the  original  system,  and  the  matrices  given 
in  Tables  4  and  6  for  the  reduced  system.  The 
resulting  dynamic  characteristics  of  Interest 
are  presented  in  Tables  7  and  8. 

From  these  tables  it  is  seen  that  the  re¬ 
sults  for  the  first  seven  natural  frequencies 
are  reproduced  lo  within  C.l  percent  accuracy, 
and  the  sum  of  effective  weights  (up  to  and  in¬ 
cluding  the  mode  of  interest)  is  reproduced  to 
within  2.6  percent  accuracy. 


CONCLUSIONS 

A  method  for  reducing  the  number  of  mass 
points  in  a  lumped  parameter  system  has  beer* 
presented,  and  several  examples  demonstrating 
the  procedure  have  been  considered.  For  the 
examples  considered,  a  dynamic  equivalence 
has  been  established  between  the  original  and 
reduced  systems.  This  consists  of  demon¬ 
strating  a  "closeness"  in  natural  frequencies 
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TADLE  5 

Weight  Matrix  for  Trues  Shown  in  Fig.  4(a)  (lb) 
(Nonuniform  Weight  Distribution,  Totnl  Weight  «  73,675  lb) 


4254  ! 


TADLE  6 

Weight  Matrix  for  the  Model  Shown  in  Fig.  4(b)  (lb) 
(Nonuniform  Weight  Distribution,  Total  Weight  '  73,67b  lb) 


TADLE  7 


f— - J - - 

Mo(ie  !  (rad/eec) 

_ 1 — 

(rad/eec) 

-  -  _ - . 

Percent 

Error 

- 

1  1 

20.6 

20  1 

0.5 

!  2 

44.4 

44.5 

0,2 

i  3 

66.7 

69.4 

4.0 

i  4 

100.8 

104.0 

3  2 

i  5 

104.3 

110.7 

6.1 

!  6 

150.9 

159.3 

5.6 

7 

156.0 

160.9 

2.0 

1  8 

188.4 

234.7 

24.6 

9 

224.2 

237.2 

5.8 
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TABLE  8 

Effective  Weight  Comparison  (Nonuniform  Weight  Distribution) 


Mode 

!  H 

i  V  - 

i  i_  “  i 

j  Percent 

(m) 

•  - 1 

.  - 1 

Error* 

(lb) 

(lb) 

i 

1  64,521 

64,501 

i  0.1 

2 

04,521 

64,561 

;  0.1 

3 

08,416 

08,075 

O.B 

4 

70,038 

08,975 

2.6 

5 

70,830 

71,203 

0.5 

0 

12,380 

71,203 

1.6 

7 

72,386 

72,530 

0.2 

8 

72,520 

72,530 

j  0 

0 

72,520 

73,075*’ 

1.0 

aTo  nearest  tenth  of  a  percent, 
bTota!  truss  weight  -  71.675  11>. 


and  effective  weights  (summed  to  the  mode  of 
interest)  between  the  reduced  and  original 
systems. 

Satiafying  the  dynnmic  equivalence  for  fre¬ 
quencies  and  summed  effective  weights  is  of 
importance  for  problems  in  which  a  base  accel¬ 
eration  is  the  input.  For  other  Inputs,  higher 
resolution  may  be  roquired  in  the  criterion  lor 
establishing  a  dynamic  equivalence.  This  was 
attempted  for  the  problems  considered  above 


by  requiring,  in  addition  to  the  frequency  com¬ 
parisons,  a  comparison  ol  the  generalized  dis¬ 
placements  (reciprocal  of  thu  product  of  gen¬ 
eralized  mass  and  frequency  squared)  for  each 
of  the  normal  modes  considered.  Agreement  to 
within  5  percent  accuracy  was  attained  between 
the  generalized  displacements  of  the  original 
and  reduced  systems  for  the  first  two  modeB 
only.  The  higher  modes  showed  a  marked  loss 
in  accuracy,  demonstrating  the  possible  limita¬ 
tions  of  the  procedure  to  inputs  more  complex 
than  a  base  acceleration. 
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DISCUSSION 


M.  Pakstye  (General  Dynamics  Electric 
Doat):  \s  I  understand  it,  in  reducing  the  mass 
all  you  did  was  to  lump  the  mass  at  tin*  center 
joint.  Is  this  correct? 

Mr.  Soifer:  Not  at  the  center  Joint,  bul  at 
the  center  of  mass  of  the  system. 


Mr.  Pakstys:  Have  yon  tried  to  use  a 
method  I  described,  to  reduce  the  mass  matrix 
which  will  give  a  nondiagonal  mass  matrix?  I 
think  that  m.,  it  improve  your  results. 

Mr.  Soifer:  I  have  not  tried  that.  I  did  not 
see  any  simplification  of  the  problem  in  your 


. * . .  . -  . . 
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method,  tn  tho  uoneo  that  you  word  reducing  the  that  wub  proposed  actually  involves  the  rwluo. - 

actual  number  ol  points  used,  1  boo  that  you  arc  tlon  ol  the  mass  matrix  aiul  the  outfaces  mu- 

subdividing  tho  oystem  and  thon  analysing  each  trlit.  It  Is  actually  eUmlnalmg  tho  degrees  or 
subdivided  system.  freedom.  H  is  ]ubI  as  you  have  said  here  ex¬ 

cept  it  alpo  reduces  the  masB  matrix  by  the 
Mr.  Pftksiys:  This  was  live  main  part  ot  same  transformation  matrix  instead  of  just 

my  paper,  buTtEe  so-called  direct  reduction  lump)  >g  tt  at  the  center. 


LATERAL  DYNAMIC  RESPONSE  OF  LARGE  SUBSYSTEMS 
DURING  LAUNCH  TRANSIENT  CONDITIONS’ 

J.  S  Gxfinry  and  P.  E.  Campos 
Atlantic  UoHOArch  Corporation 
Cuflta  Mena.  California 


The  dynamic  response  of  large  aerospace  vehicles  to  the  launch  tran¬ 
sient  loading  in  the  lateral  direction  has  been  the  subject  of  consider¬ 
able  study  For  the  must  part,  these  analyses  have  been  concerned  with 
body  loads  and  either  ignore  large  flexible  subsystems  within  the  vehi¬ 
cle  shell  or  treat  them  as  simple  1-  and  Z-degres-of-freedom  models. 
Tlie  purpose  of  this  paper  it  to  pieaent  a  comparison  of  the  vehicle/ 
subsystem  interaction  for  several  models  and  to  thou,  the  advantages  of 
using  a  multiple -degree -of-freedom  subsystem  model  for  certain  con¬ 
figurations.  The  problem  originated  with  the  Saturn  class  boosters  and 
the  capacity  to  carry  large  auxiliary  payloads  in  tho  spacecraft  adapter 
area.  The  objoctiva  of  the  analysis  is  to  provide  a  hotter  understanding 
of  interaction  of  large  subsystems  with  tho  primary  vehicle  and  lt>  ob¬ 
tain  a  goad  engineering  definition  of  the  resultant  dynamic  loads. 


INTRODUCTION 

The  method  of  approach  is  to  write  the 
equations  of  motion  In  matrix  form  with  the 
primary  vehicle  model  coupled  with  the  sub¬ 
system  model  in  the  equations  of  motions 
rather  than  in  ilie  modal  analysis.  ThlB  feature 
allows  the  study  of  the  sffectB  ol  the  interface 
stiffness  without  resorting  to  calculation  of  new 
system  modes.  The  isolation  of  tine  parameter 

i C  VPfV  Imrtrtrlonl  In  nvnll  mlnoru  rlaotim 
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activities. 

The  subsystem  models  included  In  this 
study  are: 


1.  flexible  subsystem  —  20  mans  model. 

2.  Center -of -gravity  supported  subsys¬ 
tem  —  rigid-body  model  with  the  intortaco  at 
the  center  of  gravity  of  the  subsystem. 

3.  Base -supported  subsystem  --  rigid- 
body  model  with  tho  Interface  lower  than  the 

center  of  gravity  of  the  subsystem. 


The  attachment  springs  for  Uio  rigid-body  mod¬ 
els  Include  all  structural  flexibility  between  the 
vehicle  shell  and  the  center  of  gravity  of  Uio 
subsystem. 


The  main  feature  of  the  analysis  is  (lie  sep¬ 
aration  of  the  primary  vehicle  and  subsystem 
models  for  the  modal  calculations  and  then  the 
coupling  of  the  systems  tn  the  equations  of  mo¬ 
tion.  This  procedure  requires  that  rigid-body 


written  for  both  the  vehicle  and  subsystem;  how¬ 
ever,  the  versatility  obtained  offsets  this  Incon¬ 
venience.  An  important  consideration  that  can¬ 
not  be  overlooked  when  this  method  Is  used  is 
the  accuracy  with  which  tho  motion  of  the  inter¬ 
face  can  bo  described.  This  problem  was  solved 
by  pinning  the  subsystem  model  at  the  interface 
and  calculating  tho  modes  for  Uils  model.  It  Is 
then  possible  to  describe  (he  intorfnee  motion 
with  only  the  rigid-body  coordinates  of  tho  sub¬ 
system.  If  a  free-free  subsystem  model  is 
used,  It  becomes  almost  Impossible  to  describe 
this  mot lun  with  the  required  accuracy. 


Comparisons  botwcon  the  vohlcle/subsyo- 

toiii  interface  loads,  and  loads  and  aoceioi’ations 


*1  he  work  described  m  lino  paper  *-ib  performed  by  the  authors  wlulc  employed  at  North  American 

Aviation. 


at  ft  typical  vehicle  elation  for  the  various  eub- 
syatom  configurations  arc  presented.  Those 
results  show  that  the  loads  for  the  more  com  - 
p'oto  (muiltple-dcgroo-of-freedumi  model  are 
lower  than  lor  other  models.  Utilization  of  the 
method  presented  in  Uits  paper  will  rosult  in 
weight  savings  in  addition  to  providing  detailed 
information  lor  preliminary  design  trade-off 
studios. 


NOMENCLATURE 
A  Area  (ft1) 

s.  Control  system  angle  of  uttnek  gain 
A,  Conlrol  system  rale  gain 
c0  Drag  coefficient 
V  Interface  force  (tb) 

P  Wtiid  force  (lb) 

l  Mass  moment  of  inertia  (Ib-eec  '/in. ) 
L  Wind  load  (lb) 

M  Total  maas  (lb=see  3/in.) 

«■  EiamcnUl  macs  (Ib-soc  Vln.) 

0  Modal  generalised  force  (lb) 
q  Modal  generalised  coordinate  (in.) 

T  Total  thrust  (lb) 

T,  Glmbftllod  thrust  (lb) 
v  Wind  voloclly  (fpa) 
x  Station  coordinate  (in,) 
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V  Rigid-body  tranelntlon  (In.) 

¥  Sloshing  maos  displacement  (in. ) 
p  Glnvbal  angle  (rad) 

’t  Command  gimbio  angle  (rad) 

3,  Thrust  miBulmoment  (rnd) 
i  Damping  coefftcieut 
n  Density  of  nlr  (lb/R1) 
o  Rigid-body  rotation  (In.) 
v  Modal  generalized  displacement  (tn./iii.) 
;  Modal  generalized  slope  (rad/ln.) 

.  Natural  frequency  (rad/aec) 

Subscrlpto 

p  Pemc 
55  Steady  state 
n  Body  station  (general) 
i  Mode  Indicator 


«  At  the  gnu  bit  I  station 
•  Sloshing  muss 
<  e  Center  of  gravity 
«  Holers  to  subsystem 
<r  Hefere  to  the  rigid  body 


CONSIDERATIONS 

The  dynamic  response  of  large  aerospace 
vehicles  such  as  the  Saturn  and  Titan  class 
vehicles  lo  Hie  launch  transient  tending  in  the 
lateral  direction  hns  boon  Uie  eubjoct  of  consid¬ 
erable  study  and  concern.  The  fust  studios  of 
the  dynamic  load?  were  limited  lo  relatively 
simple  biodela  ol  10  or  20  mass  elements  and 
simple  descriptions  of  tlie  aerodynamic  loading 
on  the  vehicle.  Subsequent  improvements  were 
directed  toward  belter  definition  of  the  body 
loads.  However,  these  analyses  have  either 
ignored  large  flexible  subsystems  within  (lie 
vehicle  elioll  or  have  vised  simple  1-  and  2- 
degree -of ‘freedom  rigid-body  modols  of  Uie 
subsystem.  Because  tho  relatively  flexible 
payload  region  of  a  large  vehicle  is  especially 
sensitive  to  the  instantaneous  release  of  the 
launch  pad  mechanisms  and  as  the  internal  pay- 
load  is  located  close  to  the  payload,  the  dynamic 
interaction  of  the  subsystem  with  the  payload 
muBt  bo  considered  with  sufllctent  detail  lo  de¬ 
scribe  the  total  effects  As  secondary  payloads 
that  are  carried  in  arenB  such  as  the  Spacecraft 
Adaptor  on  the  Saturn  V  for  tho  Apollo  Applica¬ 
tion  Program  are  donignotl,  it  becomes  neces¬ 
sary  to  have  better  definition  of  the  subsystem 
dynamic  response. 


One  method  which  will  provide  bettor  de- 
vtAsl  is  tc  ii) \Xi c !  t tic  sy st v ss  ?.  nivilti  * 

degree -of -freedom  system  in  the  same  way  as 
tho  primary  vehicle.  Details  of  the  mn6B  dis¬ 
tribution  and  subsystems  flexibility  can  then  be 
included.  Studies  of  this  nature  require  digital 
computers  both  Cor  tho  calculation  of  normal 
modes  of  vibration  and  for  the  dynamic  re¬ 
sponse  calculation.  To  develop  a  program  that 
hns  applicability  In  both  preliminary  and  detail 
design  U  is  advantageous  lo  separate  the  mod¬ 
ols  of  the  primary  vehicle  and  the  subsystem. 
The  model  for  the  primary  vehicle  can  be  de- 
termiiiod  and  these  mode3  calculated  only  one 
time.  As  various  subsystem  configurations  arc 
studied,  it  Is  necessary  only  to  recalculate  the 
new  subsystem  modes.  It  is  nleo  possible  lo 
study  tlie  effects  of  various  attachment  schemes 
as  Uie  attachment  spring  rales  are  used  lo  de¬ 
termine  the  interaction  forces  between  the  pri¬ 
mary  vehicle  and  subsystem. 
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When  the  primary  vehicle  and  subsystem 
models  are  separated  fur  the  modal  analysts 
and  coupled  in  the  equations  of  motion,  1  igld- 
Ixidy  and  modal  equations  d  motion  are  re¬ 
quired  for  tioth  (he  vehicle  and  subsystem.  An 
important  consideration  is  the  accuracy  with 
winch  the  mol lun  of  the  interface  eon  be  de¬ 
scribed.  H  a  free-free  mutli'l  of  Ihr  aubsystem 
In  used,  it  le  almost  impossible  to  describe 
tins  motion  with  the  required  accuracy.  This 
problem  Id  solved  by  pinning  the  subsystem 
model  at  Uis  interlace  stations.  II  i»  then  pos¬ 
sible  to  describe  the  translational  moiion  of  the 
interface  with  only  the  rigid -body  coordinates 
of  the  subsystem. 


by  multiplying  the  steady -state  winds  by  1.4. 

For  a  triangular  gust  tuned  to  the  (n  et  mode 
frequency  of  the  vehicle  the  reejionse  will  bs  s 
maximum  of  1.0  timed  the  forcing  gust  load.  As 
it  turns  out,  it  makes  no  practical  difference 
whether  Uie  gust  is  triangular  or  sinusoidal;  the 
overshoot  is  approximately  00  percent  for  both 
cases  As  the  load  is  projtorllonuJ  lv  the  square 
ol  (be  velocity,  the  |x>ak  load  is  given  by 


L.  l.„  •  I  6  j.  I  4.'  -  1  Oj  l.„ 


LAUNCH  LOADING  CONDITIONS 

Lateral  dynamic  loads  at  launch  are  caused 
by  a  combination  of  ground  winds,  vehicle  do- 
flection,  and  engine  thrust  vector  nusuttnemenl 
in  all  ol  the  large  booster  programs,  the  struc¬ 
tural  design  criteria  siiecify  n  certain  percent¬ 
age  ground-wind  prufilo  that  wilt  not  be  exceeded 
during  the  launch  phase.  The  type  Of  guat,  either 
triangular  or  1  -minus-cosine,  and  gust  duration 
are  specified.  As  a  result  of  these  criteria  two 
methods  for  ground-wind  loading  have  been  de- 
velopod  for  the  Saturn  class  vehicles 

The  type  u(  gust  for  Saturn  vehicles  is  tri¬ 
angular  and  the  period  is  equal  to  the  period  of 
the  first  cantilevered  bending  mode  of  the  vehi¬ 
cle.  The  first  ground-wind  method,  developed 
by  the  NASA  at  Marshall  Space  Flight  Center, 
proceeds  as  follows  the  bending  moment  dis- 
tnuution  for  steady  winds  is  calculated.  An  in¬ 
verted  triangular  loading  (the  base  at  the  lop  of 
the  vehicle)  Is  constructed  to  have  values  such 
that  when  added  to  the  steady  -state  loading,  the 
resulting  liase  moment  i«  enimi  in  1-!/2  times 
ihc  steady  siaie  bane  bending  moment.  All  de¬ 
tails  of  this  rationale  are  not  known  to  the  au¬ 
thors  except  that  it  accounts  tor  the  effects  of 
wind  gusts  and  vortex  shedding  as  well  as  the 
steady- state  loading,  and  reportedly  agrees 
well  with  wind-tunnel  teats. 

The  second  method,  developed  by  Space 
Division,  North  American  Rockwell,  le  de¬ 
scribed  CIA  follows:  the  ground-wind  loading  is 
calculated  on  each  segment  ol  the  vehicle  for 
steady- slate  wind,  wind  gusts,  arid  vortex  shed¬ 
ding,  and  an  empirical  factor  is  included  to  ac¬ 
count  (or  the  dynamic  response  ot  the  llexible 
vehicle  to  wind  gusts. 

The  loading  on  any  segment  for  the  pro  - 
launch  winds  is  considered  Simply  as  drag  on  a 
cylinder.  Wind -gust  velocities  are  determined 


The  loading  owing  to  vortex  shedding  has 
been  estimated  as  1 .25  times  the  stvudy-uiate 
loud.  This  load  le  normal  to  the  dingwlse  load 
resulting  in 


f .  If  2  srt'  •  I  }<h’  '  ’  I  . 
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The  steady -state  loading  on  the  segment  is 
written 

L,,  Ufj-vl,*  (2) 

The  aerodynamic  loading  on  tho  vehicle, 
owing  to  ground  winds,  and  the  subsequent  de¬ 
flection  of  the  vehicle  conSUiuto  the  Initial  con¬ 
ditions  ul  release  Although  the  loading  prior 
to  release  may  vary  with  time,  lor  the  purpoBeb 
ol  loads  analysis,  release  Is  elfoctod  at  time  ol 
maximum  deflection.  Investigation  of  tho  re¬ 
sponse  for  various  initial  conditions  lias  shown 
that  maximum  loads  occur  for  the  vehicle  at 
maximum  deflection.  Figure  1  Is  a  schematic 
of  the  vehicle  jusl  prior  to  release.  The  base 
shear  and  bending  moment  are  discontinuous  in 
time  at  the  instant  roleasc.  This  step-release 
ot  ihe  launch  pad  forces  is  the  prime  excitation 
causing  the  launch  dynamic  loads.  The  pre- 
iuuuch  equivalent  wind  loading  is  the  aerody¬ 
namic  lorce  caused  by  steady -Stale  winds,  wind 
gusts,  and  Von  Kdrmiin  vortex  shedding  effects. 

The  deflection  of  the  vehicle  on  the  launch 
pad  can  be  calculated  by  determining  the  bend¬ 
ing  moment  diagram  for  the  loading  ae  shown 
in  Fig.  I  (notice  that  Uie  displacement  of  tho 
weight  segment  ts  included  In  the  moment  dia¬ 
gram  >.  integrating  the  moment  diagram  for  the 
slope,  and  then  integrating  the  slope  curve  to 
obtain  the  deflection,  fly  starting  the  Integra¬ 
tion  at  the  base,  the  value  ot  the  Integrals  will 
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Primary  Vehicle  Equations 
Rigid -body  translation. 

MV  '  L  •  n  -  frl  %  L  ,,•!,} 

•  •  1  •  f,  •  Lr, 

(4) 


A  dtSCiie&ioii  of  lhp  method  employed  (ft 
determine  the  fuel  slosh  mass  arvt  frequency  le 
given  in  Rel.  |  i). 

He* i hie- body  equations 

“  ..  ,  .  v* »,  {  •’) 

The  generalised  forces,  q,  ,  are  censed  by 
ground  winds,  engine  thrust,  and  mounted  mans 
and  fuel  slush  coupling.  Taking  each  Horn  In 
luin,  v,  to 


Subsystem  Equations 

The  subsystem  equationo  are  formulated 
(or  a  model  that  is  pln-ondod  at  the  station  cor* 
responding  to  the  connection  station,  lilts  al¬ 
lows  the  absolute  dlsplacemont  of  this  station 
to  be  defined  by  the  rigtd>tx<dy  coordinate.  The 
main  advantage  of  this  mode  1  Is  lo  decouple  the 
accuracy  of  the  interface  loads  between  the  sub¬ 
system  and  the  primary  vehicle  from  Uie  num¬ 
ber  of  modes  used  In  Ihe  equations  of  (notion  for 
the  subsystem.  As  the  subsystem  modes  gen¬ 
erally  have  higher  frequencies  (lien  (he  vehicle, 
a  few  modes  in  addition  to  the  rigid-body  modes 
are  Sufficient  (o  define  the  subsystem  loads 
using  ihe  modal  acceleration  met  >d.  On  the 
other  hand.  If  the  HutisyBietr!  model  is  tree  free, 
many  modes  are  required  to  accurately  define 
the  dlsplacemont  nt  the  interface.  Then,  It  is 
almost  impossible  to  establish  the  correct  ini¬ 
tial  conditions  with  free-free  subsystem  modes. 
With  thin  short  prelude,  the  equations  are  — 

Itigld-budy  translation: 


ltlgld-body  rotation 


,-w]‘  =  ,  -L-,ln.K.-V 

»  »  1 

lligid-uody  rotation. 
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flexible  body: 

Kuel  eloBh. 

,  V'  i 

V'..  '  - 

Q„.  HI) 

>.  ‘  '-i  ,  • 
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The  generallted  force  Q,,  is  a  function  of 

i  ,  and  n,  which,  tn  turn,  are  (unctions  of  the 
interface  spring  constants  and  the  relative 
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deflection  and  rotation  at  the  interface.  For  the 
pin-ended  model  the  contribution  ol  the  moment 
can  be  calculated  by 


0„.,  ^  ...  (12) 

However,  the  contribution  of  the  force  F,  can¬ 
not  be  determined  with  a  similar  expression 
because  the  mode  shape  is  zero  at  the  pin  joint 
for  all  raoclee.  It  is  therefore  necessary  to  de¬ 
termine  this  contribution  from  the  inertia  forces 
on  each  mass. 


Using  Eqs.  (5),  (15),  and  (18),  the  open  loop 
transfer  function  can  be  determined  as 


our 


It 

I 


X 


(17) 


The  corresponding  closed  loop  transfer  function 
is 


<?.(,  -  [Y,  * 

'  *,„.j  •  (12a) 

The  total  generalized  force  is  given  by 

9.,  =  <»«■,♦  Q.i,  (12^) 

Interface  forces- 
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Control  Equations 

The  control  system  used  for  the  vehicle 
just  after  launch  is  baaed  on  attitude  control, 
principles.  To  avoid  unnecessary  complexity, 
only  the  rigid-body  motion  is  considered  in.  the 
system  gain  calculations.  Actually,  considerable 
liberty  is  taken  with  the  simplification  of  the 
control  system.  The  peak  loads  on  the  vehicle 
occur  within  the  first  5  sec  after  launch  and  the 
control  system  has  little  or  no  effect  on  the 
loads  during  this  time.  Tre  gimbal  equations 
are  also  simplified,  assup>cd  to  be  second  order, 
and  of  the  form 


CI.TT 


Tc  f  fA  \1 

T  Ki-VMt5*1)] 


\  r.r  ■  a, 

VrK-v^-vj 


US) 


To  determine  the  gains,  A„  and  it  is  neces¬ 
sary  only  to  choose  a  rigui-body  pitching  ire- 
quc-ncy,  .m,  and  the  associated  damping,  tm. 
These  choices  define  the  operating  points  as 
Shown  in  Fig.  4. 


Fig.  1.  kx.ot  i or  11  n  o*  attitude  coniroi 
guidance  princ  i pic 
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The  control  equation  is 


A, 


The  relationships  for  a,  and  A.  can  now 
be  obtained  by  dividing  the  equation  that  de¬ 
scribes  the  rigid -body  roots, 


IriilitHdt '*U^--vM. y.^jj.iyh^jlfr.^h1..  touM^j.jitf:ajiejltiiifctol  ■.•-:iM-J4-,--tlll».b-J..'.tW| •■■  ^lly^, , ■■„.  t ;i,',M:,(  ,.| 


into  the  characteristic  equation  of  the  closed 
loop  transfer  function,  Eq.  (18).  The  resulting 
expressions  for  the  gains  are 


1 ,  <  X  -  a  i  ..  A . 


f  1  -  -  -  2  <  2’ 

n.  |  e  m  -mm'4* 
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This  usage  is  only  a  convenience.  No  attempt 
is  made  to  solve  for  the  steady-state  solution 
through  Laplace  operations.  The  solution  Is 
obtained  by  numerical  Integration  of  these 
equations  In  the  sequence  shown.  The  general¬ 
ized  forces  for  the  subsystem  are  Bhown  as 
0,,(F>  and  Qsi(M>.  It  Is  to  be  understood  that 
the  actual  expression  for  these  terms  Is  as 
given  in  Eqs.  (12)  and  (12a). 


CONCLUSIONS 
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As  the  characteristic  equation  is  the  prod¬ 
uct  of  all  the  roots,  the  quotient  of  the  above  op¬ 
eration  is  the  equation  for  the  locatior  of  the 
roots  associated  with  the  glmbal  poles.  This 
expression  Is 

s  1  p  a 


.  1  -  .  1  -  2'  ■  <2’  -  )•  i  0  (21) 
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The  criterion  for  stability  of  the  vehicle  is 
that  the  coefficient  of  the  velocity  (%  term)  in 
Eq.  (21)  is  positive,  or  that 

'«‘  k  ’  (22) 

EQUATION  OF  MOTION  MATRIX 

Tlie  equations  of  motion  are  grouped  in 
matrix  form  in  Eq.  (23),  shown  on  page 
These  equations  gives  ready  reference  to  the 
interaction  between  the  various  degrees  of 
freedom  and  the  effects  of  applied  forces.  The 
Laplace  operator  S  is  used  io  denote  the  deriv¬ 
ative  of  the  variables  with  respect  to  time. 


The  loads  summarized  In  Table  1  and  the 
time  historic?,  presented  in  Figs.  5  through  8 
are  tabulated  against  a  description  of  the  sub¬ 
system  model.  The  flexible  subsystem,  mounted 
at  the  base,  consists  of  translational  and  rota- 
iionnl  rigid-body  degrees  of  freedom  plus  two 
flexible-body  modes,  This  model  was  composed 
of  20  mass  elements  end  was  pinned  at  the  base 
support.  The  other  two  models  have  rigid-body 
degrees  of  freedom  only.  Bending  moments  are 
shown  for  a  station  on  the  primary  vehicle  and 
for  the  subsyBteni/vehlcle  interface.  Accelera¬ 
tions  of  the  subsystem  center  of  gravity  and  the 
vehicle  Btatkon  are  also  presented.  The  pri¬ 
mary  vehicle  loads  are  for  an  especially  criti¬ 
cal  station  that  is  approximately  1-1/2  body 
diameters  forward  of  the  subsystem  Interface. 

The  maximum  bending  moment  at  the  vehi¬ 
cle  body  station  for  the  flexible  subsystem  is 
lower  than  for  the  rigid-body  subsystem.  Tills 
difference  in  loads  is  caused  by  the  structural 
dynamic  effect  of  the  subsystem  model  and 
shows  that  although  the  primary  vehicle  may  be 
many  times  heavier  and  more  rigid  than  the 
subsystem  the  effect  of  the  type  of  model  can 
have  an  appreciable  effect  on  pri'no.ry  vehicle 
loads.  The  lateral  accelerations  which  may  be 
u6cd  by  the  stress  analyst  to  determine  bending 
moment  b  between  stations  that  are  recorded 
and  loads  on  local  components  could  result  in 
further  errors. 


TABLE  1 

Maximum  Load  Comparison 


Subsystem  Model 


-lexible 
Cg  support 
Base  support 

Flexible 
Cg  support 
Base  support 


Shear  *  10" 
(lb) 


Moment  x  10*  6 
(in. -lb) 

Launch 


Acceleration 

(e) 


Location 
of  Load 


Body  station 
Body  Station 
Body  station 

Subsystem 

Subsystem 

Subsystem 
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CCF.LERATKiN  «G  *1  ACCELERATION  G'n  ACCELERATION  (G'») 


Fig.  5.  Bending  moment  at  a  typical  station 
on  the  primary  vehicle  lor  several  subsys¬ 
tem  inode  1  g 
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Fig.  0.  Lateral  acceleration  at  a  typical 
station  on  the  primary  vehicle  for  several 
subsystem  models 
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Fig.  7.  Lateral  acceleration  of  the  subsystem 
center  of  gravity  for  several  subsystem  models 


The  subsystem  response  is,  of  course, 
greatly  dependent  on  the  model  that  Is  used. 

The  maximum  bending  moment  for  the 
ccntor-of-gravlty  supported  subsystem  Is  the 
lowest  because  the  moment  of  inertia  about  the 
attachment  Interface  of  the  model  is  the  lowest 
of  the  three  configurations.  If  the  rigid-body 
subsystem  is  supported  at  Us  proper  base  sta¬ 
tion,  the  bending  moment  is  Increased  by  50 
percent  because  all  of  the  bending  must  take 
place  at  the  Interface  and  Is  not  distributed 
throughout  the  subsystem. 

The  time  histories  of  bending  moment  and 
acceleration  show  the  differences  in  frequency 
content  that  result  from  the  three  subsystem 
models.  If  components  or  assemblies  mounted 
in  these  areas  are  frequency  sensitive,  errone¬ 
ous  design  will  result  if  simple  rigid-body 
models  are  used. 

Simple  rigid-body  models  of  flexible 
structure  are  not  sufficient  to  provide  design 


loads  or  response  characteristics  for  cither 
the  subsystem  or  the  primary  vehicle.  When 
dynamic  Interactions  as  a  result  of  transient 
loading  are  a  largo  effect  on  the  loads,  an  in¬ 
vestigation  of  the  dynamic  characteristics  of 
the  subsystem  is  necessary.  As  an  example, 
the  loads  comparison  lor  the  configurations 
used  in  this  analysis  shows  variations  of  up  to 
50  percent  depending  on  the  model.  The  use  of 
flexible  subsystem  models  will  produce  a  more 
realistic  evaluation  of  the  response  of  the  pri¬ 
mary  vehicle  as  well  as  the  subsystem. 
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DISCUSSION 


C.  Perisho  (Me Donnell -Douglas  Corp.): 
Was  TfiTs  aTI  theory  or  has  this  been  verified 
experimentally? 


Mr.  Gaffney:  No,  this  is  all  theory;  there 
is  no  experimental  verification. 
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A  NEW  APPROACH  TO  THE  INTERACTION  PROBLEMS 
OF  FLUID-FILLED  ELASTIC  MEMBRANE  SHELLS* 

Clement  L.  l*ai  and  Shoiclil  Uchiynma 
North  AmnncAn  Rockwell  Corporation 
Downey,  Cahlornm 


Imlm.  ' ,  ??  PI'rOA'  '  >”  Hrc.entcd  fur  the  computation  ol  natural 
fr  q,  f  .  "d  1,0  rorr°‘m“»dina  mode-  -hip-.  ;f  t'.c  i,.iCi  ,H,.on  01 
Muid  in  elastic  lank*,  it  ifi  asanaiccl  Hint  the  velocity  potential  of  fluid 
oxi»t.  anti  that  the  shell  motion  »  based  o,,  membrane  theory  under 
tner  1,1  loading  of  the  .hell  and  the  fluid  pressure  at  the  interface.  The 
.hell  displacements  are  solved  analytically.  As  the  velocity  potential 

L^rr;:'1  by  vo,t  •'»«*««•  each  «i(b  ^  u„iw„  Coor. 

r ?  I  K  f  a,urt,A<ie  ‘‘““"rfo'-y  condition  and  the  Interface  condition 
can  only  be  satisfied  approximately.  An  eigenvalue  problem  is  formu¬ 
la.  cd  by  minimizing  the  integrated  squared  errors  for  the  boundary 
conditions  subject  to  the  constraint  that  the  prescribed  radial  displace- 
mem  along  the  edge  ol  the  ah.  II  be  ,al„f,ed.  A.,  analytical  formulation 
.n  1  solution  of  the  longitudinal  vibration  of  the  fluid-filled  hemispheri¬ 
cal  shell  is  presented  as  a  practical  application. 


INTRODUCTION 

Development  of  large  liquid  rockets  has 
created  Increased  Interest  In  the  Interaction 
dynamics  of  fluid  in  elastic  tanks.  Several  fine 
papers  have  been  published  in  the  last  few 
years  on  the  Investigation  of  shell  vibrations 
?.f  ^''n-wallod  circular  cylinders  filled  with 

I  JUKI  I  i-5  I  Lev*  jaaivn^n  Ho-'1  In  - 

j  j  ii  -cr.  —  t..o-Da.  i-pvt  n  ItViU,  111  cl 

cursory  maimer,  with  the  axlsynunetrlc  oscil¬ 
lation  of  fluid-filled  hemispherical  shells  [6-8], 
Nothing  lias  been  published  on  Investigations  of 
configurations  other  than  those  mentioned  above. 

The  main  obstruction  io  the  progress  of 
Inlei  action  dynamics  for  general  configurations 
may  be  attributed  to  the  very  difficult  nature  of 
the  systems  of  hydrodynamic  equations,  shell 
dynamic  equations,  and  associated  boundary 
conditions  tlmt  have  kept  many  Investigators 
from  reaching  any  reasonable  solutions  The 
most  powerful  energy  method  that  has  been  ap¬ 
plied  successfully  to  the  fluid-filled  cylindrical 
shells  produces  a  horrendous  and  lengthy  math¬ 
ematical  expression  In  the  treatment  of,  for 
instance,  an  oblate  spheroidal  shell  or  a  cylin¬ 
der  with  an  elastic  bulkhead 

*Tiie  rcaulls  preavutvil  in  lliib  paper  vrrr  drawn 
I  I4>10. 


Under  these  difficult  circumstances,  a  now 
engineering  approach  was  developed  to  compute 
the  natural  frequencies  and  the  corresponding 
mode  shapes  of  the  interaction  system  by  using 
certain  simplified  assumptions.  This  approach, 
which  has  boon  successfully  applied  to  the  longi¬ 
tudinal  vibration  of  a  fluid-filled  hemispherical 

ShOlI.  a  nhlfiln  cnliacAUin  I  «1.aK  ~  _  j 

.  *  - - - -  V,/.,V|  vtMlii  OtlVil,  at  I  111 

a  tiuia-uiied  cylindrical  shell  with  an  Inverted 
conical  bulkhead  (Oj,  will  be  described  in  this 
paper.  A  detailed  analytical  iormulailon  and 
solution  of  the  longitudinal  vibration  of  Hie 
fluld-ftllod  hemispherical  shell  Is  presented 
below  as  a  practical  application 


MATHEMATICAL  MODEL  AND 
METHOD  OP  SOLUTION 

In  this  approach,  it  is  assumed  that  the 
fluid  is  invtsctd,  Incompressible,  Its  motion  Is 
irroiattonal,  and  that  the  shell  motion  Is  based 
on  membrane  theory  and  Is  under  inertial  load¬ 
ing  and  fluid  pressure.  Under  these  assump¬ 
tions,  velocity  potentials  ire  obtained  from  the 
solution  of  laiplace’s  equations  in  coordinates 
according  to  the  configuration  of  the  different 

rom  the  NASA  S|)unsuml  study.  Contract  NAS6- 
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parts  oi  the  tank.  This  velocity  potential,  to¬ 
gether  with  Bernoulli's  equation,  permits  tho 
evaluation  of  Uio  fluctuating  fluid  pressure  oi 
tile  liHorIn.ee.  By  treating  the  lntorfaco  pros- 
sure  ns  a  forcing  function  in  the  shell  equations, 
the  shell  displacement  components  ciui  be  de¬ 
termined  analytically. 

As  the  velocity  pOtontl.nl  In  the  general  case 
1.8  represented  by  a  eerloe  of  Infinite  terms, 
ouch  wlili  an  unknown  coefficient,  the  pressure 
and  shall  dlsplacomonts  are  also  roproeontod 
in  series  form.  Whan  the  sorlos  solutions  nro 
substituted  tn  the  free  surface  boundary  eon- 
dll  ion  Ariel  the  Interface  boundary  conditions, 
those  conditions  can  be  satisfied  only  approxi¬ 
mately,  because  these  aeries  have  to  be  trun¬ 
cated,  T»iV  UilferuUCuu  between  the  a.v'ct  and 
approximate  snilafnetlon  of  the  boundary  con¬ 
ditions  are  the  functional  errors  When  each 
functional  error  Is  first  squared  nnd  then  Inte¬ 
grated  over  the  subscribed  boundary  surface, 
the  Integrated  squared  error  Is  obtained.  The 
total  integrated  squared  error  lor  the  entire 
free  surface  and  the  interface  la  the  sum  of  the 
separate  squared  error  multiplied  by  its  weight¬ 
ing  factor.  U  the  wetghttng  factor  of  the  func¬ 
tional  error  of  the  Interface  condition  in  defined 
AS  unity,  the  weighting  factor  of  tho  functional 
error  oi  the  freo-surface  condition  is  tho  ratio 
of  tiro  order  of  magnitude  between  tho  functional 
errors  of  tho  lntorfaco  and  the  froo  surface. 

An  eigenvalue  problem  Is  formulated  from 
tho  equations  that  nro  obtained  by  minimizing 
tho  total  Integrated  equared  errors,  wlUi  re¬ 
spect  to  those  unknown  coefficients,  and  the 


equation  of  constraint  that  the  preerrlbod  radial 
deflection  along  the  edge  of  the  shell  be  Satisfied 
Tho  uao  of  tho  constrained  equation  of  radial  de¬ 
flection  along  tho  edge  has  n  dual  purpose.  For 
a  complete  formulation  of  Lagrange's  constrained 
minima  problem  the  edge  condition  of  radial  de¬ 
flection  la  a  noconeary  rolntton  to  connect  tho 
unknown  coefficients  that  were  the  outgrowth  of 
the  two  Independent  boundary  conditions ,  one  at 
the  free  surface  and  the-  other  at  Iho  Interface. 
Furthermore,  ns  the  radial  displacement  is  ob- 
tnlned  from  the  meridional  displacement  and  Its 
derivative,  there  ts  no  arbitrary  constant  in¬ 
volved  for  the  radial  displacement  solution. 

This  is  the  consequence  oi  using  the  membrane 
shell  theory.  Therefore,  the  radial  displace¬ 
ment  solution  precludes  the  satisfaction  of  the 
edge  condition  and  tho  edge  condition  imposed 
on  the  radial  displacement  must  he  treated  as  a 
constraint. 

The  formulated  eigenvalue  problem  is  then 
solved  with  a  digital  computer.  Tho  method  of 
solution  ao  programed  is  essentially  a  system¬ 
atic  trlnl-nud-corroctlon  process  which  searches 
for  frequency  until  the  frequency  determinant 
vanishes, 

VELOCITY  POTENTIAL  FOR 
HEMISPHERICAL  FLUID 

The  suggested  method  will  be  applied  to  the 
solution  of  longitudinal  vibrations  of  n  fluid- 
filled  hemispherical  shell.  Wc  shnll  consider 
the  shell  to  bo  n  thin  elastic  uniform  membrane, 
completely  filled  with  an  tnvlocld  and  h  ~om- 
presBlble  propellant  under  irrotntional  i  .otton. 
The  sholl  coordinate  syotom  lo  shown  In  Fig.  1. 


UiiiIoi*  (lie  nbovo  assumptions.  Ute  problem 
of  snmll-omplltude  axlsymmeUlc  vibrations  of 
u  hemisphere  of  fluid  Is  reduced  to  the  solution 
of  Laplace's  equation,  subject  to  appropriate 
boundary  oomlutous  In  spherical  coordinates, 
tor  tlie  rnee  of  axial  symmetry.  Laplace'S  equa¬ 
tion  takes  the  form 

'  ••  ,  '£)  ,»  (1) 


where  !•  is  llie  velocity  potential,  and  r.  are 
coordinates  Dial  denotu  the  distance  measured 
from  the  origin  and  llie  "cone  angle"  measured 
from  the  vertical  axis,  respectively 

On  the  free  surface  ol  the  fluid,  the  liiivur- 
tzed  boundary  condition  1 10]  is  given  by 


.1*8  <18 
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where  a  Is  a  nonnegutlve  Integer. 

Equntloil  (7)  hnn  «b  Us  solution 

R-  i  •  As*  •  il.  l  !  (01 

where  a  and  !>  m  e  arbitrary  constants.  To 
avoid  the  singularity  til  ,  -  0  so  that  the  ve¬ 
locity  potential  will  remain  finite,  the  constant 
H  is  iissumod  0. 

Equation  (fl)  mny  be  transformed  into 
Legendre's  equation  by  Introducing  a  new  vari¬ 
able,  ,> .  doltnod  by 


c  «h 


On  the  Interface  r  ,i,  the  radial  velocity  ol 
llie  fluid  most  bo  equal  lo  the  radial  velocity  of 
the  shell.  Thus. 


The  result  Is 


’’  !  .Or  I  I  '*  !  I  uni 

'n  the  case  of  simple  harmonic  motion,  ihe 
velocity  potential  mny  be  taken  In  the  form 

l|>  -  .'il  ■  )  ll!5  1  HI 

where  ; ,  c  .  is  he  velocity  potential  lor  steady 
flow,  la  the  natural  frequency  of  the  system, 
and  i  is  the  lime.  The  velocity  potential  in 
related  to  the  meridional  and  radial  velocity 
compel  rats  r.i  use  !  hud.  respectively,  by  the 
relations 


On  substituting  liq  f4>  into  Eq  fl),  a  dil 
ferentlal  oqu.rllon  llml  Is  identical  in  lorm  to 
ICq  fl)  is  obtained  for  ;r  ■■).  This  differential 
equal  ion  lor  van  be  solved  by  assuming 


whirn  has  the  solution 

h,  ,  c  p„(,  >  •  P  0„i  i  (*2) 

where  C  and  b  nre  nibllrary  conatnnte,  and 
!>„,„>  and  o„,.  >  are  Legendre's  polynomials  of 
die  first  and  second  kind,  respectively,  of  de¬ 
gree  „  In  a  similar  fashion,  widi  regard  to 
llie  constant  n  in  Eq.  (0),  the  constant  b  ts  as¬ 
sumed  0  because  <?„(..)  Iwe  logarithmic  elngu- 
laritiee  at  i  corresponding  to  0‘. 

With  bodi  Rfi  i  and  n.  <  determined,  ihc 
steady -si nto  velocity  potential  can  be  derived 
Immediately  from  Eq-  (6).  As  each  term  ol  de¬ 
gree  n  is  n  solution,  the  most  general  expres¬ 
sion  for  the  velocity  potential  is  given  by  the 
sum  of  all  such  solutions  plus  an  additional 
arbitrary  constant  For  convenience,  the  radius 
■  ts  nondimortSlonnlized  by  dividing  it  by  the 
radius  ol  the  hemisphere.  In  addition,  the 
constants  are  redefined  so  that  ;  finally  taken 
the  form 


"3'  jc°  '  /  '  7T  (’s)"  <l3) 


Upon  suhstituimg  Into  Laplace's  equation,  Iwo 
ordinary  differ  cut  ini  equations  lor  determining 
g  ,  ami «;  \  are  obtained  They  arc 


whore  «.  c,  c„  are  nondlmenslonal  nrhl- 
irary  constants.  Thus,  substituting  lids  expres¬ 
sion  back  into  ICej .  (4).  the  velocity  potential  is 


On  substituting  Eq.  (l‘i>  Into  Eq,  (2),  Uio  nnd 

following  relation  lor  Uio  tree  surface  bound¬ 
ary  condition  li  obtained:  „  ,  K  .  !»  ....... 

v  s<  p  ,  i  .  •  (18b) 


1 


it  is  scan  that  Uiifl  linearized  boundary 
condition  cannot  bo  satisfied  (or  each  nlii- 
degree  term  of  the  Lcgondro'a  l  unction  a  tor 
C„'e  different  from  0  Hence,  the  fetation  will 
be  averaged  over  the  entire  aerlud  by  iniegtnt- 
tng  H  over  the  free  surface  of  the  liquid.  It  is 
thin  resulting  expression  that  will  bo  used  taler 
in  formulating  the  oigonvislua  problom  to  dotor  - 
mine  Uu»  natural  frequencies  of  tho  system 

The  dynamic  fluid  prossuro  can  ho  ob¬ 
tained  from  Use  velocity  potent!".!  through  the 
linearized  Bernoulli  equation.  This  rotation 
{ I0J  Is  given  by 


n  * 


(16) 


whore  ft,  and  n,  arc  the  gtrees  resultants  in 
the  direction  ol  the  meridional  and  ctrcumler- 
enttnl  coordinates,  respectively;  .  to  the  den¬ 
sity  ol  the  Bholl  material;  and  n  Is  the  shell 
thickness  The  meridional  displacement  t  to 
taken  positively  In  the  direction  of  Increasing 
«,  where  t  Is  measured  Irons  tho  axle  of  sym¬ 
metry,  and  the  radial  displacement  »  Is  posi¬ 
tive  In  the  direction  of  the  Inward  normal.  As 
the  expression  f  u‘  the  pressure  P( a. It:  given  by 
Eq  US)  ts  in  terms  >f  the  constanta  cr,'e,  there 
is  iso  loos  of  generality  l>y  ussutnlng  tlmt  tt  acts 
in  tho  direction  ul  the  outward  normal,  as  was 
done  tn  Bq.  (1 6b) 


Equations  (lOiu  and  (10b)  may  be  expressed 
tn  tonne  of  the  displacements  by  utilizing  the 
following  rotations  for  the  stress  resultants  1 1 1 1- 


and 


N,  -  —  |  ~  '  *v  cot  *•*  *  <t  •  t-s»|  (20n) 

“  l  at-  i 

p  f  *v  ! 

N*  •  I  1  :C  '  v  co«  i  )»j  (20b) 


where  c0  is  tlio  fluid  density.  Lnsortlng  the  ox* 
pr oee ion  for  <f  from  Eq.  (14),  we  hnvo 


p  *  o'  .if.  j 


’  Cn  f  n  - 

C«  ‘  >  TT  o  »’„<**) 


in) 


At  Uio  Uslsrtaco  whore  >  =  o .  tho  prossurc  is 


which  represents  the  fluctuating  pressure  nt 
the  inturfrico  between  tho  fluid  nnd  die  hcml- 
ephortcnl  sholl. 


whore 


On  substituting  Eqs  (20a)  and  (20b)  Into  l'qs 
(10a)  and  (l8b)  and  Introducing  die  nondimon- 
slonnltzed  displacement  consponoms  v  and  « 
defined  by 


nnd 


tf.UO 

(21b) 


and  the  pressure  given  by  Eq  (18),  we  obtain 


EQUATIONS  OP  MOTION  BOR 
A  HEMISPHERICAL  SHELL 

Tho  equations  of  equilibrium  for  a  sheii  of 
revolution  under  a  symmetrica)  loading  are 
given  tn  Timoshenko  mid  Wotnoweky-Krloger 
[ill.  Ois  stscclnltalng  llisac  e'quntloisn  to  Use 
case  of  a  spherical  or  hemispherical  shell  un¬ 
der  Inertial  loading  and  fluid  pressure,  they 
toko  the  form 

~  •  jNj-Mj.)  .-os  ■  ho  ~  (10a) 


vTt  .k 

— 5  *  cos 

>1  ‘  t 


aud 


VO . .tat  Ml-  1) 

(22) 


<  I  >  -  s  1 


/  dv 


V  COl  -  2*  \ 

V  ’ ' 


r,  .  ; ! 


(22) 


V’here 


82 


_n  'h 

a 


The  displacement  componen»B  Ir  nondlmen  • 
slona!  form  will  simply  l>o  referred  to  ,ih  dis¬ 
placements  or  displacement  coitqioiHmls  in  I  ho 
remainder  of  the  paper 


The  Introduction  of  a  new  variable,  • .  defined 

US 


I  ■  f  I 


(28) 


Into  lhl»  equation  leads  to 


SOLUTION  OP  MERIDIONAL 
DISPLACEMENT 


'I'r  dr 

ii  1  ■  «  !  — ■  *  It  I  -  ir  i  -  f  2  -  >  )F 
It 1  If 


Equations  (22)  and  (23)  may  br>  decoupled 
to  yield  a  illfferentlal  equation  expressed  in 
termB  ol  the  displacement  com|Kiurnt  \  alone 
If  the  expression  for  «  from  Eq  (23)  is  sub¬ 
stituted  Into  Eq.  (2?,),  *vo  obtain 


dff ' 


.  .  (Iv  »  - 

t  ot  "  -  ♦  (  \  '  t*  Si  '  }  v 


v  ’  c 


(20) 


The  homogeneous  purl  of  Eq.  (29)  is  recognized 
as  n  byporgooniotric  differential  equation  The 
analytic  solution  oi  lids  homogeneous  dllfoien* 
Uai  equation  about  i  o  ib  the  hyporgoomotri'- 
series  and  expressed  1 12]  »b 


•4f)E t Iv-" »  <«»' 


where 


and 


I  -  1  •  ■  ' 


l  *  . 


<  i  -  i-'i  -  •  -  ’ 


04c) 


This  equation  muy,  in  turn,  be  expressed  in 
terms  of  independent  variable  .  according  to 
the  relation  given  In  Eq.  <  10)  Thus. 


F,i  i.o.  1. 1 >  t  •  y  «  •  »'• 


n  -  -  ~  ’  " 

where 

(30ft) 

J  ,  .  i  * 

'  7  |3  •  ‘ 

1  •  4x  Jj 

(30b) 

7 - (24b) 

and 

•  7  |  '  1 

l  •  4 v  > 1  'j 

(30c) 

TltuB.  the  complementary  (unction  o(  Eq.  (25)  is 
obtained  as 

V  F,  j  .  1  i  il-..ij  (31) 


•  1  I 

^  v 


Iv  I  f 

TUT  |  '  V 


The  particular  iitiv^rril  o(  Eq.  (25)  may  i?o 

iBttuiucci  as 


■tv) 


•  )'  ’  I  0  (25) 


/  A  P„.  1 


(32) 


The  first  two  ternio  ol  Eq.  (25)  may  be 
transposed  Into  a  hypergcoinetrlc  equation.  To 
do  this,  first  let 


it 


Then  Eq  (25)  bocomea 


,  ,  (id-  ,ir 

i  i  -  ..  •  i  -  4.. 


,  :•  - '  r 


(26) 


.  \  •  i  •  i 

"  >  ••;>  ,  IV  (  '  0.  (27) 


where  1'!,;  = -i  is  the  associated  Legendre's 
polynomial  and  cxpreoscu  as 


,  t 


(33) 


The  associated  Legendre's  polynomial,  p'^,,1 
satin.' leu  the  differentia!  equation 


•IT  ,«■ 


I  ■ 


.of  P, 


1  ..  .. .  1  t;  n  (34) 

Substituting  Eq  (32)  into  Eq  (24a)  gives 


. .  1 1  |M  >1  IWt  I IMI  |l  H  il  l|  Mi  ll  H  Kit  i 


(35) 


E/  cl  II> '  dP.'  \ 

A  - -  .  —3  rot  -  P'  C  SC1  .  xP,; 

n  1  (J,  "  "  / 

n*  1 

.4,c=  p- 

L _ i  :!  " 


Substituting  Eq.  (34)  into  Eq.  (35)  and  deleting 
the  sign  of  summation  gives 


\,[v-n(n-n]  -  ~  ~i  '\ 


from  which 


(36) 


n  \  -  n(  n  •  1  ) 


The  particular  integral  of  Eq.  (25a)  is  then  ob¬ 
tained  by  substituting  Eq.  (36)  and  Eq.  (33)  into 
Eq.  (32)  as 


_  V’  *~T  "n  -i  (3?) 

v  r  v  -  ■  l ) ' 1  ’  -  ' 


The  complete  solution  of  Eq.  (25a)  ■  the 
sum  of  the  complementary  function.  Eq  (31) 
and  the  particular  integral,  Eq.  (37).  i'hus 

V  b0vl  r,  3:  ± 


r - :  \  ?  *• 

"  l—  n!\  -  mu'  I): 


The  boundary  conditions  for  v  are 

v  0  in  -  l 


and 


v  -  0  m 


0 


(38) 

(39) 

(40) 


Equation  (38)  automatically  satisfies  tin  bound¬ 
ary  condition.  Eq.  (39).  The  arbitrary  constant. 
L  of  Eq.  (22)  Is  determined  from  the  boundary 
condition,  Eq  (40). 


V  Ji 


!P 


r  -  ,  1  1  *■ — 1  n:  \  -  niil  ■  1 

l  j  ...  1  -l  i  ,.*-1 


(41) 


Hence,  the  complete  solution  for  meridional 
displacement  is 


•  VI"-  5 


Z — i  nl\ 


n(  n  •  III 


I 


(IP, .1,1  t,  '  -  >  l*  - 

~dT 


!  'l  >•  I 


->■  \ 


«!!»„(  0 
(C 


I 

(42) 


SOLUTION  FOR  RADIAL 
DISPLACEMENT 

As  v  is  now  known,  the  radial  displacement 
for  the  hemispherical  shell  may  be  obtained  di- 


rectly  from  Eq. 

(23).  II  gives 

1>i 

/■If  _  \ 

2(  1  •  <• )  - 

i  [T  ‘  v  co’  1 

-r 

r  i 

_ !c  >  ’  ^  v  J 

(43) 

?< 

-  1  l  •  W  "  "  j 

i 

From  Eq.  (33), 

•ip„i  .  i 

i  <ip„,.., 

de 

and 

dPn(01 

iL 

*IP„lO) 

d 

(44) 

Substl tuting  Eq.  (44)  into  Eq.  (42)  gives 

T  -  -i=_ 

4—i  i> .  y  -  mu*  1  v 


n/1 


V  '  1  d 


(45) 


and  hence 

dv 

cl 


°  \  ’ 


II  V  -  II. 


F.  .SPnfi»i 

F .  ■' 


clF  -t  “) 

.1  i 


f46) 


Frurr.  Eq  (44), 
i’P  i 


(47) 


B4 


By  the  aid  of  Eqs,  (44)  through  f47).  the  Urms 
Inside  the  first  bracket  of  Eq.  (43)  have  the  fol¬ 
lowing  expression: 


ii  (shell  thickness)  -01  (in.) 

(density  of  shell)  =  2.59  x  10' 4  (lb(- 
sec  Vln.4) 


,u 

«i 


)  '  (- 

ii  \  -  i»f  n  •  |  ) 


„  (density  ol  liquid)  =  1.00  '  10  4  (lb,- 
sec  J  in . 1 ) 


!  (I-V  ■ 

•  i  l  -  • 

d,  - 


(48) 


The  Legendre  polynomial  i’„  .  satisfies  the 
differential  equation 


*VJ 

d. 


u(  n 


pn(->  0. 

(49) 


Substituting  Eq.  (49)  Into  Eq.  (48).  gives 


d\ 

d 

•  v  t  *n 

-  . 

..  V'  . .  r, 

n  '  '  »K  n 

7  *  > 

1 

r 

->r,n 

:  in  ii 

1 

'I’n  > 

i 

.  n 

r1-"-  V 

*lr  r  Ir 

o  )  L 

1 ' 

(50) 

Suuoi.iLui.it it;  . 

ir  />\ 
WV  i 

t..i  r1  t  tn  t  . « 

tlllU  L*l\.  K'tO  lilt.' 

Suiituoii 

for  radial  displacement  becomes 


'  1  1  •  V  ln  i 

a  - - /  . . . -  -S  :»!u  ■  1  :l'n.  .  i 

-><  1  •  ;  1  -  -  .  •  •yr-J  n  \  -  n.  n  •  1  i 


1  - 


<i.  :  .11’,,,  0 ' 

*  i.  >1“"  *'  •,  i  •  , : 


f  (Young's  modulus)  =  107  (lb,/in. 2) 

Thus,  the  parameters  -  ,  \  ,  and  .  are  evaluated 
as 


H^h  n?h 

"d"  Hr 

1  -  1 


0.942  ■  10‘* 


2-1  •  )-  1  -  2(  t  •  i  )  (52a) 


-*(  1  -  :  •  (1  •  A;  )-■*  -  -Ld  . 

v  - - -  2  (52b) 


1  1  .  _  -  1 
1  -  :  ~  1  1  ‘ 


(52c) 


In  Uns  case,  the  term  1  iv-mn  •  d’  appearing 
in  Eq.  (51)  behaves  like  a  singularity  at  n  -  l. 
To  avoid  such  singularity  Eq.  (51)  may  be  writ¬ 
ten  In  the  form 


and  s,t  i  will  be  obtained  as  follows. 

When  v  and  n  1 ,  Eq.  (27)  may  be 
written  as 


\  ’ 


(51) 


INVFSTIGATION  OF  SINGULARITY 


I  - 


f!  'I 

.1  *’ 


4 


<]» 

<C 


(54) 


The  above  equation  can  be*  solve* I  will!  the  aid 
of  boundary  conditions.  Eq.  (39)  and  Eq.  (40) 
The  solution  of  1  is 


As  a  practical  interest,  the  following  nu¬ 
merical  values  are  introduced: 


1 


(radius  of  shell)  -  200  (in.) 


n  (55) 


85 


' N mi ; t’ 1 » » >' H1' “ 1 ' " <‘ Jt :“*M " ,r*frlf "* WltJ1  ‘W(  'W*1 ■'ww*'**  '■’  . . . .  . .  "•  I . . . . 


Substituting  Eq.  (54)  Into  Eq.  (20),  gives 


7  =  -  —  v  l  -  u  1  j  •  In  ( 1  •  it)  V-  ~  C 
J  1 1  1  <*  P 


(\  2.  n=l)  (50) 


civ  _  "j  ilv  ti 

--  i  v  cot  0  -  -  \  1  -  —i  - — 


-  "3  3  “  "  2 


Vl  -  »! 


.  2,.  In  (1  *  M)  V'_  C, 


(V  *  2.  n  =  1  )  -  (5?) 


Thus,  when  v  -  2  and  n  =  1,  the  value  of 
s,(|j)  C,  Is  determined  from  the  first  term  of 
Eq.  (43), 

rr Ocot *) 

( 1  4  iQf  3/1-  2  *  %t  (!♦/«)]  ,  *:0  ^ 

31 2(77 o  -  .,c>]  v  ~  1 


Furthermore,  lor  v  ;  J,  Eq.  (30a)  gives 
F,  (a./f.  2;  1)  ?  I 


Flc  («.A  2.  l)  ‘ 


Thus,  substituting  Eq.  (50)  and  Eq.  (52a)  Into 
Eq.  (53)  gives  the  radial  displacement  w  for  the 
case  of  -  <>  t  aa  follows: 


of  meridional  displacement,  v,  and  Its  deriva¬ 
tive,  there  are  no  arbitrary  constants  Involved 
for  the  5  solution.  Hence,  no  boundary  condi¬ 
tions  can  be  applied  to  R,  This  is  the  conse¬ 
quence  of  using  the  membrane  shell  theory  In 
which  bending  stiffness  Is  neglected.  Because 
of  the  original  stipulation,  *  will  satisfy  the 
condition  of  axial  symmetry;  by  implication,  it 
will  not  contain  any  singularity  at  0  =  0°,  as 
both  v  and  p(n,C)  are  regular  at  this  point. 

If  it  is  assumed  that  the  hemispherical 
shell  Is  provided  with  a  rigid  ring  at  the  equa¬ 
torial  plane,  thus  giving  the  edge  simple  support, 
then 


However,  the  absence  of  an  arbitrary  constant 
precludes  the  satisfaction  of  this  condition. 
Therefore,  this,  or  whatever  other  boundary 
conditions  may  be  imposed  on  w ,  must  be 
treated  as  a  constraint. 


IMPOSITION  OF  INTERFACE 
CONDITION 

The  Interface  condition  reproBonts  the  com¬ 
patibility  condition  that  must  exist  between  the 
fluid  and  the  shell  at  their  common  boundary 
and  that  will  be  applied  to  couple  the  system. 

In  view  of  Eq.  (5b),  the  condition  stipulated 
by  Eq  (3)  for  compatibility  of  velocities  may 
be  written 


a 

*  =  s,0‘ic,  -  :”Z  [snrrrr ^  w 

«t  *  3  ’■ 

_ 2 _  <IPn<0)l 

ii|n(n  *  1 )  -  2]  J  n 

-  *IT7)T  k'El (00) 


S,(.“>  -  -  cTj~  T  l3-‘  2'  <«*<>  '  “)‘- 


CONDITION  OF  CONSTRAINT 

As  the  expression  for  the  solution  of  radial 
displacement  »■  was  obtained  from  the  solution 


The  minus  sign  must  be  present  as  the  positive 
radial  displacement  direction  for  the  shell  and 
the  hemisphere  of  fluid  arc  opposite  each  other. 
Substituting  from  Eqs.  (14)  and  (21b),  the  fore¬ 
going  relation  becomes 


Z  cn«V'  )  “ kr  5 


FORMULATION  OF  EIGENVALUE 
PROBLEM 

The  eigenvalue  problem  for  determining 
the  natural  frequencies  and  corresponding  mode 
shapes  of  the  coupled  fluid-shell  system  Is 
formulated  using  three  equations  that  were  ob¬ 
tained  as  a  result  of  imposing  the  necessary 
boundary  conditions  of  the  problem.  These 


06 


three  equations  are  the  liquid  frcc-surfnrc 
boundary  condition  given  hi  Eq.  (lb),  the  bound¬ 
ary  condition  oi  zero-radial  displacement  at  the 
equatorial  plane  given  In  Eq  (61),  and  the  con¬ 
dition  of  compatible  velocities  at  the  Interface 
given  by  Eq.  (03).  The  solution  of  these  three 
equations  taken  simultaneously  will  yield  the 
natural  frequencies.  Other  than  the  trivial 
case  In  which  all  Uie  cn‘s  are  zero.  It  is  appar¬ 
ent  that  the  series  hi  these  equations  cannot  be 
satisfied  term  by  term.  This,  together  with  the 
complexity  of  the  expressions  involved,  excludes 
all  possibility  of  an  analytical  solution,  lienee, 
some  approximate  numerical  method  of  solution 
must  be  u6ed.  The  approximate  method  used 
herein  lo  formulate  the  eigenvalue  problem  Is 
based  on  Ihe  least  squared  error  technique. 

Because,  from  a  practical  point  of  view, 
the  series  representation  for  the  velocity  poten¬ 
tial  must  be  truncated,  the  boundary  conditions 
given  by  Eqs.  (15), (01),  and  (63)  will  be  satisfied 
only  approximately.  However,  the  Intention  Is 
to  treRt  the  boundary  condition  for  w  as  a  con¬ 
straint  60  that  it  will  be  satisfied  exactly  wlthla 
the  limitation  of  using  only  a  finite  series  rep¬ 
resentation  for  the  velocity  potential. 

The  difference  between  the  exact  and  ap¬ 
proximate  satisfaction  of  the  froe-fiurface 
boundary  condition  is  denoted  by  the  functional 


L  T  fe)"" 


r  (s)  n"'° 


If  this  expression  Is  Ilrst  squared  and  then  in¬ 
tegrated  over  the  free  surface  of  the  fluid,  the 
integrated  squared  error  is  obtained.  Ac¬ 
cordingly, 


•■(-:) -a) 


From  Eq.  (63).  the  error  -  ,  along  a  me¬ 
ridian,  resulting  from  the  truncation  of  the 
series  expansion  in  Legendre’s  polynomials,  Is 


j  ’/< 


The  total  Integrated  squared  error  for  the 
entire  free  surface  and  Uie  Interface  Is  then 


where  ■  is  introduced  as  a  weighting  factor  for 
the  difference  of  orde  oi  magnitudes  between 
the  functional  errors  ol  Uie  Interlace  and  the 
free  surface. 

Equation  (68)  contains  a  total  of  to  2  un¬ 
knowns.  There  are  N  *  1  unknown  cn'e  plus  the 
unknown  frequency,  , .  For  the  finite  aeries 
representation  of  the  vefOinTy” jiotenlial  lo  pro¬ 
vide  the  best  possible  lit  lor  ihe  satisfaction  of 
Ihe  boundary  conditions.  Uiese  N  •  ;  unknown 
Cn‘s  are  determined  hi  such  a  manner  as  to 
render  >T  a  minimum  subject  to  Eq.  (01)  treated 
ns  a  constraint.  This  Is  equivalent  to  minimiz¬ 
ing  the  function 


' 

-  l\  • 

*■»<•*  0) 

is  a  Lagrangian  multiplier. 
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which  can  be  reduced  to  the  following  matrix 
form: 
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i  . 

i 

.  c„  j  ™  -  0,1. 

.  n 

!  n  -0.1. 

.  n 

i  «„ 
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1 

;  1  i 

■—  .  i 

Similarly,  to  obtain  (lie  integrated  squared 
error  for  this  case,  ■  2  is  first  squared  and 
tiien  Integrated  over  the  surface  of  the  hemi¬ 
sphere  so  that 


where  ij  •’>  is  a  quadric  of  2 ,  and  fm.  k„ 
are  known  constants.  This  linear  algebraic 
system  of  N  •  2  homogeneous  simultaneous 
equations  for  n  •  :  unknowns.  CD  0,,  C„.  and 
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*  has  a  nontrivial  solution  only  it  the  determi¬ 
nant  of  the  above  equation  la  zero. 


The  solution  of  the  deter mlnantal  equation 
will  yield  N  i  1  natural  frequencies.  Only  the 
first  few  frequencies  will  have  any  physical 
significance,  however,  as  It  takes  more  and 
more  terms,  In  the  series  expansion  for  the 
fluid  pressure,  to  be  able  to  represent  It  accu¬ 
rately  as  the  frequency  Increases. 


and 

-u-  1  at  i  iu.i 

o  t 

as  i  must  be  continuous  for 


DETERMINATION  OF  WEIGHTING 
FACTOR  . 

The  functional  errors  at  the  Interlace  and 
free  surface  are  defined  respectively  as 


and 

-  'I,  - 


The  ratio  of  >?,  to 
ing  factor  a;  thus, 


The  magnitude  of  a  may  bo  obtained  |13] 
by  comparison  of  the  order  of  magnitude  of  the 
equations  of  motion  for  the  hemispherical  shell, 
Eqs.  (19a)  and  (19b),  and  the  boundary  condi¬ 
tions,  Eqs.  (72a)  and  (72b).  The  results  are 


el  Sr 


(72a) 


n.  Is  defined  as  the  weight - 


i>w 

In 


d'l> 

Cr 


a1* 


at*  '  *  a. 


(73) 


for  -  >  30 

for  l  i  K  30 


(74) 


SOLUTION  FOR  FREQUENCIES 

The  eigenvalue  problem  as  formulated  can¬ 
not  be  solved  unless  a  digital  computer  is  used. 
The  method  of  solution  as  programed  is  essen¬ 
tially  a  systematic  trlal-and-correction  process 
mat  searches  for  an  .  until  the  frequency  deter¬ 
minant  vanishes.  A  modal  frequency  Is  assumed 
that  permits  the  calculation  of  the  hypergeo¬ 
metric  function  2.  i)  and  the  displace¬ 

ments  v  and  5  corresponding  to  this  estimated 
frequency.  For  the  present  numerical  example, 
however,  the  function  F,(i.  J;  2.  i  >  Is  very  nearly 
equal  to  1,  (Eq.  (59)),  so  that  It  Is  not  Included 
In  the  frequency  equation.  The  Integrals  that 
appear  tn  the  expressions  for  v  and  »  are 
evaluated  numerically  by  using  the  trapezoidal 
rule.  Because  the  constants  cn's  are  unknown, 
only  their  coefficients  are  actually  calculated 
at  each  discrete  point  used  In  the  numerical 
process.  This  calculation  requires  the  arrang¬ 
ing  of  these  values  in  a  matrLx  to  facilitate  the 
bookkeeping  Involved. 

With  the  determination  of  the  displacement 
*,  numerical  values  for  all  the  elements  ap¬ 
pearing  In  matrix  Eq.  (71)  are  calculated.  The 
determinant  of  the  matrix  Is  then  evaluated 
This  process  is  repealed  a  second  tune  with 
the  frequency  Incremented  lo  mu  laic  the 
Newton- Rapheon  method  of  root  determination, 
which  continues  until  a  zero  value  lor  the  deter¬ 
minant  is  obtained  within  the  specified  degree 
of  accuracy. 


a  0(1)  for  0  s  :  1 

For  D  =  10‘,  n  =  200,  fj  *  i.OC  10"',  the 
numerical  value  of  ■>  16  summarized  as  follows: 


a 

1 .638  -  10  3 

P  >  34.2 

B  fl«*  3 

1  393  ;  *  •  34.2 

1 

0  ■  1  393 

where 


The  results  of  the  present  analyses  arc 
compared  with  Hwang's  16]  and  Gossard's  [8| 
results  shown  on  Table  1 .  The  radial  mode 
shapes  Of  the  hemispherical  shell  tilled  with 
liquid  oxygen  for  »  0.8.  45,  59,  and  75  rad 
sec,  respectively,  are  shown  in  Figs.  2  through  5. 


CONCLUSIONS 

The  approach  suggested  in  this  paper  lor 
the  solution  of  interaction  problems  is  called 
"engineering"  because  the  fluid  motion  Is  based 
on  the  existence  of  velocity  potential  and  the 
shell  motion  is  based  on  the  membrane  theory. 
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Fig.  3.  Radial  mode  shape  for  hemispherical  shell 
filled  with  liquid  oxygen,  ..  -  -15  rad/scc 


From  such  assumptions  the  velocity  potential 
of  fluid  car.  bo  obtained  from  the  le.piaee  equa¬ 
tion  and  the  dynamic  displacement  of  shells  can 
always  be  solved  from  the  statically  determi¬ 
nate  membrane  equations.  The  substitution  of 
the  velocity  potential  and  shell  displacements 
Into  the  Interface  boundary  conditions  Insures 
the  compatible  and  unique  relation  of  the  solu¬ 
tion.  The  least  squared  error  technique  Is 
adoptod  to  make  the  boat  of  the  selection  of  the 
unknown  coefficients  in  the  truncated  series 
solution 

There  Is  some  resemblance  between  the 
suggested  approach  and  the  energy  method.  For 
Instance,  the  suggested  approach  usee  the  least 
squared  error  numerical  technique  and  thc- 
enorgy  method  uses  the  nayieigh-Ritr.  numerical 
technique.  Besides  this,  the  suggested  approach 
Is  quite  different  from  the  energy  method.  The 
suggested  approach  demands  the  analytical  solu¬ 
tion  of  the  displacement  function  first  and  then 


the  substitution  of  them  Into  the  interface  bound-  t. 

ary  conditions.  The  energy  method  takes  the  }' 

assumed  displacement  functions  that  have  to  I; 

satisfy  the  boundary  conditions  at  the  beginning.  « 

In  the  suggested  approach,  the  equations  of  mo-  jj 

tlon  are  the  shell  dynamic  equations.  In  the  .  [! 

onorgy  approach,  the  equations  of  motion  are  f 

the  Lagrange's  generalized  dynamic  equations.  k 

The  suggested  approach  requires  a  little  jj 

more  analytical  work  but  apparently  offers  jj 

much  less  numerical  complication.  The  sug-  S 

gested  approach  might  produce  a  better  result  jj 

because  the  displacements  arc  obtained  from  } 

the  closed  solution.  Usually  the  frequencies  j 

given  by  the  Rnyleigh-IUtz  method  are  In  the  ]•  j 

higher  side.  This  can  be  seen  from  the  fore-  ;  j 

going  comparison,  if  the  thickness  of  the  shell 
In  Hwang's  Investigation  Is  changed  lo  0.1  In.,  j  j 

the  corresponding  frequencies  are  • ,  »  0.2*1,  { 

•  ,  =  9.33.  and  13. 10  Hz.  Hwang  used  three  =  j 

inodes  In  his  work.  Gossard  U6cd  two  modes.  j  j 


and  the  present  analysis  used  eight  terms  of  the 
Legendre  polynomial  This  showed  thnt  Gossard 


had  a  higher  frequency  and  the  present  analysis 
had  a  lowor  fronyoncy  i?UU!  HvilUg's  results. 
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DISCUSSION 

Y.  K.  Hu  (Untv.  of  Mich.):  How  did  you  sense,  an  tnfinliy-to-lnilnlty  set  ol  possible  fre- 

overcome  the  problem  of  the  fluid  having,  la  n  quenetes,  since,  In  your  shell  equation,  you  have 


92 


only  nil  Infinite  net  of  equation:)?  liow  do  you 
take  enre  of  tills? 

Mr.  Tnl:  1  presume  that  the  ltrst  "tnltr.tty" 
of  your  statement  "an  ififtntty-to-Uiflnlty  eel  oi 
poHniblc  frequencies"  roiorrod  to  the  variable 
depth  of  the  fluid.  In  Hit  present  paper  only  the 
case  of  full  depth  Is  considered.  Under  the  full 
depth  condition,  there  is  only  one  solution  of  the 
fluctuating  fluid  pressure  which  la  evaluated 
from  the  velocity  potential.  The  interface  pres¬ 
sure  whs  used  ni  a  forcing  function  in  the  shell 
equations. 

Mr.  Liu:  In  your  lcuut  square  Integrated 
result,  why  not  something  else?  Why  not  tire 
mint-max  criteria? 

Mr  Tat:  You  niiiy  nee  something  else  If 
you  want  .0,  I  ucod  tnc  Integrated  "squaro"  er¬ 
rors  because  I  intended  to  use  Lagrange's  con¬ 
strained  minima  leclinlquo,  The  error  function 
Is  a  function  of  the  first  order  of  unknown  coef¬ 
ficients  The  integrated  square  error  function 
is  of  the  socand  order.  The  differentiations  of 
the  tntC£.  .led  squnre  error  function  with  re¬ 
spect  to  the  unknown  coofllclonts  result  In  a  set 
of  linear  equations  which  la  what  I  nm  looking 
for. 

C.  Smith  (Dell  Aerosystoms  Co,);  Is  there 
any  sort  of  constant  volume  restraint  imposed 
upon  the  solution  In  the  Interface  problem? 

This  would  presumably  affect  the  pressure  con¬ 
ditions  III  the  liquid. 


Mr.  Tab  Yob,  the  Lupines  oqunMftn  Is 
derived  from  the  conservation  of  mono  The 
equilibrium  equations  of  membrane  shall  are 
based  on  the  undoformod  configuration,  and  all 
Interface  boundary  condition*  me  constructed 
on  the  undeformed  surfaces.  All  these  Imply  a 
constant  volume. 

Mr.  Smith:  Dy  a  suitable  handling  of  the 
membrane  or  the  shell  stiffness  properties,  do 
you  see  any  difficulty  In  extending  this  already 
difficult  problem  to  the  case  of  constant  accel¬ 
eration? 

Mr.  Tat:  With  variable  thicknesses  and  a 
constant  forcing  function  1  can  see  the  difficulty 
lies  more  In  the  variable  thickness  and  loss  In 
the  constant  fore  big  function. 

C.  Perisho  (McDonnell  Dougins  Corp.): 

You  spoltoof  the  slue  of  the  problem.  Could 
you  toll  mo  what  the  running  time  I*  for  wlmt 
Bt20  probluiii  on  wlmt  iniichtiio? 

Mr.  Tali  Sbico  the  proBont  npproach  In¬ 
volves  more  analytical  work  and  less  numerical 
compulation,  the  computer  running  lime  is  ac¬ 
tually  a  minor  purl.  In  the  problem  of  longitu¬ 
dinal  vibrations  of  n  fluid-filled  hemispherical 
shell,  the  running  time  In  IDM  7094  for  comput¬ 
ing  the  eight  nnlural  frequencies  and  the  corre¬ 
sponding  mode  shapes  takes  approximately 
4  min. 

* 
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STRUCTURAL  AND  VIBRATION  ANALYSIS  OF  NAVY 
CLASS  HIGH  IMPACT,  MEDIUM  WEIGHT  SHOCK  TESTS* 


W.  P  Welch  anti  Haul  I).  Mnundpro 
\V  <■  at  mjjhr.u  ar  fll«>r|  rir  Corpiifaliun 
Sunnyvale,  California 


Shock  (rating  of  equipment  in  ihc  c  Lis 'if  Italian  0  to  6000  ib  apprnxi-  ! 

male  ly  l  to  Ml  L  S  ■  ‘l0 1 L  (l)  F?f|inr*Ti  in  ioir?  i  lie  ild  nigii  of  n  n'Ouutmu  fixture  to  ! 

ftiiiiulatc  the  BtiffnesA  of  tliQ  mAchincry  fouiuUtiort  u>  ..e  im#<j  in  the  «hij>  inotaliAiion.  A*  I 
She  fivtiir*  must  have  sufficient  ilrenglh,  h*  well  as  pf'cnc  r  i  bed  lUlfncwi,  some  lfigonuity  j 
|  l *  needed  10  li l Five  lit  a  balanced  ilcattgn  j 

j  'v,*en  Ui«  weight  of  the  apparatus  iu  be  letted  npi  roachet  the  upper  limit  of  {Ue  lYiovhum-  I 
1  weight  clarification,  the  fixture  weight  become*  a  significant  burden  m  limiting  the  total  * 
:  weight  «n  the  anvil  table  tu  iin  acceptable  value,  especially  90  uecauee  of  the  introduction 
of  the  JO  degree*  inclined  teak  mode-  Hence,  designing  lor  minimum  fixture  weight 
conic  •  an  important  a**  peel  of  this  problem 

In  tine  paper  Allheal  and  dynamical  cun*i<>r  «tiun*  are  di§cui*c<t.  and  curves  are  pro  ! 
■  rnted  thoi  ror  relate  stufneva,  inertia  IoaiU  or  accelerations,  and  weight;  With  the  aid 
ol  the  (o i nmld  and  curve*,  dynamically  equivalent  and  adequate  mounting  futures  ca«.  be 
de«.  isned 

j  j 

A  typical  application  of  the  procedure  to  *  class  HI.  (High  Impact)  shock  test  of  a  j 
turbine -driven  forced ‘draft  blower  weighing  over  SOOO  lb  is  presented  Calculated  max • 
l  mum  g  -values  both  fur  the  initial  impact  arid  the  motion  reversal  owing  to  the  stops  are 
developed  j 


INTRODUCTION 

Tile  m.imi.iiu  Navy  »iiuik  ir*»i  im 
weighing  from  250  (o  0000  lb  te  described  in 
Mir„-s-00ic  1 1 1  nart  utilty.oo  the  IU  Shock  Test¬ 
ing  Machine  roc  MediuimvolglU  Equipment .  The 
shock  machine  consists  ot  n  3000  u>  hammer 
that  swings  through  nn  arc  greater  lhan  100  dc- 
K*-oeo  nud  strikes  an  anvil  table  The  anvil  table 
thereby  suddenly  acquires  a  velocity  In  the  up¬ 
ward  direction.  The  equipment  under  lest  Is 
mounted  to  the  anvtl  table  on  n  relatively  soil 
structural  adapter  that  casinos  the  response  ol 
the  equipment  to  lag  behind  the  anvil  table  mo¬ 
tion.  Consequently  the  equipment  and  the  anvil 
table  execute  an  out -of -phase  vibration  un  the 
stiffness  of  the  mounting  adapter.  Thus  the 
composite  system  moves  upward  with  an  aver 
ago  velocity  plus  a  severe  transient  vibration 
at  one  or  more  frequencies  Alter  1-1/2  or  3 
in  of  anvil  table  travel,  depending  upon  the 


initial  setting,  the  anvil  table  strikes  definite 
stops  and  Its  motion  Is  reversed  to  the  down¬ 
ward  direct  ion  Although  severe,  this  stopping 
Impact  differs  from  the  intilal  Impart  to  that  no 
energy  is  ndded  ;o  the  system,  there  being  In 
fact  a  moderate  loss  in  the  rebound 

The  controlling  specification,  Mil,  S-Q01C 
1 1 1,  requires  "ml  (ho  mounting  adapters  be 
Jimflar  to  those  shown  in  the  specification  ui , 
alternatively,  the  adapters  should  simulate  the 
8IU(ne6r  of  the  foundation  on  which  the  equip¬ 
ment  Is  to  be  mounted  in  the  ship  The  -C 
revision  «•!  the  “pet  tfitatlon  introduced  ihc  30 
degrees  inclined  test  mode,  lor  ihe  laudable 
purpose  ,i|  jiurotfuttm!  a  transverse  eonsptmetd 
to  the  shora  and  thus  simulating  aide  wise  m 
fore  am!  aft  shock  aboard  ship. 

The  r.iiectfieaiton  Umtis  the  weight  o.n  oic 
■tavis  table  to  a|n>t  ox  tmately  7400  JL-,  and  the 


♦  I:.-.S  |>.i|>c-r  not  PI  c«.:.U o  :  ■  •- 


£>:> 


equipment  weight  from  250  to  6000  lb.  When 
the  equipment  approaches  the  upper  end  of  this 
weight  classification,  a  challenging  design  prob¬ 
lem  la  posed  in  developing  mounting  fix'  ires  of 
minimum  weight,  adequate  strength,  anti  con¬ 
trolled  stiffness.  In  the  inclined  test  mode,  the 
problem  is  compounded  by  tne  requirement  that 
the  fixture  must  rotate  the  equipment  mounting 
surface  by  30  degrees  with  respect  to  the  anvil 
table  surface.  The  Intent  of  this  paper  Is  to  de¬ 
velop  guidelines  and  rules  based  on  our  experi¬ 
ence  to  enable  .!>)«  design  work  to  be  done  more 
easily  in  the  iub ' 


NOMENCLATURE 

F,  Maximum  force  acting  on  mounting  adap¬ 
ter  during  phase  1  (lb) 

Fj,  Maximum  force  acting  on  mounting  adap¬ 
ter  during  phase  II  (lb) 

Gj  Maximum  acceleration  of  during 
pnase  I  (g) 

G, ,  Maximum  acceleration  of  m3  during 
phase  II  (g) 

g  Acceleration  of  gravity  (in. /sec  2) 

K  Spring  rate  of  mounting  adapter  flb/ln.) 

L  Fractional  energy  loss  on  impact  of  M, 
and  Mj 

M,  Mass  of  hammer  (lb-sec  Vln.) 

Mj  Mass  of  anvil  table  (lb-sec  Vin.) 

t  Mass  of  equipment  (Id- sec  7t in.) 

p  Ratio  Mj  "M j 

k  Ratio  Mj  M, 

t  Time  from  Instant  that  hammer  hits  anvil 
(sec) 

t  Time  from  Instant  that  anvil  hits  slops 
(sec) 

t 1  Time  from  Instant  hammer  hits  to  instant 
rtops  arc  hit  (see) 

U  Average  velocity  of  M  t  and  M,  during 
phase  l  (in. /sec) 

U,  Velocity  of  M,  the  Instant  after  the  ham¬ 
mer  hits  (in,  'sec) 


lij  Velocity  of  si2  the  instant  after  the  hammer 
hits  (ln./sec) 

v.  Velocity  of  hammer  just  before  impact  (In./ 
sec) 

y,  Displacement  oi  M,  after  hammer  impacts 
(In.) 

Vj  Velocity  of  m,  after  hammer  impacts  (in.' 
sec) 

Yj  Displacement  oi  u,  after  hammer  Impacts 
(in.) 

Y,  Velocity  of  Mj  alter  hammer  impacts  (in./ 
sec) 

Zj  Displacement  of  m2  after  slops  are  hit  (in.) 

Z2  Velocity  of  after  Btops  are  hit  (in. /sec) 

Z3  Displacement  of  m3  after  slops  are  hit  (in.) 

Z3  Velocity  ol  after  stops  (in./sec) 

r  Velocity  of  anvil  (M,)  just  after  hitting 
stops/velocity  before  hitting  stops 

Circular  natural  frequency  of  and  m,  on 
K  (rad/ sec) 

t„  Natural  frequency  of  m,  and  m,  on  K  (Hz) 


The  3000-lb  hammer  strikes  the  4000-lb 
anvil  table  with  a  controllable  upward  velocity, 
vlt  that  depends  on  the  height  of  the  drop,  and 
may  be  as  high  as  19  ft 'sec.  The  hammer  Is 
extremely  rigid,  and  the  anvil  tabic  is  designed 
with  a  very  rigid  central  section  and  stiff  ribs 
and  gussets  extending  outward  to  the  underside 
of  the  table.  Therefore,  we  consider  both  the 
hammer  and  anvil  table  as  concentrated  masses 
In  Blmple  Impact. 

The  mounting  adapter  is  relatively  flexible 
as  compared  to  the  anvil  table  and  equipment 
or  machinery  under  test,  especially  in  the  5000- 
ib  weight  category.  Ait  equivalent  system  of  the 
hammer.  M,,  anvil  table,  Ma ,  mounting  adapter, 
and  equipment  under  test,  MJP  is  shown  in  Fig.  1 
This  is  reasonably  correct  if  the  equipment,  m,. 
is  rigid,  as  is  most  power  machinery,  and  if 
damping  is  assumed  to  be  zero.  The  assump¬ 
tion  of  zero  damping  is  reasonable  if  there  is 
no  significant  yielding  in  the  structure  and  no 
appreciable  sliding  lolled  joints  Although 
the  model  is  correc  ir  the  normal  upright 


MATHEMATICAL  MODEL 
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Fxg.  1.  Mathematical 
model  t>l  r.hock  machine 
and  cquipmenl 


M,Y3  •  KY,  -  KY, 


(4«) 


the  solution  of  which  Is 


Yj  -  A  sm  .1  •  n  cos  t  i  U1 
Y3  -  C  sm  .1  •  D  cos  t  i  Ut 


(5) 


With  the  Initial  conditions  at  t  o  .  y,  v,  - 
i',  o,  the  motion  after  the  Initial  impact  le 
given  by 


mounting  position.  It  is  only  approximate  for 
the  3C  degrees  inclined  mode  as  large  lateral 
responses  to  vertical  shock  would  be  present  ii> 
the  Subsequent  shock  motion. 


'  - ,  -  U 

- SHI  *t  *  Ut 

U 

Yj  -  -  —  sin  -i\  +  Ui 


(6) 


DYNAMICS  OF  INITIAL  IMPACT  AND 
SUBSEQUENT  VIBRATION  -  PHASE  I 

At  initial  impact,  energy,  and  momentum 
are  transferred  from  the  striking  hammer,  M,, 
to  the  anvil  table,  M3 .  The  momentum  of  the 
system  before  and  after  Impact  remains  un¬ 
changed  as  the  Instantaneous  response  of  the 
spring,  U.  is  trivial,  and  Is  expressed  by 

M,V,  M,U,  •  M3u,  (1) 


li 2  is  the  anvil  table  initial  velocity  given  by 
Eq.  (3).  ii  is  the  velocity  of  the  center  of  grav¬ 
ity  of  m3  and  m3,  or  the  average  voloctty  of 
either.  is  tiro  natural  frequency  of  m,  and 
on  K. 

The  motion  of  tlie  system  then  consists  of 
an  upward  motion  of  the  center  of  gravity  at  a 
velocity  u  with  the  two  masses  m3  and  m3  ex¬ 
ecuting  an  accordion-type  vibration  al  the 
frequency 


The  transfer  of  energy  from  M,  to  M,  is  ac¬ 
companied  by  a  loss,  but  this  is  small  because 
of  the  careful  design  of  the  striking  surfaces. 

If  L  is  the  fractional  loss  of  energy,  the  energy 
transfer  equation  is 


The  relative  amplitude,  y,- y3,  is  obtainable 
from  Eq.  (6)  and  is 


-  M .  V  .3  r  4-  m.  u.3 

i  •  *  i  ■  * 


—  M .  11  1  •  L  (-  M  V  ^  .  121 

l  ‘  ‘  \  1  ‘  ‘  ! 


(8) 


Solving  Eqs.  (1)  and  (2)  for  the  ratio  of  the 
velocity,  li,,  ol  m3  after  impact  to  the  hammer 
striking  velocity  v,,  we  obtain 


V J  R  ■  i/R1  -  L(R!  •  R>  (3) 

vi  Pl  .  R 

where  R  is  the  ratio  M,  m3.  and  I.  is  the  frac¬ 
tional  loss  of  energy  during  the  impart 


The  system  consisting  of  the  anvil  table,  M,, 
coupled  by  the  mounting  adapter  spring,  K,  to 
tiic  equipment  under  ler.i  m3 .  is  thus  started 
upward  by  a  suddenly  applied  velocity,  i . ,  im¬ 
posed  on  M  j  al  i  -  0.  Tlie  subsequent  motion 
is  defined  by  tlie  following  equations: 


m;y3  KiiyVji 
M,v,  r-iY,  Y, 


(4) 


The  system  motion  Is  Illustrated  by  the 
curves  of  Fig.  2,  which  show  the  sinusoidal 
motion  of  the  anvil  table  and  the  equipment 
under  test,  with  tlie  average  upward  velocity 
being  given  by 


u  = 


(Mj  *  Mj) 


U3. 


(9) 


As  die  upward  travel  Is  limited  to  3  In.  maxi¬ 
mum,  the  effect  o£  gravity  in  reducing  U  is  too 
small  to  be  important. 


It  is  not,  however,  the  steady  velocity  but 
the  vibration  that  shock  loads  the  equipment 
under  test.  The  greatest  acceleration  on  the 
tested  equipment  occurs  at  the  1  '4-cycle  point 
in  time,  and  at  each  1  /2-cycle  period  there¬ 
after,  with  the  shock  forces  alternating  first 
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Fig.  2.  Anvil  table  and  equipment  die- 
placement  vo  time  for  a  forced-draft 
blowsr  (DE -  1052  Class) 


upward  and  then  downward.  The  force  magni¬ 
tude  la  K(Y, -  Vj)  and  U 


I'l  =  —  U,  sin  su t 


with  a  maximum  value  of 


»  MJl , 

F,  r  i-U,  =  w  e-  u. 


The  maximum  acceleration  In  g's  on  the  tested 
equipment,  m*.  Is 


c  -  2.  i>1  II 

Gl  R  Hj  '  Mj  U» 


and  if  Eq.  (7)  is  substituted  In  Eq.  (12),  wc  get 


G‘  "  |4*,(1  •  «,,»,)  '  1  (13) 

where  g  ts  the  acceleration  of  gravity  and 
and  Wj  are  the  weights  In  pounds  of  M.  and  M,, 
respectively. 

Equation  (7)  can  be  used  to  find  Ute  mount¬ 
ing  adapter  spring  rate  necessary  to  simulate 
an  expected  shipboard  natural  frequency,  or 
conversely  It  can  be  used  to  find  the  test  natural 


frequency  resulting  from  making  the  mounting 
adapter  stiffness  simulate  shipboard  mounting 
stiffness.  It  is  interesting  to  note  that  the  finite 
weight  of  the  anvil  table  prevents  both  the  ship¬ 
board  frequency  and  the  shipboard  spring  rate 
from  being  duplicated  hi  the  shock  test. 

Equations  (12)  and  (13)  can  be  used  for 
designing  the  mounting  adapter  and  the  equip¬ 
ment  to  the  proper  strength  levels  If  the  value 
of  ti  2  Is  known.  As  the  amount  of  energy  l06t 
on  Impact  of  the  hammer  ts  difficult  to  deter¬ 
mine,  Eq.  (3)  cannot  be  readily  used  to  deter¬ 
mine  U j .  Accordingly,  experimental  values  of 
Uj  vs  v,,  and  the  height  of  the  hammer  drop 
(2]  are  shown  In  Ftg.  3. 

Figure  4  is  a  plot  of  system  natural  fre¬ 
quency  vs  K  for  equipment  weights  between  250 
and  6000  lb.  Figure  5  ts  a  plot  of  Eq.  (12), 
which  gives  the  maximum  acceleration  of  Ma/ 
initial  anvil  tabic  velocity  u,,  during  phase  I 
for  various  values  of  and  w ,/w,.  Figure  6  is 
a  plot  of  Eq.  (13)  giving  the  maximum  acceler¬ 
ation  of  /Initial  anvil  table  velocity  U,,  dur¬ 
ing  phase  I  for  various  values  of  K  and  tv,  for 
an  anvil  table  weight,  v., ,  of  4000  lb. 


DYNAMICS  OF  IMPACT  OF  HITTING 
THE  STOPS  -  PHASE  II 

After  rising  1-1/2  or  3  In.,  depending  upon 
the  Initial  height  setting  of  the  anvil  table,  the 
anvil  table  motion  is  arrested  and  rebounds 
from  the  stop6  with  a  downward  velocity  that  Is 
some  fraction  a  of  the  striking  velocity.  Let 
this  occur  at  time  t ,  so  that  the  Initial  condi¬ 
tions  for  phase  II  or  the  "rebound"  phase  of  the 


with  a  new  origin  of  coordinates  t  and  z  being 
chosen  so  that  time  Is  zero  and  the  anvil  table 
displacement  Is  zero  at  the  onset  of  rebound. 

Two  general  aspects  of  the  rebound  are 
Immediately  evident.  First,  there  Is  no  energy 
added  —  only  a  change  in  momentum  —  of  a 
degree  dependent  upon  the  efficiency  of  the  re¬ 
bound  as  expressed  by  •*.  Second,  there  is  no 
Immediate  effect  on  the  equipment  under  test 
(Mj),  although  Its  velocity  y,,  and  the  stretcli 
ol  the  spring  y„  -  Y,,  Y.  at  the  time  of 
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FREQUENCY  trad/MC) 


50  100  ISO 

FREQUENCY  (III) 

Fig.  5-  Maximum  phase  1  acceleration  of  equipmcnt/initial 
anvil  table  velocity  vs  natural  frequency 


Fig.  0.  Maximum  phase  I  acceleration  of  equipmcnt/initial 
anvil  table  velocity  vs  spring  rate  for  an  anvil  table  weight 
of  4000  lb 


s 


eQWPMCNT  WEIGHT 


rebound  will  Influence  the  rebound  shock 
motion. 


CO 3  t 


As  the  frequency  will  not  change  and  the 
average  velocity  of  rebound  Is  of  minor  Inter¬ 
est,  only  the  extension  of  the  spring  7 }  -  7,  and 
maximum  g-loads  will  be  calculated  and  dis¬ 
cussed.  Using  the  above  initial  conditions  and 
solving  Eq.  (5),  the  following  Is  obtained  for  the 
maximum  value  of  2a  -  Z3: 


(  Z  3  ~  Z  J  ) 


ji  IV,  -  Y  V 

! 

\  I 

* 

(15) 


It  Is  seen  that  the  maximum  spring  load 
K(Z,  -  Z3)  during  the  rebound  phase  Is  most 
dependent  on  timing  —  that  is.  the  time  of  hit¬ 
ting  the  stops  as  a  function  of  fractions  of  a 
cycle  of  vibration  of  M,  mid  ,m,  on  k.  The  ratio 


<'■  i-z.l 


fn 

Fl 


(10) 


both  differences  being  taken  as  maximum  val¬ 
ues,  is  a  direct  measure  of  the  amplification  or 
attenuation  of  the  phase  I  force  and  g  levels 
caused  by  hitting  the  stops. 


From  Eqs.  (14)  and  (6)  we  get 


G| |  ^  t  *  _  u\ 

I'  [iTTpj 


'liTFij  '  1 ,‘n"t-J‘ 

(17) 


where  P  la  the  ratio  of  the  equipment  weight, 
w,.  to  the  anvil  table  weight,  w, . 


Equation  (17)  Is  used  to  find  the  amplifica¬ 
tion  or  attenuation  of  forces  on  the  mounting 
adaptor  and  g  levels  on  the  equipment  that  oc¬ 
curs  after  the  stops  are  hit.  The  rebound  effi¬ 
ciency  >  can  be  determined  from  plots  ot  anvil 
table  displacement  vs  time,  and  may  be  of  the 
order  of  0.G  |3j.  The  lime,  i,,  at  which  the 
stops  are  hit  can  be  determined  from  Eq.  (0)  by 
setting  v j  to  1-1/2  and  3  in.  Note  lhat  any 
error  In  calculating  the  natural  frequency  •  is 
multiplied  by  the  number  of  cycles  occurring  in 
the  initial  phase  1  travel.  Therefore  for  higher 
frqucnclcs.  It  Is  desirable  tc  use  the  maximum 
possible  shock  amplification  for  designing  the 
adapter  and  the  equipment. 

Figures  7,  8,  and  0  are  plots  of  Eq.  (17)  for 
various  values  of  P,  x,  and  fraction  of  a  cycle 
of  „■  when  the  stops  are  hit.  .When  M3  Is  larger 
than  M,,  the  velocity  of  M, ,  Y3  is  negative  for  a 
portion  of  each  cycle  of  motion  la  phase  I.  If 
the  velocity  of  m,  Is  negative,  m,  is  moving 
away  from  the  stopB,  and  no  contact  can  occur. 


SHOCK  RESPONSE  RLPHR  =  -5 


o 


Fig.  7.  Ratio  of  acceleration  in  phase  II  to  acceleration  in  phase  I  vs  fraction 
of  a  cycle  nt-cn  stop*  are  hit  for  alpha  equals  05,  P  Vi  3 


1 - 1 - 1  1 I  I  I  I  I  I 

O.t  0.2  0.3  0.4  0,1  0.0  0.1  0.1  0.0  II 

portion  or  cycle  iu  much  stops  nut  tin 

Ratio  of  acceleration  in  phase  11  to  acceleration  in  phase  1  vs  fraction 
of  a  cycle  when  stops  are  hit  for  alpha  equals  0.6,  I*  ‘  Wj  W, 


SHOCK  RESPONSE  RLPHR  =  .7 


f-0.2 


portion  or  c  or  much  stops  iwe  hit 


Rdliu  of  'iCCol«rdtiOu  m  pliatio  11  to  acc^loisitiou  »•»  phase  i  vs  fraction 
of  a  cycle  when  stops  are  hit  for  alpha  equals  0.7,  I*  =  W3/\Vj 
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This  condition  Ifl  indicated  In  Figs.  7.  0.  and  0 
by  the  areas  where  the  acceleration  ratio  goes 
to  zero. 

From  the  foregoing  It  is  easily  seen  Ihnt 
the  phase  II  shock  may  easily  exceed  the  se¬ 
verity  ot  the  shock  resulting  from  the  initial 
Impact  of  the  hammer  (phase  I).  The  ratio  of 
g-londinga  ranges  from  0.6  to  2.07  for  ■  ■  0.60, 
depending  only  on  the  timing  t ,  of  the  shock 
reversal  and  the  ratio  of  W,  W, .  This  phenom¬ 
enon  hns  been  witnessed  many  times  by  those 
experienced  in  li.i.  shock  testing;  parts  will 
fall  "upward"  rather  than  In  the  downward 
direction. 


APPLICATION  TO  A  FORCED 
DRAFT  D LOWER 

This  nnaiysts  of  the  Medlumwelght  Shock 
Machine  was  performed  In  conjunction  with 
designing  the  mounting  adapter  and  shock  test¬ 
ing  a  DE-1052  Class  Forced  Draft  Blower.  The 
blower  weight  (m,)  was  approximately  5500  lb, 
and  the  stiffness  of  the  shipboard  mounting  was 
approximately  300,000  lb'' hi. 

In  designing  the  mounting  fixture,  It  soon 
became  apparent  that  tt  was  not  possible  lo 
duplicate  the  shipboard  mounting  stiffness  and 


still  have  a  fixture  that  had  tho  required  strength 
and  whoso  weight,  when  added  lo  the  blower 
weight,  did  not  exceed  the  specifications  weight 
limit.  This  problem  was  especially  apparent  in 
the  30  degrees  test  mode,  where  tho  standard 
30  degree-adapter  of  MIL-8-901C  (lj  weighs 
approximately  MOO  lb.  Accordingly  a  fixture 
was  designed  that  had  a  spring  constant  of  ap¬ 
proximately  620,000  lb/in.  and  met  tho  neces¬ 
sary  strength  and  weight  requirements.  The 
cffoct  of  Increasing  the  spring  constant  was  to 
increase  the  g- loading  on  the  blower  to  about 
132  percent  of  the  g-loadtng  that  would  have  re¬ 
sulted  If  the  shipboard  stiffness  had  been  dupli¬ 
cated  In  the  fixture.  This  g-loetiing  Is  188  per¬ 
cent  of  the  g- loading  that  would  have  resulted  U 
the  shlpbonrd  natural  frequency  bad  been  dupli¬ 
cated  In  the  shock  test. 

Table  l  shows  the  calculated  response  of 
the  forced  draft  blower  for  a  5-1/2-ft  hammer 
drop.  Figure  2  is  a  plot  of  tho  dlsplncomontB 
of  the  anvil  table,  M,,  and  the  blower,  ve 
time.  Unfortunately  It  was  nol  possible  lo 
verify  any  ol  those  vtilues  experimentally  dur¬ 
ing  the  shock  test,  although  the  successful  com¬ 
pletion  of  the  shock  tost  Itself,  along  with  the 
minor  damage  observed,  Is  an  indication  that 
the  calculated  results  wore  of  the  right  order 
of  magnitude.  Flguros  10  and  11  show  the 
blower  mounted  on  the  shock  machine  In  the 
horizontal  and  30  degrees  tost  -.nodes. 


TABLE  1 

Shock  Response  of  a  Forced  Draft  Blower  (DE- 1052  Class) 


Weight  of  blower  and  part  of  fixture  W,  .  . 
Weight  of  anvil  table  and  part  of  fixture  *, 

Spring  constant  K . 

Natural  frequency  . 


5900  lb 
5000  lb 
520,000  lb/ In. 


Height  of  hammer  drop . 5.5  ft 

Initial  anvil  table  velocity .  1 22  In. /sec 

Maximum  acceleration  in  phase  I . 40.6  g 

Maximum  acceleration  In  phase  11 . 57.9  g 

Portion  of  cycle  when  stops  are  hit .  Phase  II  acceleration 


Start  of  cycle 
0.1  of  cycle . 
0.2  of  cycle . 
0.3  of  cycle . 
0  4  of  cycle . 
0.5  of  cycle . 
0.6  of  cycle . 
0.7  of  cycle . 
0.S  of  cycie . 
0.9  of  cycle . 

1 .0  of  cycle  . 


28.0  g 

40.6  g 
55.0  g 
57.1  g 
47.5  g 
No  impact 
47.5  g 
57  1  g 
55.0  g 
40.0  b 

28.0  g 


i 


■ 
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Ki|{.  10,  forced ~d  1‘hfl  blowpr  (DF.  -  I05i) 

mounted  br  horizontal  shock  test 


CONCLUSIONS 

Conn  Ido  ring  (lie  (pirns  of  Eq.  (12),  the 
weight  of  the  equipment  Is  usually  wail  definnd, 
which  In  turn  doflnos  the  height  of  the  hammer 
drop  and  Hie  storting  velocity  of  the  nnvll  table, 

(Bee  Table  1  of  MIL-S-901C.)  Thio  means 
llmt  the  g  levels  experienced  during  the  shock 
test  will  bo  directly  proportional  to  the  natural 
frequency  ..  .  Hence  It  la  of  tho  utmost  im¬ 
portance  that  when  designing  the  mounting 
adapter,  proper  attention  be  given  to  tho  adapter 
spring  rate,  as  this  doflnes  ■ .  This  is  contrary 
to  the  usual  practice  of  donigning  mounting 
ntlaplere  with  emphasis  on  high  strength  and 


light  weight,  and  With  little  or  no  constdOFiUlQi) 
being  given  to  spring  rate. 

An  Important  secondary  aspect  of  tills  anal* 
ysts  Is  Unit  the  shipboard  mounting  natural  fre¬ 
quency  Should  be  simulated  On  the  sltock  machine 
rmiier  than  the  spring  rate  an  the  shock  ma¬ 
chine  vibration  consists  of  an  accord  Ion*  Ilka 
mode  of  u,  and  m,  with  a  node  In  tho  spring,  K. 

IC  Is  hoped  Dint  tills  paper  Iuib  clarified 
some  of  Uio  Important  theoretical  aspects  of 
the  Mediumwetght  Shock  Machine  Test,  and  that 
tho  equations  and  curves  will  old  In  utilizing  the 
theory  tn  practical  applications  with  a  minimum 
amount  of  effort. 
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TRANSIENT  RESPONSES  OF  A  LINEAR  MECMANICAL 
SYSTEM  BY  USE  OF  EXPERIMENTALLY 
DETERMINED  UNIT  IMPULSE  RESPONSES* 


Victor  l>.  Warkttlwtt 
Cianaral  Electric 
Mieeile  and  Space  Divifion 
Phi  latleiphta.  Pcnnay  Ivaiiin 


A  mimnricnl  tacbmqiio  ba 5  V  <!  00  the  convolution  integral  tin*  boon  devel¬ 
oped  whereby  the  transient  tespuuBOs  of  a  linear  mechanical  Byeiefn 
subjected  to  arbitrary  excitations  can  be  determined  untieing  the  results 
of  .r  Biiock  or  vibration  mi.  The  type  of  (nut  and  the  type  of  excitation 
used  in  the  teat  are  not  re  Or  clod  theoretically  but  are  eubjoci  only  to 
nrnrtirnl  limitations,  Thtc  allows  the  mtr  a  wide  variety  of  teat*  and 
excitations  from  which  to  ebonite.  The  numerical  technique  is  applied 
to  the  teal  Uuia  by  use  of  an  analog  lo-digtial  converter  and  a  digital 
computer  and  results  in  unit  impulse  reppunBCi.  The  unit  impulse  re- 
j  sponacs  are  then  used  as  invers-  transfer  runttions  to  determine  tran- 
j  b icnt  responses  caused  by  arbitrar,  excitations. 


INTRODUCTION 

The  purpose  of  this  paper  to  la  introduce 
a  method  of  obtaining  the  transient  responses 
of  a  linear  meclninieul  system  that  may  prove 
to  he  quicker,  cheaper,  and  more  reliable  than 
nioihodo  presoitt ly  used.  This  method  requires 
a  simple  shock  or  vibration  lost  in  which  an 
urbltrarv  excitation  !b  applied  to  the  system 
and  responses  are  measured.  Otic  Such  tost  is 
performed  in  each  ot  three  mutually  perpendic¬ 
ular  directions  or  in  the  appropriate  direction 
If  only  unidirectional  response  information  is 
desired.  The  tost  data  is  then  processed  by  nn 
nnatog-lo-dlgUal  converter  and  a  digital  com¬ 
puter.  This  processing  provides  the  transfer 
characteristics  of  the  system  In  the  form  of 
unit  impulse  responses.  These  responses  are 
then  used  to  determine  the  transient  responses 
caused  by  any  given  excitation. 

Essentially,  the  technique  is  a  numerical 
scheme  tn  which  the  convolution  integral  ttt  ex¬ 
pressed  in  the  form  of  a  matrix  equation.  This 
equation  is  then  used  to  obtain  the  deeircd 
responses. 


The  discussion  will  bogin  with  a  brief  re¬ 
view  of  the  unit  impulse  function  followed  by  a 
description  of  the  acceleration  transfer  equa¬ 
tions  for  tumped  linear  systems.  This  enables 
a  background  to  bo  developed  whereby  the  full 
potential  of  the  technique  can  be  realised.  The 
numerical  method  will  then  be  developed,  and 
nddltionnl  applications  will  be  introduced.  The 
technique-  will  then  be  extended  io  include  con¬ 
tinuous  linear  system*!  The  procedure  will  bo 
summarised  in  the  form  of  a  flow  churl,  and  tin 
example  problem  will  be  presented  that  will 
illustrate  ihe  uso  of  die  technique  and  provide 
some  information  concerning  Its  accuracy.  The 
appendix  contains  mathematical  developments 
of  the  various  relationships  introduced. 


THE  UNIT  IMPULSE  FUNCTION 

Consider  a  square  pulse  of  lime  duration, 
t„,  and  height,  i  tOJ  as  shown  in  Fig.  1.  The 
area  under  the  pulse  la  equal  to  unity.  Now  lot 
t..  approach  loro.  In  the  Until  the  area  under 
the  pulse  will  remain  at  unit y  as  shown  in  ihe 
following  equation: 


♦Thin  paper  wits 
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in  trio  system  giving  it  an  acceleration  as  a 
function  of  time,  then  the  acceleration  of  another 
mass  point,  IV  >*  2  j  )>  *n  system  is 
related  to  the  acceleration  of  by  the  equations 


Fig.  1.  Pulse  used  to 
generate  unit  impulse 


TIMK  t 


*.«•'»  |  *V  *  >  !*,  ,i  t  -  ’ )  «)  (3a) 

*0 

y,(»lr  j"  y’i( 1 )  i'i  j(t  -  • )  <b  (3b) 

*0 

and 


1>™  *r)  > 
t  •  n  V 

The  resulting  function  is  known  as  the  unit  im¬ 
pulse  function  or  Dirac  delta  function.  It  can 
be  defined  loosely  as  follows: 

•Hi)  -  »  nt  t  o 


i  -i.  i 


The  aspect  of  the  unit  impulse  that  vnll 
prove  to  be  most  important  is  that  the  re¬ 
sponses  of  a  linear  system  to  this  function  can 
be  used  to  characterize  vibrational  lelation- 
a  Mpn  in  the  system. 


ACCELERATION  TRANSFER 
EQUATIONS 

If  a  lumped  linear  mechanical  system  (Fig. 
2)  la  ln*tiaily  at  rest  in  its  equilibrium  position 
and  a  force  is  applied  to  a  mass  point,  P..x>  v,  rt  %, 


i  j  iji ' )  h[j(  t  -  i  <b  (3c) 
*0 

where  the  double  dot  over  a  letter  indicates  the 
acceleration  of  the  corresponding  coordinate. 
The  fund  ions,  h*  .it),  h  * ,  <  O ,  and  h*  <  t  >,  are 
the  components  of  the  acceleration  of  P,  caused 
by  giving  P,  a  unit  impulse  acceleration.  The 
superscripts,  x,  y,  and  z  indicate  direction 
and  are  not  exnnnents.  They  will  frequently  be 
omitted  in  the  discussion  for  purposes  of 
generality. 

The  resultant  acceleration  of  P,  is 

(  .  -•  _  i  ..  i  I  1  i  (4) 

fjd)  j  *,  (•  i  •  y,  (t )  •  *,  <  *  >]  '  ' 

where  t ,  is  the  distance  lro;n  the  origin  of  the 
coordinate  system  to  p 

The  ur.tt  impulse  response,  n,  ,(t ),  is  also 
known  as  the  inverse  transfer  function  because 
it  is  the  inverse  tranBform  of  the  transfer  func¬ 
tion  Hi  s)  used  in  the  Laplace  transform  treat¬ 
ment  of  linear  systems.  It  is  dependent  only 
upon  the  physical  characteristics  of  the  system, 
that  is,  spring  Constants,  masses,  damping 
coefficients,  and  configuration. 


*  / 
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The  integrals  of  Eqs.  <3a),  (3b),  and  (3c) 
are  in  the  form  of  the  familial  convolution  in¬ 
tegral.  They  reveal  the  fact  that  if  unit  Impulse 
responses  are  known  then  the  acceleration  of 
Pj  caused  by  other  arbitrary  accelerations 
given  to  Pj  can  be  obtained. 

Impulse  responses  of  a  s'  can  be  de¬ 
termined  experimentally  b;  y  testing  the 

system  using  fast  pulses  to  approximate  im¬ 
pulses.  The  use  of  fast  pulses,  however,  pre¬ 
sents  some  practical  problems  that  may  make 
testing  difficult.  Tests  of  this  nature  are  not 
required  though,  because  the  numerical  tech¬ 
nique  discussed  in  the  next  section  provides  a 
way  to  solve  Eqs.  (3a),  (3b),  a.nd  (3c)  for  l>,  ,i  i  i, 
given  the  acceleration  of  P,  and  the  correspond¬ 
ing  acceleration  of  P,.  Therefore,  almost  any 
type  of  shock  or  vibration  test  will  provide  suf¬ 
ficient  information  to  solve  for  the  impulse 
resoonses. 


NUMERICAL  METHOD 

Equations  (3a),  (3b),  and  (3c)  can  be  solved 
numerically  for  the  response  acceleration  of  P, 
if  hj  j(i )  and  the  acceleration  of  P,  are  known. 
Conversely,  they  can  be  solved  for  h.^t)  if  the 
accelerations  of  P,  and  P,  are  known.  These 
solutions  will  be  obtained  by  the  use  of  sampled 
functions.  (A  sampled  function  is  one  whose 
value  is  specified  only  at  particular  points  in 
time.  A  sample  corresponding  to  a  given  time 
is  the  value  of  the  function  at  that  time.) 

Figure  3  shows  the  type  of  sampled  accel¬ 
eration-time  function  that  will  be  discussed  m 
this  section.  It  is  sampled  at  constant  time  in¬ 
tervals,  t,  with  the  first  sample  at  i  n.  The 
reciprocal  of  T  is  the  sampling  rate  in  samples 
per  second.  Sampling  rale  is  sometimes  ex- 
piessed  in  the  same  terms  as  frequency,  (or 
example,  100  kHz  means  100,000  samples  per 
second. 

Consider  now  the  following  general  form  of 
Eqs.  (3a),  (3b),  and  (3c): 


f,l«)  =  I  f,(r)  hjj(t  -  r)  dr 
Jo 

--  r-.a  )  • 


(5) 


where  t , 1 1  > ,  t,(i ),  and  !■,,(«)  designate  a  re¬ 
sponse  function,  an  input  function,  and  a  unit 
impulse  response,  respectively.  '  Dy  replacing 
d'  by  the  sampling  time  increment  T  and  Sub¬ 
stituting  nT  for  ,  we  can  approximate  Eq.  (5) 
by  the  summation 


V*> 


1  y  f  j!  nl  )  li;  j(  I  -  lil 


f) 


(6) 


for  KT 


(K  •  l  )T  where  ■<  -  0,1.2, 


.  K 


If  the  samples  of  r,<n  are  to  be  calculated 
only  at  points  of  time  kt,  then  Eq.  (6)  can  be 
written 


K 

IjlKT)  f ,  ( nT  )  l'*i  j  |(K  -  n )  Tj 


(7) 


The  meaning  of  K  is  Illustrated  in  Fig.  3. 
For  any  particular  value  of  K,  Eq.  (7)  can  be 
written  as  the  product  of  a  row  matrix  whose 
elements  ire  the  samples  f,inT),  a  column 
matrix  whose  elements  are  the  samples 
bj ,  i(K  -  n  iTi ,  and  the  sampling  time  increment 
T.  A  column  matrix  of  f  (KT)  for  all  K  up  to  a 
given  value,  N,  can  thcretove  be  written  as 


f,t0) 

f/T) 


ijpNTlJ 


(0> 

0 

0 

0 

iT) 

!,<<>' 

0 

0 

NT  ) 

' ,  [  <  N  -  1  )T  1 

i  t  <  N  -  2  )T  ]  - 

•  f,!0) 

f  1 

I  , 


l» ,  ,  i  N  i  >  i 

1  J 


(8) 


I ' i H .  3.  Sair.plf-ri  jcceic-rafiuii 
tunc  function 


'The  asterisk  iu*l alien  fi  convolution  will  be 
-  i  .=  u^h..>ut  the  r-A*  j  J  !  h  t «  paper. 
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II  fj(0»  i  o,  Eq.  (8)  can  be  transposed  to 
yield  the  sampled  unit  impulse  response. 


1 
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,(°1 
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,<T> 
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jiNTy 

— 

1,(0) 

0 

1,(0) 

f,(NT) 

f  ,i(N- 

1  IT 
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o 

1,(0) 


f,<T> 


(9) 


II  ft(0)  -  o,  then  the  f , ( kt )  matrix  is  sin¬ 
gular  and  cannot  be  inverted.  This  problem  can 
be  overcome  by  noting  that  bli(0'i  f  ,(0)  0 

always,  because  In  a  real  physical  system  an 
acceleration  cannot  be  transmitted  instantane¬ 
ously,  that  is,  no  physical  system  is  infinitely 
rigid.  Under  these  conditions  Eq.  (B)  then  re¬ 
duces  to 


"  ,,<2T>  1 
f,(3T>  ( 

)  :  f ' 

1  •  ! 


fpT)  0 

0 

0 

1,(20  f,(T) 

0 

0 

fi(NT)  f,i(N- 

l  >  r 

f  ,  ,(N  -  2  )T,  . 

•  (,<T) 

,T,  ' 
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u 

(  21 ) 

: 
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> 

(10) 

with  i,(T)  ( ,  (  O  ;  0.  If  f ,  f  T  >  -  0,  Eq.  (10) 

can  then  be  transposed  to  give 


'l.(J<T)  ' 
I'.  j(2T) 

1  ■  f 

^■iitNT)  ^ 


f  i<T> 

0 

0 

0 

f  i  (  2T I 

r,(T) 

l) 

0 

f i <  NT  )  f, 

UN  -  l  if! 

f  ,  .(N-  2  )T  .. 

(,(T) 

f,;(N  .  DTI 


Once  the  sampled  unit  impulse  response  is 
obtained,  It  Is  possible  to  determine  the  re¬ 
sponse  caused  by  any  input  by  resorting  back 
to  either  Eq.  (8)  or  Eq.  (10),  It  is  also  possible 
to  determine  the  input  function  required  to  pro¬ 
duce  a  certain  response.  Tins  can  be  done  by 
rewriting  Eq.  (10)  in  the  equivalent  form 


r  f,<H>  -> 

f  j(lT> 

j  f,.<N  •  i )  T  j 


.  .  .  0 

.  .  .  0 


l>,  ,.1T)  t.11(T'>  (1 

i  • 

!  tv, , iNT £  hij:(N-  i ;,t:  ,  1  N -  2  T  .  .  Ii, (( 


T) 


f.(T» 


f ,(NT) 


(12) 


If  1 1  <  T >  i  0,  this  equation  can  be  transposed 
to  solve  for  the  annulled  i  ,<  t  >. 

Tlie  following  points  should  lie  considered 
when  using  the  numerical  tech  iques  described 
in  this  section: 

1.  The  sampling  rate  must  be  consistent 
and  constant,  that  is,  all  functions  must  be 
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sampled  at  the  same  times  KT  and  T  must  re¬ 
main  constant. 

2.  The  accuracy  to  which  Eqs.  (8)  through 
(12)  approximate  the  exact  solutions  depends  on 
the  sampling  time  increment,  T.  The  smaller 
t  ,  the  more  accurate  Is  the  approximation. 
Decreasing  T,  however,  results  in  larger  ma¬ 
trices  (assuming  that  the  time  duration  over 
which  transient  responses  arc  to  be  examined 
remains  fixed).  This,  In  tui  n,  increases  com¬ 
puter  time  and  cost.  A  tradeoff  must  therefore 
be  determined. 


VELOCITY  AND  DISPLACEMENT 
TR.  .SFER  EQUATIONS 

If  a  lumped  linear  mechanical  system  is 
initially  at  rest  in  its  equilibrium  position  and 
a  force  is  applied  to  a  mass  point,  P,(X; ,  y  _ .  z  t ), 
in  the  system  giving  it  a  velocity  as  a  function 
of  time,  then  the  velocity  of  another  mass  point, 
Pj (x  j.y j.  z i ),  in  the  system  is  related  to  the  ve¬ 
locity  of  F,  by  the  equations 


V>) 

M«  >  *  >>*,<<  ' 

(13a) 

y,tO  ‘ 

y i< t  >  *  h'^n 

(13b) 

and 

V*> 

i,(  l  !  ♦  l\,l  1 1 

(13c) 

where  the  dot  over  a  letter  indicates  the  ve¬ 
locity  of  the  corresponding  coordinate.  The 
displacements  are  related  similarly. 

-x.tn  - 

•' x , <  t  )  *  hjj(») 

(14a) 

V  ,  (  1  ) 

y,(>  )  *  h),tt  > 

(14b) 

and 

Vt> 

f , ;  t }  •  h',(t  ) 

(14c) 

where  indicates  the  displacement  of  the  point 
from  its  equilibrium  position. 

The  i .-.leresling  fact  to  remember  here  is 
that  ine  ur  e,  .je  transfer  functions  used  in  the 
velocity  and  displace". sent  equations  are  identi¬ 
cal  to  the  ones  used  in  the  acceleration  equa¬ 
tions.  That  16,  the  impulse  response  is  a  char¬ 
acteristic  oi  two  points  in  the  system  that 
;  e mains  invariant  with  regard  to  acceleration, 
velocity,  and  displacement. 

Equations  (13)  and  (14)  can  be  solved  by 
the  matrix  methods  previously  discussed.  In 


practice,  the  matrices  would  be  generated  from 
data  obtained  from  velocity  sensors  or  strain 
gages. 

TORCE  TRANSFER  EQUATIONS 

If  a  lumped  linear  Bystem  Is  initially  at 
rest  in  its  equilibrium  position  and  a  force, 

/,(« ),  Is  applied  to  a  mase  point,  P,<*l.yl, 
then  the  acceleration  of  a  mass  point, 
is  related  to  ./■, ( t )  by  tike  equations 

*,<'  >  -  </>i(D  *  ai/t )  (16a) 

y,(t )  -  *i<t>  *  r*,<« )  (16b) 

and 

V<  )  "  *  g[,<n  (15c) 

where  /pt>,  /■’’(  t ) ,  and  r'<t)  are  the  compo¬ 
nents  of  *,(ty  In  the  x,  y,  and  z  directions, 
respectively,  and  gjj(t),  kT j < * )»  and  g[;(t)  are 
the  accelerations  of  P,  caused  by  unit  impulses 
of  force  applied  to  P,  in  the  corresponding  di¬ 
rections.  Here  again  the  superscripts  Indicate 
direction  and  are  not  exponents.  Note  that  In 
general,  gu(t)  t  hu(t). 

If  the  accelerations  are  multiplied  by  their 
corresponding  masseB,  Eqs.  (15a),  (15b),  and 
(15c)  can  then  be  used  to  relate  excitation  forces 
to  response  forces.  The  function  gij(t)  can  be 
determined  experimentally  using  the  same  tech¬ 
niques  that  were  used  to  determine  !>, ,( t ) . 


PRECAUTIONS 

Care  must  be  taken  when  applying  Eqs.  (3), 
(13),  (14),  and  (15)  to  a  problem.  The  following 
points  must  be  given  close  attention: 

1.  The  system  under  study  must  be  initially 
at  rest  In  its  equilibrium  position. 

2.  Equations  (3),  (13),  and  (14)  relate  the 
vibrations  of  a  response  point  to  the  vibrations 
of  the  point  where  the  external  force  is  applied. 
They  could  be  used  to  relate  the  vibrations  of 
two  points  that  are  caused  to  vibrate  by  an  ex¬ 
ternal  force  applied  to  a  different  third  point, 
but  the  inverse  transfer  function  in  such  a  case 
would  not  be  unique.  II  would  depend  upon  the 
point  where  the  externa!  force  is  applied. 

3.  Equations  (15a),  (15b),  and  (15c)  im¬ 
plicitly  relate  the  resultant  force  at  a  response 
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point  to  the  externally  applied  force  at  an  input 
point.  It  does  not  Imply  any  relationship  be¬ 
tween  the  resultant  force  at  a  response  point 
and  the  resultant  force  at  an  Input  point,  nor 
does  it  Imply  any  relationship  between  the 
resultant  forces  at  two  response  points.  Such 
relationships  do  exist,  however,  and  can  he 
expressed  with  convolution  integrals;  but  their 
Inverse  transfer  functions  are  not  equal  to 
gu(t ),  and  the  Inverse  transfer  functions  be¬ 
tween  response  points  would  not  be  unique. 

They  would  depend  upon  the  point  where  the 
external  force  is  applied. 

4.  the  superposition  theorem  can  be  ap¬ 
plied  when  using  Eqs.  (15a),  (15b),  and  (15c). 
That  is,  if  a  number  of  forces  are  applied  to 
different  mass  points  in  the  system,  then  the 
response  of  any  mass  point  tn  the  system  is 
the  sum  ot  the  responses  caused  by  each  force 
acting  independently.  Superposition  cannot  be 
applied,  however,  to  the  relationships  expressed 
In  Eqs.  (3),  (13),  and  (14). 

CONTINUOUS  SYSTEMS 

The  preceding  techniques  can  be  applied  to 
a  continuous  linear  system  or  structure  as  well 


"Aci-elerometor,  velocity  soneoi'.  or 


as  to  a  lumped  linear  system.  This  la  because 
a  continuous  linear  structure,  such  as  one  con¬ 
structed  of  metal  plates,  beams,  etc.,  can,  in 
theory,  be  approximated  to  any  desired  degree 
of  accuracy  by  a  lumped  linear  system  com¬ 
posed  of  masses,  springs,  and  dashpots.  The 
impulse  responses  of  such  a  structure  would 
then  depend  upon  Us  material  and  geometric 
properties,  for  example,  elasticity,  density,  and 
configuration. 

Instead  of  thinking  of  a  continuous  linear 
structure  as  approximated  by  a  conglomeration 
of  masses,  springs,  and  dashpots,  it  may  be 
helpful  lo  think  of  It  as  a  locus  of  points  in 
space  that  have  definite  relationships  between 
them,  regarding  displacement,  velocity,  and  ac¬ 
celeration.  The  relationships  are  expressed  in 
convolution  integrals  and  are  characterized  by 
unit  impulse  responses. 

To  clarify  the  point  representation  con¬ 
cept,  consider  a  structure  approximated  by  a 
lumped  mass-spring  system  (assuming  no 
damping  for  simplicity)  as  shown  In  Figs.  4(a) 
and  4(b).  (Figure  4(c)  shows  a  more  elaborate 
model.)  If  more  accuracy  is  desired,  the  num¬ 
ber  of  masses  must  be  increased,  thereby 
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Fig.  4.  Point  representation  of  «i 
continuous  linear  structure 


decreasing  the  value  of  each  mass.  To  describe 
the  structure  precisely  we  must  go  to  the  limit, 
that  is,  let  the  number  of  masses  approach  in¬ 
finity  and  the  value  of  each  mass  approach  zero. 
This  limit  is  represented  by  the  locus  of  all 
points  in  the  structure.  Figure  4(d)  shows  the 
points  of  interest;  accelerometer,  velocity 
sensor,  or  strain  gage  locations. 


PROCEDURE 

The  techniques  described  In  this  paper  can 
be  used  with  the  results  of  almost  any  shock  or 
vibration  test.  Accelerometer,  velocity  sensor, 
or  strain  gage  responses  are  recorded  on  mag¬ 
netic  tape  during  the  test.  The  data  or.  this  tape 
are  then  sampled  by  use  of  the  proper  analog - 
lo-dtgltal  conversion  equipment.  This  process 
results  In  a  tape  that  contains  the  sampled  re¬ 
sponses  in  a  format  acceptable  by  a  digital  com¬ 
puter.  This  tape,  along  with  the  desired  excita¬ 
tion  data,  is  used  as  input  to  an  appropriate 
program.  Figure  5  is  a  flow  chart  illustrating 
the  procedure  to  be  followed  utilizing  acceler¬ 
ometer  data.  Similar  procedures  can  be  fol¬ 
lowed  to  process  velocity  sensor  or  strain 
gate  data. 


EXAMPLE  PH OB LEM 

Assume  that  the  base  of  the  undamped  sim¬ 
ple  oscillator  shown  In  Fig.  0  1b  given  the  step 
of  acceleration 

#,(11  =  0  foi  t  <  o  . 
y’jl t  )  :  I  K  for  t  i  0 

A  simple  analysis  will  show  that  the  response 
of  mass  m,  assuming  a  value  of  4000»  for  the 
natural  frequency  of  the  oscillator.  Is 

y jit  J  “  1 1  -  VOS  1000  -i )  a 

The  first  part  of  the  problem  is  to  obtain 
the  unit  impulse  response  over  a  period  of 
0.5  ms.  This  will  be  done  by  the  matrix  method 
previously  discussed  using  both  40  kHz  and  100 
kHz  sampling  rates.  For  40  kHz  sampling, 

T  =  2.5  x  10  s  sec,  and  the  samples  of  y,it)  are 

y,(0)  =  l  . 

yi<T)  =  l  , 

y i (NT)  =  1 


sampling  or 
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r»T/m«  ? k 


p,  (x,.  v,. 


with  the  sample  points  connected  to  form  a  con¬ 
tinuous  (unction.  Figure  7  also  includes  the 
exact  impulse  response  which  can  be  shown  to 
be 

li,  C«>  (-IO0O-  sm  <1000-  1  )  K 

The  next  part  of  the  problem  is  to  find  the 
response  over  a  period  0.5  ms  oi  mass  m( 
caused  by  giving  the  base  the  acceleration 


Fig.  6.  Simple  oscillator  ol 
example  problem 


The  samples  of  y^t)  are 

?j(0)  =  »  -  003  0  . 

y  j  (T )  =  1  -  cos  (4000"  «  1*  25“  10  s)  . 

y | (NT J  =  i  -  cos  (4000"  -  J0>  2  5'  10  s) 

The  samples  (or  the  100  kHz  case  are  similar 
except  that  T  =  10  5  and  n  =  50.  Equation  (9) 
was  applied  to  the  samples  in  both  coses.  The 
results  of  the  calculations  are  shown  in  Fig.  7 


y,(t  )  -  (Sin  4000"  1)1 

This  was  done  by  applying  Eq.  (8)  using  the  40 
kHz  sampled  unit  impulse  response  calculated 
In  the  previous  part  with  the  following  40  kllz 
samples  of  y,(t): 

y,(0>  -  sin  (4000  ”  *  0)  . 

yj(T)  sin  (4000  •  •  1  ■  2  S  ■  It)  s  )  . 


y,(NT)  sin  4000"  *  20-  2  5*  10  *)  . 

Similar  calculations  were  made  for  the  100 
kHz  case.  The  results  of  the  calculations  are 
shown  In  Fig.  8.  Figure  8  also  includes  the 
exact  response  which  can  be  shown  to  be 


y  j(  t  )  -J  1  Sin  4000  ’  i 


-  4000  t  COS  4000  *  t  )  p 


- - 100  KlIZ 


— , — 

/  '  ' 


TIME  (MILUSFCONDSt 


Comparison  ol  exact  and  matrix  calculated  unit  mi). m I 


n  0.1  0  2  g.  3  0.  t  0. 6 

TIME  (MILUSECONDS) 


Fig.  8.  Comparison  of  exact  and  matrix-calculated  sin  4000  :  t  responses 


All  Inspection  of  Figs.  7  and  8  reveals  the  fol¬ 
lowing  interesting  facts: 

1.  The  100  kllz  solutions  agree  more 
closely  with  the  exact  solutions  than  do  the  40 
kHz  solutions.  This  was  to  be  expected  be¬ 
cause  of  the  smaller  sampling  time  increment 
associated  with  100  kHz  sampling. 

2.  The  peak  values  of  both  the  40  kllz  and 
100  kHz  solutions  agree  very  closely  with  the 
peak  values  of  the  exact  solution. 


Also  observe  in  Fig.  7  the  noncontinuous 
nature  of  the  matrix-calculated  impulse  re¬ 
sponses  between  v  0  and  the  first  sample 
time.  This  kink  occurs  because  the  solution  is 
exact  at  i  o  but  approximate  elsewhere. 
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Appendix 

DEVELOPMENT  OF  EQUATIONS  (3),  (13),  (1-1),  AND  (15) 


A  three-dimensional  mechanical  system 
situated  in  a  rectangular  coordinate  system  Can 
lie  represented  by  three  independent  umdirec- 
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iioiial  systems,  one  in  the  direction  of  each 
axis.  This  is  because  a  spring  or  dashpot  that 
is  oriented  at  an  angle  to  the  axes  of  the  system 


can  bo  equivalently  represented  by  three  springs 
or  dnshpots,  each  parallel  to  ono  of  tho  axos  of 
Urn  coordinate  system.  This  can  bo  shown  lor  n 
spring  by  resolving  the  force  exerted  by  a 
stretched  spring  into  lie  components  along  ouch 
axis.  Tho  component  force  along  nny  axis  will 
l)C  equal  to  that  exerted  by  nn  Idonllcal  spring 
(flumo  spring  constant  as  original)  stretched  a 
dlntnnco  along  Ihnl  axis  equal  to  the  component 
of  the  elongation  of  the  original  spring  along 
that  axis.  A  similar  argument  applies  for  dneh- 
pots.  The  developments  of  Eqa.  (3),  (13),  (14), 
and  (15)  Will  bo  presented  for  the  component 
system  parallel  to  the  *  axis  only.  Identical 
arguments  apply  for  the  component  systems 
parallel  to  the  oilier  two  axes. 

The  equations  of  motion  for  the  x  compo  - 
nent  of  a  tumped  linear  system  can  be  written 
in  general  as 


au*l 

*<.,,5,.  ..  *naSL*ntlx, 

*  ' 

•  ^iiA  ■  'ii^i  *  >i  A<>  • 

1  '  liAl 

'"iiV  •  a«.SL*  'Sl*l 

* v  JiAl 

UL.5l 

*  auJy 1  ••  ♦auA,*{iiii 

•  41*1  * 

’  '*LlA  *  ' 

*  ’t.L'A 

(A-l) 


whore  the  ip,,'a  are  constants  depending  on  the 
masses  of  tho  aystem,  the  U-Js  are  constants 
depending  on  Hie  damping  coefiicients  of  the 
system,  the  >pq '  s  are  constants  depending  on 
the  spring  constants  of  the  system,  and  I.  Is  the 
total  number  of  mneses  tn  the  system.  The 
function  i  Is  the  x  component  of  tho  force 
applied  to  mass  number  p;  and  >iq{  t ) ,  xq(  i ), 
and  Ax,(i)  are  the  acceleration,  velocity,  and 
displacement  from  equilibrium  respectively  of 
mass  number  q. 


Taking  the  Laplace  transform  with  respect 
to  >iq(t  ■  of  botn  sides  of  Eq.  (A-l),  and  assum¬ 
ing  Hint  the  system  is  Initially  at  rest  tn  its 
equilibrium  position,  we  gel 


(i . .  i  .  s  '  .  x1!  X.tsV  ( >, .  ■  ,v:,..dlXjsi 

■  •f'u  '  V  5'  u  x'lV" 

<  >  j,  1  >11  •'*')  s‘  »j  V)  *J(S> 

•••  a  ■-«  '  ’  'ii  '‘’V  ''  ° 
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■  -I  i  ‘  -I  i  »*>X,<«>  *  <  Si'l,  **)*r  «) 

*  '  '  Vi Vi  '  *  'll  '*■  V->  '!«,  [  X >  (A-2) 

whore  xq<  »  >  is  the  Laplace  tranalorin  of  xq(  i  i 
and  <t>p*(»)  is  the  Laplace  transform  of  *  *<»  >. 
Those  equations  can  be  written  In  matrix  nota¬ 
tion  ns 


n,,<x 
“>»• 5 


"Li' 


whore 

apq  '  ~W  »  •  ‘  p  q  s "  ■ 

Solving  by  Cramer's  rule  for  the  acceleration 
transform  of  mass  number  i(q .  n,  we  get 

*,(»>  D|C)  D(x)  (A-4) 

where  D,(i)  is  the  determinant  of  the  matrix 
formed  by  replacing  the  )th  column  of  the 
■)p„i  s )  matrix  by  the  column  of  t'p't  s ) ,  and  D(  s  ) 
Is  the  determinant  of  the  »pq(s)  matrix  The 
numerator  of  Eq.  (A-4)  can  be  expanded  by  co- 
fnctors.  Equal  ion  (A-4)  can  then  be  written 

•V*>  !<■,,(*)  D<*)t<tyx)  *  !tlJ|(s)  t>(S)]4.*(S) 

'  •  itl,  ,( s  i  D(  st!**/  s  1  (A-5) 

where  itp,(s),  a  cofactor  oi  u  (»j,  is  Hie  deter¬ 
minant  formed  by  crossing  out  the  pth  row  and 
y tlx  column  of  l),(si  and  multiplying  by  ;-  np*’- 
Similarly,  for  the  acceleration  transform  of 
muss  number  i ,  wc  cen  write 

X,  (  s  )  -  '<!,,(  x)  D(s  )!«p'x)  .  ,la<s>  I)(  X  >)<!•’;  <) 

1  (A -6) 

If  all  forces  except  :  t ;  are  zero,  then  Eqs 
(A-5)  and  (A  G)  reduce  to 

k,fs)  '.<■,,<»)  n<x>  ■|.,jsi  (A- 7) 

and 

-V*>  '  h,  <. '  -  (A-8) 


1  «„i!)  ■,[(>! 

>  “>,(«)  »>,<») 

)  f.Lj(,>  ...  nLLt,, 


\ 

ft  ^ 

X,<8) 

*.<*>  1 
l 

x 

< 

; 

►  * 

\'5»j 

(A- 3) 


Dividing  Eq  (A-71  by  Eq  (A  8)  and  rear¬ 
ranging,  we  get 


S  *  • 


•KiO 


(A-2) 
(Cont  ) 


•V”  X,,-,. 

H,  j(s  J  X,(  1  >  (A-0) 

where  ii'.t  v  i  10  ihe  transfer  function  of  the  » 
component  of  the  system  Note  thnt  ii*,*m  is 
dependent  only  on  the  physical  parameters  of 
the  system,  but  the  pnrltculnr  it' used  la 
dependent  upon  the  muss  numbers  *  and  *. 

II  i  >  is  the  transform  of  a  unit  impulse 
It  is  equal  to  unity.  The  (unction  ltj,n>  Is  then 
the  transform  of  the  response  acceleration,  and 
Its  inverse  Is  the  unit  Impulse  response  n,  n. 

From  the  Laplace  transform  theory,  the 
inverse  transform  of  the  product  of  two  trans¬ 
forms  Is  the  Inverse  of  one  convolved  with  the 
inverse  uf  the  other.  Therefore,  the  inverse 
transform  of  Eq.  (A-9)  is 

Kj(t)  -  iijit)  ♦  l  * . .  t  >  (A-10) 

wlltcli  is  Fq.  (3;.). 

Veloctttefi  can  be  related  by  dividing  both 
sides  of  Eq,  (A-0)  by  5  which  is  equivalent  to 


an  integration  In  the  time  domain  If  the  system 
Is  hilt  tally  at  real  In  Ub  equilibrium  position. 
This  results  In 

*****  it*!**)  x,(»)  (A-tl) 

and 

V«  )=*,;•>*  h|j<n  (A-12) 

which  is  Eq  (13a).  Stmtlarly,  dividing  Eq, 
(A-D)by  s'  nnd  convolving,  we  get 

'*,<«  )  )  *  '<*,(»)  (A-13) 

which  1b  Eq.  (Hu) 

Equation  (A-7)  can  also  be  written  In  the 
time  domain.  11  we  let  the  inverse  transform  of 
d,,m  ui*. )  be  k“,(  t ).  we  can  then  write 

5,(1)  _  i*i  1  >  *  g*,(t  1  (A -14) 

which  Is  Eq.  (15a).  The  superposition  property 
associated  with  Eq.  (A- 14)  can  be  seen  by  In¬ 
spection  of  Eq  (A-5). 
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INTOODUCTION 

Thn  purpose  oi  this  study  was  the  analyti¬ 
cal  development  and  digital  simulation  experi¬ 
ences  of  a  parameter  estimation  technique  that 
appears  to  l>e  of  superior  practical  significance 
for  the  identification  of  real  s  stems 

The  technique  is  simply  based  upon  the 
properties  of  statistical  expectations  and  time 
averages  and  can  be  applied  to  nonlinear  as 
well  as  linear  systems  The  physical  situation 
thal  one  often  encounters  is  that  a  dynamical 
model  of  the  system,  through  difiorenUal  equa¬ 
tions,  is  given,  but  the  various  physical  pa  ram  - 
eieis.  In  pm  lit.  it  ini  .  iiie  mass,  spi  inti.  ami 
damping  factors  are  unknown  To  obtain  a 
complete  useful  model  of  the  system  it  is  nec¬ 
essary  that  these  parameters  be  known  The 
technique  presented  In  this  report  requires 
knowledge  of  the  dynamics  of  the  system,  that 
ts.  the  displacements,  velocities,  and  accel¬ 
erations  as  weli  as  Ihe  input  data  From  these 
data  all  unknown  parameters  can  be  determined 
by  forming  various  moments,  or  time  averages, 
of  the  input  and  the  dynamical  output  variables 
of  the  system  Tlie  resulting  linear  equations 
m  the  unknown  parameters  are  then  solved  to 
yield  tin-  desired  estimates  A  theoretical 
Study  of  the  technique  was  accomplished  for 
linear  systems  in  both  the  random  and  deter- 

titlniul  ii'  inimt  raun  Tlwiun  ll  u  n\nr.:i  r  in 

'Theoretical  Development,  whtc.i  follows 

This  theoretical  study  greatly  clarifies  the  ioie 


Of  fiuch  pafaiTielef  3  .o>  the  length  of  lime  over 
which  the  system  is  to  be  observed  mid  Uio 
nature  of  the  spectrum  of  Ihe  excitation,  as  well 
aB  the  role  of  the  steady-  state  dynamics  of  the 
system  in  effecting  n  usable  identification 
scheme 

When  (he  mass  is  Known,  only  the  displace¬ 
ments  anti  velocities  are  required  to  determine 
the  estimates  of  the  spring  and  damping  con¬ 
stants 

The  technique  ts  applied  to  atudy  digitally 
simulated  models  of  one- dimensional  linear 
systems  with  5  degrees  of  freedom.  The  pa- 

rutncict-H  {nr  simulation  are  taken  an  those  of 
the  NASA  (Goddard  Space  Flight  Center)  five  = 
mask  system  The  simulated  model  is  sub 
jected  to  various  random  as  well  as  sinusoidal 
excitations  The  estimated  parameters  are 
found  to  agree  with  the  actual  parameters  up  io 
lout  -  and  five-place  accuracy  An  even  more 
significant  feature  is  that  the  actual  sysiem- 
strmdatod  parameters  have  a  spread  of  five  or 
six  orders  of  magnitude  between  the  mass  and 
the  spring  constant  A  major  problem  in  pa¬ 
rameter  search  techniques  is  to  determine  the 
range  of  parameter  values  For  the  present 
technique  this  presents  no  problem  as  ctut  be 
seen  by  the  extremely  accurate  estimated  na- 
r  a  me  t  e  r  y  a  lue  s 

A  completely  detailed  program  for  simula¬ 
tion  and  estimation  ot  parameters  lias  been 


developed  'Or  linear,  chain- like  mass -spring - 
daahpot  systems  with  arbitrary  degrees  o:- 
freedom  and  an  arbitrary  number  of  force  in¬ 
puts  to  the  system,  This  appears  in  "Theoreti¬ 
cal  Development." 

The  technique  was  also  applied  to  a  simu¬ 
lated  two-dimensional  system  of  masses, 
springs,  and  daohpoto  supplied  to  us  by  J. 

Young  and  F.  On  oi  NASA.  Again,  parameter 
estimation  was  truly  outstanding. 

It  can  safely  be  staled  at  this  point  that 
when  displacement,  velocity,  and  acceleration 
data  are  available,  system  Identification  can  be 
accomplished  quite  satisfactorily  by  our  method. 

It  was  hoped  that  actual  data  taken  from 
vibration  tests  on  the  NASA  five -mass  system 
could  have  been  analyzed  to  estimate  the  real 
system  parameters.  However,  the  tests  yielded 
only  acceleration  data.  Integration  of  this  data 
was  attempted  to  yield  an  estimate  of  the  veloc¬ 
ities  and  displacements  of  the  live  masses.  A 
least-squares  trend  was  removed  to  account 
lor  the  Initial  ccndlllons  ol  the  velocities  and 
displacements  being  unknown  at  the  point  -» 
which  the  acceleration  record  commences.  Ue- 
cauee  of  the  numerical  inaccuracies  present 
when  Integrating  and  removing  trends  twice, 
satisfactory  estimates  were  not  obtainable  irom 
the  real  system  data  during  the  contract  period. 
(This  Is,  In  part,  because  ol  the  time  required 
to  put  the  vibration  data  on  tape  and  then  digitize 
It  in  a  form  suitable  for  computation.  This  was 
all  accomplished  by  NASA.)  However,  we  do  not 
hesitate  to  add  that  this  Is  merely  a  numerical 
problem  of  simulation  that  can  be  resolved  with 
relatively  simple  Investigations,  and  we  present 
a  first  step  in  this  direction  in  the  present  re 
port,  by  Integrating  the  acceleration  once  and 
Identifying  two  parameters  of  a  damped  oscil¬ 
lator.  Thus,  we  can  say  In  summary  that: 

1.  A  method  has  been  proposed  for  identi¬ 
fication  of  linear  and  nonlinear  constant  coef¬ 
ficient  systems,  by  random  or  sinusoidal  exci¬ 
tations,  as  discussed  In  "Parameter  Estimation'' 
(not  Included  In  this  paper). 

2.  The  method  is  studied  here  for  ilnear 
systems,  subjected  to  random  or  sinusoidal 
excitations. 

3.  The  theoretical  studies  have  generated 

a  rather  broad  understanding  of  the  method,  as 
presented  in  "Theoretics*  Development." 

4.  The  method  yields  extremely  accurate 
parameter  identification  for  rather  complex 
systems,  as  presented  in  "Identification  of 


Simulated  Tinear  Dynamical  Systems  jnol  in¬ 
cluded  m  this  pa.er). 

5  A  complete  discussion  of  the  simulation 
techniques  a;  well  as  the  program  details  are 
presented  hi  "Computer  Simulation  and  Identi¬ 
fication"  (not  included  in  this  paper) 

6.  Suggestions  for  future  investigations 
are  presented  bi  "Summary  and  Conclusions" 
(not  Included  in  this  paper) 


PARAMETER  IDENTIFICATION 

The  problem  of  identification  of  a  system 
or  of  a  process  is  now  recognized  as  a  basic 
part  of  modern  engineering  techniques  It  Is 
clear  that  to  design  and  control,  in  any  optimal 
fashion,  we  must  Identify.  Thus,  the  subject  of 
identification  has  been  actively  studied  in  the 
past  decade,  and  will  continue  to  develop  both 
theoretically  and  practically  as  engineers  con¬ 
tinue  to  expand  technology. 

Primarily  motivated  by  the  deBlro  for 
adaptive  and  optimal  control  of  systems  and 
processes,  identification  problems  In  engineer¬ 
ing  have  been  moat  actively  pursued  by  elec¬ 
trical  engineers  in  the  past  10  to  13  years. 

Thus,  the  IdeaB  of  croBB  correlations  and  cross- 
spectral  densities  for  estimating  the  Impulse 
response  function  or  the  frequency  response 
function  have  been  generated  by  them.  Further¬ 
more,  electrical  engineers  and  optimal  control 
engineers  have  been  forward  in  their  efforts  to 
apply  parameter  estimation  schemes  for  identi¬ 
fication  purposes. 

Vibrations  engineers  have,  to  a  large  ex¬ 
tent,  remained  with  the  classical  tf  "'quo  of 
driving  a  structural  system  by  slnub  ail  ex¬ 
citations  at  various  frequencies  to  determine 
the  frequency  response  characteristics  of 
structural  systems.  Parameter  estimation 
ideas  have  not  as  yet  permeated  the  bag  of 
tricks  that  structural  vibrations  engineers  can 
use  freely  In  determining  models  of  structural 
systems,  although  new  techniques  based  upon 
sccond-ordcr  statistics,  mean-square  approx¬ 
imations,  or  energy  techniques  are  beginning 
to  change  that  picture  somewhat. 

The  purpose  of  tills  report  is  lo  present  o 
parameter  identification  technique  As  Indi¬ 
cated  above,  there  Is  certnhily  no  lack  ol  pa¬ 
rameter  identification  techniques  in  the  litera¬ 
ture.  However.  Die  teclinlque  that  is  presented 
tn  the  present  report  possesses  a  few  note¬ 
worthy  features. 
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First,  tiie  technique  :s  simple  to  comprehend 
and  apply  Second,  the  same  theoretical  «  .mu-pi 
applies  tu  both  random  or  sinusoidal  —  indeed, 
even  sweep  sinusoidal  -  excitations.  Third,  It 
appeal's  I  hut  the  technique  can  be  exteniic-d  to 
the  nonlinear  systems  with  unknown  paramo 
trrs  as  tl»>  basic  theory  would  remain  unchanged 
Fourth,  the  technique  does  not  appear  to  be  al- 
lected  by  wide  ranges  oi  the  parameter  values 
that  often  plague  optimum  parameter  search 
techniques  F  inally,  in  Simulation  Studies  tile 
technique  has  produced  highly  accurate  param¬ 
eter  estimates  for  reasonably  complex  systems 

Thus,  it  appears  that  the  identification 
technique  proposed  ill  this  report  holds  promise 
ol  being  of  practical  significance  for  identifica¬ 
tion  of  arbitrary  systems  with  unknown  con¬ 
stant  parameters. 

This  report,  the  result  of  a  1-year  investi¬ 
gation  that  was  limited  to  the  study  of  linear 
systems,  presents  a  theoretical  development  of 
the  Idea,  estimates  ol  parameters  of  simulated 
five-mass  chain-iike  systems,  a  Iwo-mass  two- 
dimensional  system,  and  other  systems  These 
systems  as  well  as  the  actual  parameters  were 
supplied  by  J.  Young  and  F.  On  ol  NASA.  In 
each  case,  the  mass,  spring,  and  damping  con¬ 
stants  are  estimated  from  the  digitally  simu¬ 
lated  system  subjec  ed  to  random  and  sinusoidal 
Inputs.  It  should  be  noted  that  the  mass  and 
spring  constants  are  six  orders  of  magnitude 
npact  in  Ihetr  values,  and  yet  each  is  estimated 
with  very  high  accuracy.  In  addition,  a  single 
sinusoidal  excitation  at  what  appears  to  be  any 
arbitrary  frequency  will  yield  the  entire  iden¬ 
tification  of  the  system  parameters,  Thun,  one 
does  not  have  to  excite  the  system  at  a  multi¬ 
tude  of  frequencies,  or  in.  some  frequency  band- 

- ii  b~  iirt.-  i.  -  •  *';•  .  t  . 

Investigations. 

The  description  of  the  digital  simulation 
techniques  and  (he  program  for  simulation  and 
identif i-ation  are  also  presented. 

One  point  must  be  made  concerning  the 
identification  of  systems  by  parameter  estima¬ 
tion  techniques:  The  methods  that  have  been 
developed  and  the  method  we  describe  In  Hits 
report  will  identify  the  analytical  or  simulated 
model  of  the  actual  physical  system.  There¬ 
fore,  if  the  analytical  model  Is  not  a  satisfac¬ 
tory  equivalent  or  approximation  to  the  system, 
ihcn  clearly,  Gill*  is  not  Identifying  the  real 
system  Any  analytical  model  Identification 
scheme  (such  as  parameter  estimation)  is  only 
as  good  as  the  model  that  will  be  used  lo  de¬ 
scribe  the  physical  system.  (We  note  that 
identification  schemes  can  sometimes  be  used 


So  help  prov‘de  a  better  system  mode!  How¬ 
ever,  we  will  not  dwell  on  that  point  here  ) 

With  this  understanding  of  the  proper  role 
of  identification  by  parameter  estimation,  we 
can  now  proceed  to  describe  on'  approach 


THEORETICAL  DEVELOPMENT 
General 

The  'asic  assumptions  in  this  discussion 
nre  lliat  a  linear  time  Invariant  system  is  being 
driven  by  some  excitation,  either  random  or 
deterministic.  Although  the  system  may  be 
quite  general,  it  serves  our  purposes  to  think 
ct  the  system  as  being  composed  of  a  number 
of  massee  connected  to  one  another  by  linear 
springs  and  linear  daohpots.  We  further  as¬ 
sume  that  each  mass  may  be  driven  by  a  sepa¬ 
rate  excitation  and  that  the  accelerations, 
velocities,  and  displacements  of  each  mas6,  as 
well  as  the  various  excitations,  may  be  noise¬ 
lessly  observed,  or  at  least,  obtainable  by  suit¬ 
able  means.  We  point  out  that  this  rules  out 
while  noise  as  an  Input  for  reasons  discussed 
below. 

We  assume  that  the  various  displacements, 
velocities,  and  accelerations  oi  the  masses  are 
related  to  the  excitations  by  a  system  of  linear 
differential  equations  of  known  form  and  order 
but  with  unknown  mass,  spring,  and  damping 
parameters. 

In  general,  our  systems  have  the  character 
of  those  given  In  Fig.  1.  Figure  1(a)  shows  a 
one-dimensional .  chain-iike  system;  Fig.  1  (b) 

SlIwWc  a  .:>t  ajBU-IU. 

lr.  either  case  the  form  of  the  linear  differ¬ 
ential  equation  that  governs  the  dynamics  of 
these  systems  is 

y(  t  '  -  Ayi  t  )  *  l  (  l  i  (1) 

where  the  y  vector  is  the  vector  ol  ail  the  states 
of  system  That  is,  Us  components  are  the  dis¬ 
placements  and  velocities  of  the  masses,  the  a 
matrix  Is  a  constant  matrix  made  up  of  the  vari¬ 
ous  spring  and  damping  constants,  and  the  F 
vector  is  the  excitation  vector. 

We  liave  assumed  all  mass  and  Inertia  con¬ 
stants  to  be  unity  In  the  general  equation  of  Eq. 
(1)  These  constants  will  enter  explicitly  m  the 
specific  classes  ol  systems  we  study  below 
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to) 


a.  C^ftin-Uke.  or.e  diniei»8ional  system 


b.  Two-dimen*umal  system 
Fig.  1.  Linear  time  invariant  systems 

Thus, 


for  the  vectors  and  matrix  conning  the  system. 

In  o"i  development  below  we  shall  be  con¬ 
cerned  with  both  steady  state  oscillations  and 
transient  uaclll&tlona.  Naturally,  we  assume 
the  ay  atom  to  be  stable  so  that  the  steady  state 
oscillation  exists 


Random  Excitations 

Let  us  assume  that  the  components  ft<i  >. 
i  n  ol  the  f(t  >  excitation  vector  arc 

statlonaxy  random  processes  possessing  as 
many  mcments  as  may  be  required  by  our  anal¬ 
ysis.  (In;  general,  lor  linear  systems  only  sec¬ 
ond  moroent  properties  will  be  required.)  We 
v/lii further  assume  that  the  excitation  proc¬ 
esses  a*"h  smooth  enough  to  guar  antee  that  all 
the  derivatives  y,(>>  exist.  (The  reader  may 
recall  that  this  Is  not  the  case  11  the  excitation 
la  a  Gaussian  White  noise  with  Dirac  “Delta" 
function  for  Its  covariance  ) 


We  can  immediately  write  a  general  solution 
to  the  A  matrix  for  the  linear  system  ol  Eq  (1) 
as  follows  Equation  (1)  is  multiplied  by  the 
transpose  vector  yd  >  and  expectations  uf  the 
resulting  equation  are  taken  to  yield 

Fq.i  1  |  liV  A  K  <  y  i  t  )  y  ■;  t  >  >  •  f  ( ,  I  1  ,  i  , : . 

(3) 

Equal  Ion  (3)  can  be  solved  tor  the  matrix  a  as. 

[lijitl  r'i « t>  -  Elfi  t  >y '( t  )'][£■  y(  1 1»  ( t  1)]"  A 

(3a) 

assuming  that  the  Inverse  matrix 

E<y(t  >  yd  )> ' 1  (4) 

exists. 

The  relation  of  Eq.  (3a)  presents  a  general 
solution  ol  the  identification  ol  A  for  linear  sys¬ 
tems  of  the  form  of  Eq.  (1),  U  Eq.  (4)  exists. 

The  existence  of  litis  inverse  Is  guaranteed  il 
there  is  no  linear  relationship  among  Uie  com¬ 
ponents  ol  the  y(  i  i  vector,  because  the  covar¬ 
iance  matrix  Eiytt)  yd)>  is  symmetric  and 
nonnegattve  definite.  The  nonnegattve  defi¬ 
nitives  follow  trom  the  fact  that 


for  any  constant s  >.■»,.  .  '„)  Furthermore, 

the  equality  sign  tn  Eq.  (5)  can  hold  only  if 
there  exists  a  linear  relationship  among  the 
components  of  y(i  i.  ThuB.  Eq.  (4)  exists  and 
the  constant  matrix  a  is  solvable  at-  given  in 
Eq.  (3a)  oa  the  basis  of  observations  of  the  y,  f 
vectors 


This  Is  somewhat  more  general  than  we 
wish  to  consider,  as  the  estimation  ol  the  vari¬ 
ous  moments  in  Eq.  (3a),  ns  well  ns  the  Inverse 
matrLx,  especially  In  the  transient  situation 
where  the  moments  are  functions  of  i,  are  dif¬ 
ficult  to  estimate.  Therefore,  to  proceed  with 
oui  development  let  us  assume  that  the  tran¬ 
sients  have,  lor  all  practical  purposes,  died 
out  and  the  system  is  operating  tn  (he  steady 
state.  It  Is  known  that  the  y -process  is  a 
statistically  stationary  process  hi  that  case  and 
ail  the  moments  present  in  Eq-  (us)  are  constant 


Moreover,  they  can  be  estimated  simply  by 
taking  ilmt  averages  over  discrete  or  continu¬ 
ous  values  ol  the  time  parameter 
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It  follows,  then.  in  the  stationary  rasp,  that 


Example  1  —  Consider  il>p  system 


E 


I 


0  I 


exist  amt  are  eonsiant  in  time  Henee. 


.1 


E  jy  'it;. 


.11 


(81 


(7! 


lor  .  i  and  .  ■« ,  as  above 

Wo  now  speedy  (hat  the  >  -process  is  a 
stationary,  mean-square  differentiable  proc¬ 
ess.  Such  processes  are  generated,  for  exam¬ 
ple,  by  passing  a  stationary  moan-square  con¬ 
tinuous  process  (that  Is.  a  process  with  continuous 
covariance  lunciionl  through  a  time  Invariant 
linear  filter.  Accordingly,  If  the  excitation  proc¬ 
ess  f  is  mean-square  contiguous,  we  are  assured 
that  the  stationary  >  -process  is  mean-square 
continuous  11  is  because  of  the  desired  differ¬ 
entiability  properties  of  the  v  -  process  that  we 
are  ruling  out  the  whlte-notse  type  excitations 
In  the  random  case 


Vi  t  i  ■  BV(1  I  fit!  (12) 

Upon  /ing  Fq  (12>by  v>  *  >  and  tak¬ 

ing  expert  all.."  «...  <!;.d 

E ■>•••!  v.  i  ■  •  fiE-vu  t  .  E  IM  i  vito  (13) 

However,  from  Eq.  (10)  it  follows  that 
f  (*i  y  1 1  •  * 


For  our  estimate  ot  « ,  therefore,  one  merely 
estimates  the  moments  that  appear  tn  Eq.  (14) 

Example  2  —  We  consider  here  the  some¬ 
what  more  complex  system  of  coupled  oscil¬ 
lators  aB  shown  tn  Fig.  2 


Now  as  a  result  of  lie  iiieau- square  difier- 
cntiabllity  of  the  y-procesa  the  derivative  op¬ 
erator  In  (7)  can  be  taken  Into  the  expectation 
operator  to  give 


Ejv.  ' 1  ’  v,‘ 1  >|  o 

18) 

|  r  - 1  4  f 

rF.  4y  ■  i  O  y  4f  1  )  \  l  ».  i  )  l 

„  }  i  s  -  »  i 

•  St  i y(  it  )  v.  :  t  ;  \  M i 

0  v9) 

Iii  particular,  it  follows  that  for 
(8)  and  i  *  -  l  in  Eq.  (9)  we  obtain 

i  2  in  Eq. 

i  1 

K  U  :  t  i  y,-,  t  > »  0 

( 

(10) 

y  i  *. 

F.  Iv.il)  >•<«>}  •  f  fv.it  >  v  ,.i  >}  - 

o  (11) 

The  first  inequality  in  Kqs  (10)  and  (11) 
states  the  well-known  fact  that  a  stationary 
process  and  its  derivative  are  uncorrelated  a1 
any  given  time.  We  repeat  that  Eqs  (10)  and 
(11)  do  not  hold  if  the  excitation  process  is  a 
white  iiOise 

Go  lie  basis  oi  Eqs  (U)  through  (11)  the 
identification  of  the  parameter  matrix  A  as 
given  by  Eq.  (3)  reduces  greatly  ill  the  sta¬ 
tionary  cas.  We  illustrate  these  ideas  by  a 
few  very  s. triple  analytical  examples 


Fig.  2.  Complex  system  ui 
coupled  oscillators 


Assuming  the  masses  to  be  unity,  we  may 
write  the  equations  ol  the  system  as 

*i«‘  I  •  —  z  «  >i  .  k  ,  t  *  ,  f  x  >  —  j,(t  )j  -  Id) 

1  1  •  t>  ,  t  jl  l  i  -  C  ,  ;  /  ,(  I  )  -  *  .(  |  I- 


Upon  setting 


;  ,(  t  >  -  I  ji  t  >; 


(la) 


M  M 

I  ^  \J"  \ 

Yv  \yv 

w'e  may  rewrite  Eq  (15)  ns  the  systci 


(10) 


V  ji  t  I  V  -  i  t  V 

~ci  v>  '  *  >|C'  •  k,  >  ,11  ) 


>  ,i  I  .  •  fit! 
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(17) 

(Corn.) 


y »( '  i  v ..  •  i 

*<< '  '  CjV4i«  i  <  ay  ji  t  i  •  (  ,  v  ,i  t  i  y  ,•  «  '  (17) 
• k i  v i!”  vy" 


i.llu)co  ui  tin  ihlid  memo  III  |  Hilt  I( 111  j >Y  l hi1  i\ ;  t  - 
lowing  simple  oscillator. 

Lot  us  cons-  ier  tTi  case  of  the  system 
given  by 


The  second  equation  In  Eq.  (17)  Is  multiplied  by 
y,.  y,(  and  then  averaged.  The  fourth  equation 
In  Eq.  (17)  Is  multiplied  by  y,.  y4>  and  averaged 
On  the  basis  Of  Eqs.  (10)  and  (11)  it  will  follow 
that 


ty 


/)  •  "lfy,j  -C.Ejy.y,] 


i  k  (e(v,4  -  K  I v . y . | \ 

M  r  *  i  i  •  -i  < 

-E|y45j  =  jy  ,Jj  ♦  C  ,E  |y  ,y  ,}  (18) 

s|yj3}} 


it  y  (  t  )  '  f  y:  l  )  •  V.  y-,  l  )  (  ;  ! 

where  m.c.k  are  all  unknown. 


(20) 


Upon  multiplying  En,  (20)  by  y  v  and  tak¬ 
ing  expectations  Obtain  equations  analogous 
to  those  in  o»*r  previous  examples,  as. 


i  E 1  yy  ’  *  CF‘-  yy'  *  kEiy,i  -  E'ly 


mEiyy)  ‘  CEiy' 


kEiyy;  -  Eiiy 


(21) 


By  Eq.  (10)  we  can  reduce  these  equations 
to  yield 

-mEiyG  i  k  Ely ?)  fifty)  j  (22a) 
CEliJ)  -  Elfy)  .  J  (22b) 


0  ~C  jE  (y  4*  J  •  C,(e  (»,,,) 

*  E{"43})  *  W  •  E  lV«  j 

The  set  of  four  linear  algebraic  equations 
tn  Eq.  (18),  In  the  four  unknowns  is  easily 
solved  to  determine  the  parameters  C, ,  k , ,  , 

and  kj.  For  example. 


Efy,,ltEl,y‘! 

Ely**i‘EM 

r- 

eN 

•Elvjy>) 

-i  - - ir 


However,  we  require  one  more  equation. 
One  might  consider  multiplying  Eq,  (20)  by  y\ 
for  example,  and  then  lake  expectations  to  yield 

m  Eiy 1  y )  '  C  Ely  Jy  ‘  <  kFiy1'  Eify1'  (23) 

where,  by  Eq.  (10)  it  follows  that  Eiy  Jy>  is 
Identically  zero. 

But,  generally.  In  practice  the  excitation 
function  wtU  be  a  zero  mean  Gaussian  random 
process.  Hence,  y.y.y  are  all  Gaussian  proc¬ 
esses;  each  is  a  linear  operator  ot  the  input 

process  f. 


-  K  Iv.vJ 

r  ■  ’) 


F  I..  4  •  E  lly.l 

l  -  |  l  '  ‘I 


eM-*M  eH 


(19) 


where 


B  - 


EMEhy>l 

E{y,J  |  -  E|>  ,y4j  ejy,v, 


Then,  specifically,  one  has 

y( t )  -  lit  l  -  r  )  fpl  t|( 

V(t)  -  I  ll( t  -  »  )  f(o  <b  (24' 

yf  t  )  ‘  |  .11  i  l  •  kl|.  i  -  •  )!  f  <  -  )  ,lr  .  I  .,11 


Stmllur  equations  yield  C,.  k  ,  as  well. 

For  the  case  of  unknown  mass,  spring,  and 
damping  constants  one  must  obtain  one  more  set 
g»  moment  equations  to  obtain  a  solvable  set  oi 
linear  simultaneous  equations.  We  illustrate 
the  problems  that  may  occur  in  the  proper 


and  any  third-order  moment  in  y.y  v  wiii  in¬ 
volve  moments  ot  'hr  form 

E  i  f 1 1  .  i  < 1 1  , i 1  (25) 

However,  It  Is  u  weii -known  fact  that  all 
third-order  moments  of  a  Gaussian  process 
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are  identically  zero  Indeed  ail  odd-o:  r 
moments  ol  a  uainislmt  process  arc  wn.  su 
that  i (j  (23 i  cannot  yield  any  new  mioi  maiion 
as  a.il  Its  terms  are  zero 

Hence.  If  we  cannot  apply  (Kid  order  mo¬ 
ments  to  yield  our  third  equations  the  next 
question  is  What  about  even  moments? 

Mere,  we  gel  into  trouble  of  a  different  nature, 
an  wc  now  demonstrate.  For  example,  let  ua 
choose 

ir  E  -  y  5  y  '  *  CEy'y  *  E '  y  *  E  ■  I  y  '  (26) 

as  our  third  equa.lon.  Again  the  term  Ev* y  is 
zero  It  is  well  known  that  the  even  product 
moments  of  zero-mean,  jointly  distributed 
Gaussian  random  variables  can  be  evaluated  In 
terms  of  Uie  second  moments.  In  particular  for 
X,.Xj  X,  X4,  jointly  Gaussian,  one  has 

E  X,X,X,X.:  -  ElX.Xj f  t’X,X4>  •  ttX.-V  Ei.X,X,.‘ 

*  E(X,X4!  E'XjX^'  (2?) 

!f  we  apply  the  identity  ol  Eq  (27)  to  the  terms 
ol  Eq.  (26)  we  obtain 

E  ( y  5  y ;  -  3Vy’>  Etyy! 

E  ‘  y  * 1  ■  -»(eV'-V  (28) 

E(  f  y J  •  -  JEivJi  Eiyf> 

Therefore.  Eq.  (26)  maybe  written  as 

3m  Ely*!  Eiyy’  »  Jk  ^E<  y  1  >  J  '  -  3E<y^F'yf>  (29) 

We  immediately  recognize  Unit  Eq.  (29)  is 
Eq.  (Z2a)  multiplied  by  Iho  factor  3E<y''  So. 
Eq.  (2G)  yields  no  new  information.  Again,  U 
one  chooses  any  even  moment  equation.  It  will 
always  reduce  to  a  linear  combination  of  Eqs. 
(22a)  and  (22b)  for  the  zero-mean  Gaussian 


acceleration  data  that  are  actually  obtained 

trom  experimental  tests 

Therefore,  we  can  multiply  Eq.  (20)  by  y 
and  take  expectations  giving  ua  our  third,  and 
independent,  equation. 

■T.  E ;  y  1 1  1  t  F  :  yy  *  k  t  yy  •  E*  *y »  (38) 

Finally,  then,  the  system  ol  linear  equa¬ 
tions  available  (or  parameter  Identification  Is 
given  as 

-mb;ys>  *  kEiy1’  -  E'xy) 

reh'h  -  Ei  yy  ;  (31) 

roEiy*)  -  k  E  i  y  J  (  t  Eixyi 

To  Identify  linear  Bystemn  by  random  ex¬ 
citations.  we  shall  construct  moment  equations 
by  multiplying  the  coupled  equations  by  the  dis¬ 
placement,  the  velocity,  and  then  the  accelera¬ 
tion.  We  Illustrate  this  for  the  general  one* 
dimensional  chnln-llke  system  as  shown  In  Pig. 
1(a). 

Denoting  ihr  dipplaccntrot*  velocity  ?.*4 
acceleration  of  the  ith  mass  by  x,.x,.x(  .  the 
equations  of  motion  lor  N  masses  in  Ihe  chain 


1 1  f|  "  k|(Xj“Xj) 


K  ,x  ,  -  f ,  -  C  ,<  x  j  -  x  ,  )  -  k  jf  x  ,  -  x  j  i 
•  r,(x,-x})  •  kpx,-  *,1 


'  l<N-|lxN-l  " 

Upon  multiplying  the  ith  equation  in  Eq. 
(32)  by  Kj.x,  Xj ,  respectively,  we  obtain  the 
following  system  of  parameter  Identification 
equations: 


uevuubtr.  lit  yiAitav,  lioibc  genet  ntors 
yield  Gaussian  or  near  Gaussian  processes.  It 
will  not  be  possible  io  identify  the  three  un¬ 
knowns  on  the  baelB  of  moments  obtained  Irom 
Eq.  (20)  by  multiplying  by  powers  ol  y  >•  and 
averaging.  We  hasten  to  add  that  tf  the  noise 
process  used  for  excitation  Is  definitely  non- 
Oaus8ian  then  one  can  establish  moments  of  the 
nature  of  those  we  have  described.  How  then 
are  we  to  obtain  a  third  condition  for  evaluating 
the  unknown  parameters?  The  most  obvious 
choice  is  to  use  the  acceleration  variable  This 
Is  quite  practical  because  In  general.  It  Is  the 


*  E!k,l  ,)  -  C,F.U ,(  X ,  X  ,  )} 


E.X|f,)  -  C,E<x,<x,»  x,)> 


E<x,t  ,*  -  C,Eiai|(x  ,  -  Xj  j! 


(33)  (Coni  ) 
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■i*  *!*r  f-  :,,'r  -  c,s  '  j  -  * ;  -  «,‘ 

-  St-*,**,-  •  c,t  », 

•  *  ,F  '  , 

*jK:kj’V  E»,f,!  ’  CjE'  »  t(  »  ,  -  » j 

-  -  x,)i  *  r,K*  *  #  |  -  i  j)* 

•  •<,?.'  »,<■■«,  - 

*  K(  S,I ,}  -  C3E4x  ,<  x  ,  *  x  ,>> 

-  UjEiSjO,-  x,l>  ■  C.Fis^  x,  -  it\' 
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in  f.&ro  when  ii  ta  not  qui(0  z**rfj  can  yield  large 
error*  In  r  Indeed,  the  UF  y,  greatly  domt- 
nates  the  I  n  term,  eo  a  small  error  in  |. -  v> 
will  not  all  eel  the  C  as  much 

The  story  ts  quite  dlllerrnt  lor  thr  rmr 
male  ol  k  (llial  la.  ii)  By  selling  Ey>‘  equal 
\  ip  zero,  the  error  lias  very  tittle  ellect  an  k  U 

y  C  -T£  k.  One  would  conclude  that  k  could  ol  111 

I  be  estimated  reasonably  well  by  setting  various 
second  momenta  equal  to  zero,  even  when  this 
la  tn  error  because  the  system  has  not  yet 
reached  steady  Btale.  One  would  nlao  conclude 
that  the  damping  coelltcienl  estimate  would 
eulfer  greall>.  Ti.ls  Is  exactly  what  was  ob¬ 
served  U1  our  simulation  experiments 

When  the  system  ts  in  tilt-  Steady  state,  the 
estimates  obtained  from  simulations  were  quite 
acceptable. 


Naturally,  in  the  steady-state  case  we  can 
apply  the  Identities  of  Eqs.  (10)  and  (11)  to  fur¬ 
ther  simplify  the  system  of  Eqs,  (33).  It  Is 
worth  noting  lhat  the  chain- like  nature  of  the 
system  of  Eq.  (32)  yields  a  set  of  parameter 
estlniittan  equations  that  car.  be  sob  -d  sequen¬ 
tially.  In  Eq.  (33)  we  can  solve  for  «„  c, .  and 
k,  from  the  first  throe  equations,  then  substi¬ 
tute  these  estimates  tn  the  next  sot  ol  three 
equations  to  yield  estimates  of  <*,,  t ,,  and  k, 
This  procedure  may  be  continued  along  the 
chain. 

An  obvious  question  Hint  must  be  considered 
concerns  the  errors  that  are  made  when  the  sys¬ 
tem  Is  not  yet  tn  the  stationary  state.  This  ts 
likoly  to  occur  when  the  damping  factor,  c.  Is 
small,  relative  to  the  spring  constant.  k  We 
van  aasiJy  Ulua Irate  th*  aiiucta  Ot  an  error  -"-d 
ts  made  in  Uie  estimated  value.  Btyy) .  say.  tor 
the  simple  oscillator. 

Let  us  assume  the  mass,  *,  is  unity  in  Eq. 
(20)  for  the  simple  t-degree-of-lreedom  oscil¬ 
lator.  We  assume  C  k  are  unkuuvvn. 

Then  Eqs.  (21)  ylold  for  estimates 

_  Ely*  “  kE-yyt  -  E-'yyt 

F.,y'i, 

(3-t) 

-  Etfyt  -  CEtyyt  -  E,yy) 

j<  1  - 


whore  "  "  denotes  estimate 

If  k  ts  very  large  relative  to  c.  then  a 
small  error  tn  the  estimate  of  fc-w  will  create 
a  large  error  tn  c  Thus,  placing  E  yy  equal 


Deterministic  ExcU.nl tons 

Wc  shall  now  concentrate  upon  the  problem 
of  Identification  ol  linear  systems  by  means  of 
deterministic  excitations  ol  the  type  that  ar« 
readily  available  In  laboratory  tost  situations. 
The  most  common  types  of  excitations  thnl  can 
be  generated  In  the  laboratory  arc  the  pure- 
sinusoidal  and  the  sweep- sinusoidal  oscillations 

To  Illustrate  the  approach  one  takes  for 
such  a  deterministic  input,  let  us  consider  the 
simple  oscillator  with  n  sinusoidal  excitation 
Consider 


mf  '  Cy  *  ky  .  Sin  .1  .  (35) 

We  aaaurne  the  system  to  we  ,,by  ,nplOHcfttiy 

stable  so  that  the  trnnstents  will  die  out  In 
this  case.  It  ib  equivalent  to  specify  that 
bounded  inputs  yield  bounded  outputs 

For  zero  Initial  conditions  the  solution 
may  be  written  an 


yt  I  H(  i  -  * )  s»n 
-o 


(30) 


where 


, .  U  c 

m  1,  -  - 


.  k  {•’ 

s,a  l  n.  •  ^  1 


(37) 


We  define  an  average  operator  of  the  form 


-  1 

’  i 


t  >  <Ji 


(38) 
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for  which  fhi*  operator 


mh  (he  ousts  uf  ..hts  operutui .  let  us 
attempt  to  identify  Utr  constants  »  f  k  fe'qua 
lion  I  as  Ms  multlpft.-d  by  , ,  ,  ami  v  ,  cmp... 
tlvely,  amt  averages  arc  taken  as  I'l  tmiil  by 
Eq  (38i  to  yield 


*'  cyy’  •  c-yy'  .  li  -  v  '■  •  iy 

’•»v  -f  v'  ■  lar  l> 

1  C  ■  k  -yy-  -  cTy> 

Wo  now  wish  to  invest  (gate  these  terms  in 
somewhat  more  detail 

One  simply  obtains 


(■■»«> 


VV  '  llfti  f  i  y  ['  l  ) 

1  .  •  *  ,4 


VM  >  dt 


ll(B  Iv'tOi  =  0 
T  •  .  -T 


(401 


where  the  inltUU  conditions  are  rero  and  y(« ,  is 
bounded  on  the  Interval  (0  >  )  because  the  exci¬ 
tation  in  bounded 

Therefore,  we  can  determine  in  the  some 
fashion  that 


•  yy  -  0 

‘  yy  ’  -  •  y  *  ■ 

U  will  follow  that  Eq.  (30)  can  ho  wrtHe.. 


HD 


k  y» 

C  y<- 

k  •  y  *'  • 


'•iv 
•  <y 


(42) 


The  render  will  recogntee  Eq.  (42)  to  be 
idenlicnl  to  the  parameter  Identification  of  Fq. 
(31).  except  that  the  expectation  operator  in 
Eq  (31)  in  replaced  by  the  time  average  op¬ 
erator  ns  defined  in  Eq.  (38). 

There  is  a  very  significant  distinction  to 
be  made  m  the  derivation  of  Eq  (42)  opposed 
to  the  derivation  of  Eq  (31)  In  the  derivation 
of  Fq.  (31)  it  was  assumed  that  the  proccHncs 
over  which  the  expectations  are  applied  arc  ala 
t binary  processes  (at  least  up  to  (he  second 
moments) 


This  !«  guaranteed  by  our  sSsumpUpiu  of  a 
stationary  process  input,  into  the  syaiecn,  where 
the  constant  matrix  «ii«  stability  mstrlK  In 
that  case,  the  steady  state  solution  is  a  stationary 

random  process  and  Eq*  (31)  apply 

On  the  other  hand,  Eqs  (43)  did  not  make 
use  of  the  asnumption  of  atatlonarlty,  or  steady 
Btale,  for  lia  derivation,  This  Is  a  very  a|§- 
r.UlcaiU  point  in  fact,  ior  the  sinusoidal  input 
case,  if  yt,  i  ■  is  the  steady  state  solution,  we 
cannot  Identify  all  three  coniithiita  «  r  k, 

This  rah  be  flloBu-atod  very  Simply  In  (he 
following  fashion  The  tsleady  state  solution  is 
given 


t  %i  t  1 


I  «< 


t  ■  • )  i  i 


|  life)  sin  „:f  t  -  -  )  rlr 


•0 

Is  *  1  n 


t«) 


where  k  ;  are  easily  determined  tn  terms  of 
the  integrals 

I  d-  ll(  • )  1  in  :..-r  .  /  ||(-  >  rft,  „, 


Therefore,  we  find, 

y,(  1  *  ■  s  cos  ;  1  -  ./} 

y,(«  1  -  .  *k  („-t  .  a.) 


(*«) 


Upam  applying  Eqs  (44)  lo  Fqn  (42)  we 
(hid  (he  equations 

-  msy.*>  •  V  vy<i3  •  fy  > 

C  y/  -  ■  * > .  (4:,) 
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Wc  easily  evaluate 
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Tin  determinant  of  the  sinner  system  'l 
Eqs  (45)  In  the  unknown*  -  c  -  i« 


arid  thr  th  "Male  1  ?  ' '  :  , f  .1  *;  *1  ,  T  .  i  HI  ,11  ;  i !  I  , 


We  arc  assuming  the  *  ■  ,  to  t?c  of  the  (oi  m 


n  i  o  vi 


H  foiiows,  then,  tiiat  > .  and  iU  derivatives  an 
bounded. 


because  the  third  row  is  .3,.>  times  the  first 


Consequently,  we  cannot  Identify  alt  three 
unknowns  by  these  equations  in  the  steady- state 
case  with  sinusoids!  excitations  The  reason  t« 
quite  clear:  y,  and  Us  two  derivatives  are  not 
linearly  Independent  of  one  another.  However, 
any  two  unknown  parameters  can  be  identified 
Of  course,  this  problem  does  not  enter  Into  ttu 
random  oxclutton  cane  simply  because  the 
sample  function*  and  their  derivatives  are  not 
linearly  dependent,  so  one  would  not  expect  to 
obtain  linearly  dependent  moments  from  the 
stationary  solution  processes. 

Equations  (42)  were  obtained  tor  a  simple 
oscillator.  We  can  easily  establish  the:  similar 
equations  ore  possible  In  higher -degree -of- 
freodom  systems  as  well  Let  us  consider  the 
genera!  solution  to  the  system 

:  ■  Av(  l >  -  f((V  (48) 

where  A  y.f  are  defined  earlier  in  this  paper . 
(Sec  "ThoorsUcal  Development,") 

For  /.ero  Initial  conditions,  the  solution 
process  con  be  written  as 


«n  |  *(’>  i 


Any  component  >,:<  1  of  the  slate  vector  >  can 
be  given  by  the  integral 


»v«>  y  t 


To  achieve  equations  of  the  torm  analogous 
to  Eqs  (43)  we  must  establish 

vh  ,i  i  \ 

V',""  •  ,,  ••  0  ,s--! 

\  Uy  (  t  l\  ...  , 

V — - —  v , i  t  i  -  f  v.it )  — - (53b) 

■  dt  *  '  V  lit  ' 

Dut  this  is  Immediate  for  by  definition 


1  |  -  'h  it)  ,  , 

t'i ifj  ,m  *« •' -  ,b  v r, r « •  ■ v’  ■' 


1  /' 1  dyjil)  . 

t*‘*  T(  ,l!  "T(T —  *ji<i  -  1  >T'  y  ' .  •  ■  y.if, 


where  t ■  is  the  excitation  at  the  j th  driving 
point  and  It,  ■  is  the  Influence  function  or 
impulse  response  between  the  ,th  driving  point 


if,  ‘h.o 

rl  "  v,et>  *. 


^  -  T 

:  i,i,  j  j  ,ii  v  |  i 

t  *  r  -!e 


in  the  derivation  Of  Eq  (54h)  wo  have  used 
only  the  fact  that  the  components  y,i 1  are 
bounded  on  (o  ■ )  and  that  the  Initial  condlltonn 
are  zero,  (This  laet  condition  ts  clearly  not  a 
requirement  for  establishing  Eq  (54b).  j 

It  was  pointed  out  above  that  the  steady - 
atnlc  solution  is  not  required  tor  idem  if  leal  ion 
We  should  now  notice  another  remarkable  (act 
That  is.  the  requirement  Of  Sinusoidal  oxcila 
iious  is  not  basic  in  the  derivations  above,  AS! 
(lull  is  basic  is  that  the  system  is  stable  in  the 
sense  of  bounded  Inputs  yielding  bounded  outputs 
Thercfr  re,  nil  that  we  require  la  that  a  bounded 
function,  any  function  lor  Hint  matter,  b»-  used 
tor  excitation  purposes  For  example,  a  sweep 
sinusoidal  or  even  a  itamped-Blnuoolda!  function 


)3» 


»hr-  iMi»  r h  t  Ihr  €  :**=e| 

eating  a  sample  excitation  l  rr-m  a  pr«*c- 

pnfc  jiirli  thosF  :iiHL'-.!S3ri!  i  "t  ’  aJ  ■.*  : fir-!  *• 

tuas*  wiii  v icid  Klrntitir  ai:--*n  Uus  =  a.«i^ 

muM  slop  a  rmMhCnt  ajh*  rffi^r  «p» n  =-  Us* 
point 

Our  whole  approach  to  the  identification  of 
the  unknown  parameters  I  .as  bueii  »m-ii«uied  oy 
the  statistical  reasoning  put  n.nrth  *n 
Excitations  *  yet  we  iiOW  see  that  there  is  per 
haps  a  mure  fundamental  point  that  uiu'iei  UeS 
the  proposed  procedure.  Wc  are  led  to  think 
this  simply  because  we  can  establish  the  same 
technique  for  identification  with  any  test  exci¬ 
tation.  Furthermore,  it  appears  that  steady  «■ 
stale  properties  are  hot  required 

There  ie,  in  fact,  a  more  basic  mechanism 
here  that  subsumes  all  of  the  previous  analyses 
m  "Random  Excitaiione"  and  1.1  this  section  as 
special  cases. 

We  illustrate  this  mechanism,  again,  with 
the  simple  linear  damped  oscillator.  We  con¬ 
sider  the  oscillator  driven  by  a  bounded  exetta 
lion  ! ,  s  i . 

my .  t  i  i  Cvr  t  y  •  Icy  {  t  y  til'  (56) 

Suppose  we  are  able  to  observe  the  xcita- 
tioh,  the  displacement,  velocity,  and  accelera¬ 
tion  exactly  at  three  different  instants  i,  t,  *  .. 
It  would  then  follow  that  we  would  have  three 
equations. 


then  it  will  follow  that 


That  :s.  the  ri  i  l”  _  -A'SCi  V  aLiol'  Will,  ?■>  (>. 
sjieak,  avei  ag-j  out  lc*  Zero. 

|j  i/i  is  identically  zero  then  aii  terms 
in  Eq  458)  will  be  zero  Directly  taking  a  time 
average  of  Eq  (55)  WQiiid  not  yield  a  usable 
equnUpn  for  identification  put  poses.  For  this 
reason  we  will  use.  as  before,  time  averages  c- 
seconu  powers  for  IdenttflCAiioO  of  linear 
systems 

The  actual  Identification  equations  that  we 
apply  in  the  case  of  the  linear  system  of  Kq 
(55)  are  given  as 


-if . 


.r,y  , 

*  C>  , 

1  ty  i 
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iso 

i« 
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•  Cy  , 

'  1 

at  the  uuuervainm  imita 

With  only  three  observations,  these  equa¬ 
tions,  if  not  singular,  would  lead  to  identifier- 
lion  of  the  parameters,  but,  even  if  we  can  ob- 
tain  simultaneous  records  of  the  excitation, 
displacement,  and  so  forth,  we  cannot  expect  to 
achieve  exact  observations  of  the*  four  quanti¬ 
ties  a  »”V  given  time 

litoeori,  the  observations  would  yield  some 
error  of  an  independent  random  tvin*  with  zero 
mean  That  is,  the  observations  would  be  o( 
the  form 

*  Ci  \  ,  •  ■  •  kiy  •  1  ,  *»•":• 


where  the  *s  are  independent,  identically  die- 
1 1 1 baled,  and  f  r. .  :  o 

but  because  the  noise  in  the  **hst!v  alums 
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where  all  of  ttu  variables  arc  considered  to  he 
!|n?  observed  van  ddes 

We  wish  to  make  ll  quite  clear  that  Eq  (59; 
holds  la  all  eases,  random  or  deterministic  11 
*  *  is  a  sample  :>f  a  random  pi  -K  •  ss  ami  \  if* 


by  expectation  operators,  allowing  a  number  o» 
the  terms  to  go  to  zero  as  we  have  discussed 
before,  and  the  analysis  discussed  In  "'Random 
Excitations”  can  be  followed.  But,  whether  T 
is  large  or  not,  these  equations  will  always 
hold.  As  we  shall  see,  they  yield  extremely 
accurate  parameter  estimates 

The  equations  analogous  io  Eq.  (33)  for  an 
N  mass  chain  are 
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(60) 

(Cont.) 
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elc.  ’Ve  repeal  that  these  equations  hold  for 
any  T.  In  some  cases  many  of  the  terms  will 
be  close  to  zero  relative  to  the  other  terms. 
ThlB  Is  especially  so  when  the  excitation  is  a 
sample  from  a  stationary  process  Rnd  the  sys¬ 
tem  is  operating  In  steady  state.  In  that  case, 
the  analysis  in  "Random  Excitations"  will  apply 

We  also  wish  to  repeat  that  Eqs.  (60)  hold 
for  any  excitation  function  as  long  as  there  is 

on  or\r\T»ne»4oKl#»  mo  on #tf  f  Ho  Autnul  v.tpfrtr 

"•*  "rr*  -  •-  * — s>*  *  * v*  •+~-t • 

This  is  quite  distinct  from  the  analysis  in 
"Random  Excitations"  where  the  stationary 
properties  were  significant. 


DISCUSSION 


R.  H.  Dudley  (Aerospace  Corp  ):  With  any 
simulation  study  one  wants  to  be  able  to  estimate 
the  precision  and  confidence  as  a  .'unction  of  the 
number  of  random  variables  sampled.  Have  you 
done  this? 

Mr.  Kozin:  A  rather  comprehensive  report 
will  come  out  of  NASA's  Goddard  Space  flight 
Center,  or  you  can  write  to  our  organization  and 
we  will  send  you  a  copy.  In  a  sense  It  Is  not 
exactly  a  statistical  approach.  We  made  a  num¬ 
ber  of  studies  as  to  the  relative  errors  In  the 
estimates  on  the  basis  of  the  time  Interval  over 
which  you  eeltmato  the  number  of  samples  that 


one  obtains  per  second,  and  so  on.  in  the  report 
you  will  find  that  In  some  cases  we  were  able  to 
estimate  on  the  basis  of  just  two  cycles  of  the 
lowest  natural  frequency  and  wo  arc  rather 
encouraged. 

G.  C.  Smith  (Beil  Aeroeystcms):  Your 
abstract  indicated  applicability  to  nonlinear 
systems.  Could  you  say  a  little  bit  more  about 
that,  please? 

Mr.  Kozin:  I  can  say  a  lot  more  on  an  ana- 
lyilcal  basis,  but  we  have  not  made  any  study  of 
the  general  nonlinear  system  at  this  time. 


Mr.  Smith:  How  does  your  work  extend  to 
continuous  systems  where  one  would  have  ac¬ 
celerations  and  velocities  at  particular  points? 

Mr  Kozin:  I  have  not  looked  at  the  ease 
where  one  lias  a  continuous  number  of  modes. 


1  would  say  that  if  one  looked  at  the  problem 
that  Dr.  ''anoy  did,  where  you  arc  Interested  In 
looking  at  equations  of  the  modes,  he  could  use 
the  same  type  of  Idea  as  here.  In  the  continuous 
ease,  I  do  not  know.  I  think  tt  ts  a  very  Inter¬ 
esting  problem  that  one  could  very  well  look  at. 
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REINFORCED  CONCRETE  BEAM  RESONANCES 


Frod  G .  Kracli 
Da  try  Controls 

Division  of  Barry  W  right  Corporation 
Watertown,  Massachusetts 


The  principal  objective  of  this  paper  is  to  present  design  techniques  that  have  been 
found  to  be  effective  when  designing  reinforced  concrete  test  piers  for  riicirology 
labs. 

The  experience  of  the  author  indicates,  and  this  paper  illustrates,  that  steel  rein¬ 
forcement  has  a  negligible  effect  on  the  dynamic  response  characteristics  of  a  con¬ 
crete  beam  and,  in  fact,  the  error  caused  by  neglecting  the  existence  of  the  re-bars 
is  usually  compensated  for  by  concrete  strength  in  excess  of  tho  contractually  spe¬ 
cified  value. 

Finally,  this  paper  presents  test  results  that  indicate  that  when  the  ratio  of  beam 
stiffness  to  the  stiffness  of  the  isolation  system  is  sufficiently  large  (approxi¬ 
mately  100),  the  beam  responds  as  a  free-free  beam  (as  opposed  to  The  usual  sim- 
|  ply  supported  beam).  The  test  results  further  demonstrate  that  the  theory  applies 
|  to  vibrations  with  the  “micro-g"  accelerations  (seismic  disturbances). _ 


INTRODUCTION 

As  our  Bdenllflc  society  advances  Its  tech¬ 
nological  capabilities,  many  test  facilities  are 
being  built  that  are  capable  of  making  extremely 
accurate  measurements.  This  Is  especially 
true  In  the  field  of  optics  and  related  metrologi¬ 
cal  sclrnces.  The  ability  to  make  measure¬ 
ments  with  increasing  accuracy  must  be  matched 
by  a  capability  to  control  the  dynamic  responses 
of  test  facilities  to  ?.  correspondingly  precise 
degree. 


In  particular,  optical  experiments  require 
that  angular  deviations  between  the  light  source 
and  the  light  sensor  must  be  minimized.  The 
principal  source  of  measurement  error  Is  usu¬ 
ally  the  bending  response  of  the  beam  (optical 
bench)  that  supports  the  components  of  the  ex¬ 
periment.  Figure  1  Illustrates  the  effect  of  this 
bending  on  the  accuracy  of  a  typical  experiment. 

Barry  Controls  has  designed,  fabricated, 
and  tested  many  dynamically  stable  test  pler6 
for  the  optical  Industry,  as  well  as  for  other 


r ERROR  CAllSEO  DY  RELATIVE  TRANSLATIONAL 
i  MOTION  BETWEEN  LIGHT  SOURCE  AND  SENSOR 


LIGHT  SOURCE--  r- 


L.GliT  SENSOR 


--OPTICAL 
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-ERROR  CAUSED  9Y  ANGULAR 
OtfLtCTIONS 
OPTICAL  BENCH 


Fig.  I.  Optical  measurement  errors 
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of  this  order  are  required  to  maintain  dynamic 
responses  (and  the  corresponding  angular  er¬ 
rors)  within  allowable  limits 


Industries  with  similar  requirements.  Fre¬ 
quently,  our  design  has  employed  reinforced 
concrete  beams  on  servo-controlled  pneumatic 
Isolation  systems. 

Reinforced  concrete  to  usually  employed 
because  it  has  the  desirable  characteristic  of 
being  highly  damped,  Internally,  and  11  16  readily 
available  and  economical. 

Wo  have  found  by  experience  liuU  precision 
test  facilities  will  have  desirable  frequency  re¬ 
sponse  characteristics  If  Lhe  lowest  resonant 
frequency  In  the  concrete  structure  is  least 
10  times  tiie  highest  natural  frequency  die 
Isolation  system; 

1  (beam) 

- — -2- - >  10  (1) 

ln  (isolation  sys. ) 

where  fn  ts  natural  frequency  (Hz), 

When  the  above  Inequality  Is  satisfied,  then 
tho  following  throe  conditions  exist: 

1.  The  environmental  vibration  will  excite 
the  Isolation  system  primarily  at  Its  resonant 
frequency.  This  frequency  Is  far  enough  below 
the  structural  resonances  so  that  the  beam  re¬ 
sponds  essentially  as  a  rigid  body;  that  Is,  no 
relative  motion  between  the  test  components. 

2.  Environmental  vibrations  that  exlBt  at, 
or  near,  the  structural  resonant  frequencies  of 
(he  beam  arc  attenuated  05  percent,  or  more, 
by  the  Isolation  system,  thus  reducing  the 
resonant  response  of  the  beam  to  acceptable 
levels. 


Barry  Controls  has  boon  concerned  with  the 
following  aspects  of  concrete  design  for  preci¬ 
sion  laboratory  applications: 

1.  experimental  verification  of  the  mathe¬ 
matically  predicted  dynamic  responses  of  vibra¬ 
tion  Isolated  reinforced  concrete  beams  to 
seismic  disturbances. 

2.  Optimization  of  the  dynamic  character¬ 
istics  ol  the  system  composed  of  tho  reinforced 
concrete  beam  and  low-frequency  vibration 
Isolators. 

This  paper  presents  a  brief  summary  of 
typical  design  calculations  and  lhe  substantiat¬ 
ing  test  results.  The  example  chosen  Is  a  50- 
ft-long  optical  test  bench  mounted  on  four  stand¬ 
ard,  6-ln.-tnll  Barry  Controls  Serva-Levl  B 
pneumatic  Isolators.  The  vertical  natural  fre¬ 
quency  of  the  isolator-bench  system  Is  approx¬ 
imately  2  Hz,  requiring  a  minimum  structural 
resonant  frequency  of  20  Hz,  In  accordance 
with  Eq.  (1),  above. 


CALCULATING  REINFORCED 
CONCRETE  BEAM  RESONANCES 

The  primary  bending  natural  frequency  of 
ft  free-free  beam  [l]  is 


»-4  /ii 

VmL4 


beam  will  approach  the  fundamental  frequency 
of  a  froo-froo  beam,  which  is  approximately 
2.3  times  higher  (2.3  3  -  5,3  times  sllffor)  Hum 
lhe  fundamental  frequency  of  a  simply  sup¬ 
ported  beam.  The  beam  responds  freely  (as  If 
It  were  floating)  because  It  19  100  times  stlffcr 
than  the  isolation  system  that  supports  It. 

To  realize  the  design  goal  represented  by 
Eq.  (1),  the  designer  must  have  available  reli¬ 
able  techniques  for  predicting  the  dynamic 
cliaracterlstics  of  reinforced  concrete  under 
conditions  that  are  not  normally  encountered 
by  structural  designers.  For  example,  typical 
allowable  deflections  for  concrete  beams, 
floors,  and  roofs  In  normal  structural  appli¬ 
cations  are  rarely  limited  to  less  than  0.1  per¬ 
cent  of  the  span.  Deflections  ol  tills  magnitude 
In  on  optical  bench  would  render  it  useless; 
they  are  commonly  limited  to  values  on  the 
order  of  0.003  percent  of  lhe  length.  Stiffnesses 


r  =  modulus  of  elasticity  (psi), 

i  =  area  moment  of  inertia  of  beam  cross 
section  (In.4), 

*.  =  mass'unit  length  of  beam  (lb-3ee  2/ 
in-2), 

L  »  length  of  beam  (In. ),  and 

•  „  =  natural  frequency  (rad/sec) 

Because  concrete  Is  a  composite  structure, 
the  effect  of  the  reinforcing  eleel  on  the  natural 
frequencies  is  considered  by  calculating  an 
equivalent  area  moment  of  Inertia  (If<lu|v  )  as 
follows: 

1  vqu  i  V  ix-X  <°f  '  ,JfV  '  £<■'"  l)A,D' 
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This  approach  generates  a  fictitious  con¬ 
crete  beam,  which  ts  equivalent  to  the  rein¬ 
forced  beam  being  analyzed,  and  therefore,  the 
modulus  of  elasticity  ol  concrete  (Er)  would  be 
used,  along  with  the  above  moment  ot  Inertia 
(Eq.  (3)),  In  Eq.  (2)  to  calculate  the  natural  fre¬ 
quency  ol  the  reinforced  concrete  beam.  Wo 
find  the  modulus  of  elasticity  of  concrete  |2J 
from: 


Tig.  I  Typical  cross  section 
ol  a  reinforced  concrete  beam 


whore  t>,  d,  and  D  are  all  linear  dimensions, 
as  shown  tn  Fig  2  (in.), 

a  «  area  ot  the  reinforcing  steel  (sq  In.). 

IX-X  =  area  moment  of  Inertia  about  the 

neutral  n't  Is.  shown  as  llte  X-X  axis 
of  Fig.  2  (In/),  and 

n  =  modulus  of  elasticity  of  steel  (Ej 
(pot)' modulus  of  elasticity  ol  con¬ 
crete  (Ec)  (pal) 


Ft  =  compressive  strength  of  concrete  (pbI), 
and 

»  =  weight  of  cubic  foot  of  concrete  (lb). 


GENERAL  DESIGN  PHILOSOPHY 

Our  experience  has  emphasized  that  a  good 
seismic  mass  design  will  limit  the  length  of  the 
seismic  mass  to  approximately  10  times  the 
depth  of  the  cross  section  of  the  mass,  or 

Li  ton  (5) 

where  L  and  li  are  linear  dimensions,  as  shown 
hi  Fig  3  (in.) 
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inforced  emu  rrtr  beaird 


135 


Wc-  also  use  pipes  (paper  and/or  nlo  el)  to 
remove  concrete  from  the  center  of  the  seismic 
block,  as  shown  In  Fig.  3.  Removing  concrete 
from  near  tho  center  of  the  beam  can  result  In 
Inrge  weight  reductions  without  decreasing  the 
beam'B  stiffness  appreciably;  that  Is.  beam 
weight  in  rodneed  more  than  "i".  Thus,  the 
efficient  use  of  voids  (plpos)  can  generate  a 
much  higher  primary  bending  mode  hi  the  beam. 
Dcam  resonances  have  been  doubled  by  the 
aforementioned  design  technique. 

Generally,  employment  of  EC|.  (5),  nnd  the 
judicious  use  of  voids  In  the  cross  section  ol 
a  beam,  will  result  in  first  bending  modes  in 
the  beam  of  more  than  20  Hz.  tn  the  Introduc¬ 
tion,  we  explained  why  It  IS  desirable  lo  have 
a  beam's  primary  bending  resonance  at  least 
10  times  higher  than  the  supporting  Isolation 
system's  natural  frequency;  and  If  a  20- Hz  beam 
is  generated,  Eq.  (1)  will  be  satisfied  by  using 
a  2-Uz  Isolation  system  lo  support  the  mass. 

A  2-Hz  Isolation  system  Is  not  difficult  to  de¬ 
sign,  Sorva-lovi  ®  Bysteins,  manufactured  by 
Barry  Controls,  have  been  designed  that  have 
natural  frequencies  of  less  Utan  0.5  Hz.  and 
2.0-Hz  systems  are  standard. 


Using  E,  ■  2.B  x  107,  and  knowing  (he  neu¬ 
tral  axis  of  the  bo1' m  shown  in  Fig.  3  to  lie  24.6 
in.  above  the  base  ol  the  beam,  trom  Eq.  l3)  we 
get 

l,„„,  '•>'  •  ■  2  1'-  *  '«  M  >  1- 

,  IV  '  H  4*J  is  ■>  4)  •  ['  7  SSA.l)-'] 

(5  (>3  •  10'  i  1  13  •  10*' 

^  6  07  *  10'  m  4 

When  the  above  values  are  Inserted  into 
Eq.  (0)  we  obtain 


n  4  3  27  »  tu»  .  6  07  •  1Q» 

V  4,  |  •  10 " 1  ■  1. 29  •  10 1  1 


„  ,  i  I  085  ■  I0J  _ _ 

-  -’2  1  V  „  -  22  4,  37  5 
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=  137  rail  .see 
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SAMPLE  CALCULATIONS 

The  following  example  ol  a  typical  seismic 
mass  design  Is  presented  to  illustrate  the  design 
techniques  discussed  In  this  paper.  This  exam¬ 
ple  Is  an  actual  system  Hint  was  later  tested, 
and  this  paper  contains  test  results  that  verified 
the  theory. 

The  natural  frequency  of  the  reinforced 
concrete  seismic  mass,  shewn  Li  Fig.  3,  Is 
lound  by  Incorporating  Eqs.  (3)  and  (4)  into  Eq. 
(2)  to  generate  Eq.  (C),  as  follows: 


(8) 


Prom  Fig.  3,  the  components  of  Ute  above 
equation  are  found  to  be 

L  »  30x12  «  8.00x10  1  In., 

I.4  ■  l .20 x  10 1 1  in.4, 

[(48x54)-(rl51)-(2ixl2xt2/50)|150 
1,728  x  386 

»  4.1  x  10‘ 1  lb-sec  Vim1, 

Ec  »  144  1  5  X  33  s^OOO  pst, 

F.,  -  3.27  x  101,  pst. 


TEST  RESULTS 


Figure  4  shows  oscilloscope  traces  of  a 
voltage  signal  generated  by  a  sensitive  velocity 
pickup  (seismometer)  that  was  Bet  or  top  of  the 
beam  which  we  analyzed  earlier  in  this  paper. 

Figure  4fa)  shows  the  block  responding  to 
a  step-function  Input  pulse.  The  Input  pulse 
was  generated  by  quickly  romovln,  a  small  steel 
mass  (approximately  10  lb)  from  the  top  surface 
of  the  seismic  mass.  The  predominant  2.1-Hz 
oscillation  (In  Pig.  4(a))  is  n  standard,  G-ln.- 
hlgh,  Serva-Levl  Vibration  Isolation  System's 
response.  The  2 1  -  Hz  oscillation  which  is  su¬ 
perimposed  on  the  system  response  curve  Is 
the  mass  resonating  caused  by  frictional  ener¬ 
gies  being  released  because  contact  between  the 
steel  weight  and  the  seismic  mass  was  noi 
broken  quickly  enough  —  that  is,  the  weight  was 
not  taken  off  "cleanly." 


The  response  shown  in  Fig.  4(b)  was  gen¬ 
erated  by  removing  the  same  weight  from  tho 
fsys'.em.  Tills  lime  the  2  l-llz  isolation  sys¬ 
tem's  response  is  "clean"  because  the  weight 
was  set  on  a  thin  piece  of  leather  that  was  on 
the  top  surface  of  tho  nines.  Then,  when  the 
weight  ivas  pulled  off  the  mass,  no  contact  frtc 
tion  energy  was  released 
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ioWESPONDE  OP  ISOLATION  SYSTEM 
AHO  BEAM.CAUSCO  BY  REMOVING 
'HARO'  *EIOHT 
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IblPESPONFE  OF  ISOLATION  SYSTEM 
CAUSED  ev  REMOVING  SOFT  WEIGHT 
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APPRO*  21  III 


It  I  RESPONSE  Of  BEAM  TO  SHARP  BLOW 
with  blunt  instrument 


Fiji-  4  Joisinomcter  truces,  it  seen  on  an 
oscilloscope,  showing  the  frequency  response 
of  a  reinforced  concrete  beam  on  vibration 
Isolators 


The  response  of  the  seismic  mass  to  a 
sharp  blow  with  a  blunt  instrument  and  the  21  - 
Hz  primary  bending  frequency  of  the  mass  are 
shown  in  Fig.  4(c). 


V© 


2.1  1  Hr 


CONCLUSIONS 

The  calculations  presented  in  this  paper 
are  a  result  of  engineering  efforts  expended 
prior  to  (he  generation  of  roust  rue  (ton  draw¬ 
ings  by  the  designer  These  construction 
drawings  are  then  used  by  the  contractor  as 
the  specification  for  the  work  to  be  done. 

Thus.  It  is  necessary  to  calculate  the  modulus 
of  elasticity  of  concrete  (F )  by  using  the  com¬ 
pression  strength  {<',)  specified  on  the  drawing. 
However,  the  compression  tests  on  the  con¬ 
crete  cores  taken  from  the  pour  for  the  beam 
discussed  under  Sample  Calculations  indicated 
that  the  strength  achieved  was  actually  3820  pst 
Instead  ol  3000  pst  used  in  the  design.  If  we 
recalculate  the  natural  frequency  i  t  the  beam, 
using  this  actual  compressive  str<  glh  ol  the 
conrrete  we  will  get 


The  above  correction  changes  the  theoretical 
response  by  less  than  7  percent  and,  therefore, 
can  be  considered  negligible. 

Similarly,  we  observe  that  If  the  effect  of 
tire  reinforcing  aleel  on  the  theoretical  value  of 
the  moment  of  Inertia  (of  the  cross  section  of 
the  beam)  is  not  taken  into  account,  the  calcu¬ 
lated  natural  frequency  of  the  beam  derreiises 
from  2l  8  Hz  lo 


8  V  6.  AT 


21  0  Hi 


The  above  change  In  natural  frequency  is 
calculated  for  a  beam  (shown  In  Fig  3)  that 
employe  much  more  reinforcing  steel  than  is 
normally  used.  Neveithele  he  above  calcu¬ 
lation  shows  a  negligible  change  In  the  natural 
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frequency  prediction.  Uocnuao  a  relatively 
email  change  la  frequency,  like  the  one  above, 
h&it  been  encountered  during  many  design  cal¬ 
culation*,  tho  cliange  in  stiffness  caused  by 
reinforcing  steel  can  be  Ignored. 

The  reinforcing  steel  shown  in  Fig.  3  wus 
not  Incorporated  In  the  design  to  enhance  the 
strength  or  tho  stlffnoss  of  the  beam.  That  re¬ 
inforcement  was  used  only  to  optimize  uto 
shrinkage  resistance  characteristics  oi  tits 
In  othe,  rrv, ds,  w,  did  not  nSiit  tl<s 
beam  to  warp  excessively  as  tho  concrete  cured 

The  UmgUi-lo-diijjlh  ratio  of  tho  beam 
shown  In  Fig.  3  is  L  n  -  600/54  »  11.1.  This 
ratio  is  larger  than  recommended  by  Eq .  (5); 
however,  the  Increase  In  beam  resonances, 
which  were  gained  by  tho  addition  of  the  30-ln- 
diahiofor  void  in  the  beam's  cross  section,  off¬ 
set  the  high  UmgUi-tO-depl.il  ratio,  and  the  fre¬ 
quency  ratio  that  was  recommended  In  Eq  (t), 
was  achieved. 

Tho  principal  Investigation  disclosed  by 
this  paper  is  the  verification  that  tlio  ihouroti- 
cal  dynamic  responses  of  beams  to  mlcrolncli 
environments  are  compatible  with  calculated 
response  characteristics  using  standard  struc¬ 
tural  engineering  techniques. 

In  Fig.  4(a)  we  see  that  the  beam  reso¬ 
nance  response  was  driven  by  tho  roloaso  oi 
contact  friction  caused  by  removing  a  weight 


that  is  loss  thnn  0.01  percent  of  the  beam's 
weight,  This  very  smalt  energy  Input  wits, 
therefore,  compatible  with  energy  inputs  caused 
by  seismic  disturbances. 

In  Figs.  4(a)  und  4(c),  the  amplitude  oi  ttio 
oscilloscope  trace  la  approximately  20  mv  as 
the  seismometer  used  to  generate  these  signals 
■ms  n  sensitivity  of  about  20  v/ln./eoc,  the  peak 
velocity  of  the  beam's  response  Is 

■  0.001  bt./sec  double  amplitude 

This  velocity,  at  21  Liz,  is  equivalent  to  34  pin,, 
single  amplitude,  Thus,  the  beam  responses  tn 
Fig.  4  are  hi  the  mlcrolncli  range,  and  ihe  the¬ 
ory  contained  herein  seems  accurate  at  those 
very  smnll  amplitudes  of  response. 

Barry  Controls  hns  used  the  principles  ex¬ 
pressed  In  gqs.  (1)  and  (5)  to  design  many  vi¬ 
bration  leolatod  precision  test  piers.  VVhon 
those  piers  are  tested  to  verify  beam  reso¬ 
nances,  the  tost  rosults  demonstrate  Hint  the 
calculated  natural  bonding  frequencies  are 
wlthtn  10  percent  of  actual  measured  responses 
Also,  the  users  of  these  tost  piers  ore  able  to 
make  measurements  Dint  are  advancing  tho 
state-of-lhe-nrt  of  the  metrological  sciences. 

Therefore,  the  design  goals  outlined  in  this 
paper  achiovo,  and  often  exceed,  the  objectives 
that  Imposed  their  Inventlon- 
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The  structural  dynamic  analysis  approach  ioi  thr  MARINER  MARS  I  *}(»*! 

•  pacer- raR  l*  presented  in  «hi*  P^per  In  hi*  Analysis  technique  used.  hn»*<i 
on  the  component  mode  synthesis  method,  the  modal  characteristic e  of  the 
composite  structure  arc  eynOW**l*e«i  f roiVi  ilioto  of  the  component  modes. 

The  equation*  of  iiiclioiT  of  the  composite,  lormu'.ato  J  in  terms  of  generalised 
!  (imfdinAtf*  is  Inch  .^r**  a  truncatc<l  set  of  the  synthesised  modes,  are  solved  to 
I  give  the  dynamic  rrtj>onse  ol  the  structure  to  «muiOi(iil  base  accelerations 
j  Ude^ralecl  with  a  correlative  lest  program,  which  included  static,  modal.  And 
j  forced  vibration  tests,  this  analysis  provided  a  sound  basi*  for  confidence  in 
|  the  integrity  of  the  structure.  Correlation  bet'Vron  tost  results  and  analytic 
i  predictions  is  dt*(ii»i>ed  and  some  results  are  given  In  general,  reasonably 
j  good  agreement  "is  obtained,  indicating  the  basic  soundness  of  tae  analysis 
(  approach 


INTRODUCTION 

Tito  primary  objeetlvoB  ol  a  spacecraft 

Mii  utiui.il  tiriiTiyoU  prwfTSm  u*€  (0  SUPiX/Tf  dt: 

sign  decision^,  provide*  protest  cofiitcicnro,  and 
form  the  taints  for  roBjKiiidlng  10  later  problems 
and  ehi»ng«?6  A  planetary  apace  craft  program 
imposes  speciai  require mouU  ore a uric  of 
schedule  inflexibility  and  the  late  availability  of 
representative  toe*  hardware  The  etructreql 
analysis  approarh  of  the  MaHINEK  spaecctaii 
programs  »b  best  illustrated  by  that  of  the 
MARINER  MARS  1900  program  (MM'Oit)  that 
has  also  utilized  some  iccenuv  developed 
techniques 

The  MAlUNiwR  MARS  lOGij  (MG  9) 
crafi  required  maximum  usage  of  MARINER  IV 
technology  and  design  ilnwrvfr.  the  mission 
required  extensive  Th«*  insirunv-nls 


un  the  planetary  science  platform  increased  In 
weight  front  35  to  about  170  lb,  while  the  total 
spacccraJi  weight  increased  from  570  to  about 
&0(t  |tj  The  U~h  of  the  Allan  Centaur  Inmirlt 
vehicle  in  place  of  the  Allas/ Agenn  led  lo  a  re¬ 
lief  mil  Ion  of  Uio  level  and  location  of  ntendv  and 
vibration  loads  The  epaeomat  configuration, 
with  greaily  increased  adapter  length,  was  far 
more  susceptible  to  "bonin'  motion  Ilian  wits 
MAftINFIl  IV  Additionally.  ihe  four  solar 
panels  were  limited  together  at  ilieir  Ups  r  a  titer 
than  bepnralr-ly  supported 

These  Tutors  required  that  the  spacecraft 
be  considered  a?;  a  new  design  irom  the  struc¬ 
tural  afuiiyaia  standpoint.  The  recent  develop¬ 
ment  of  tin  Structural  Analysis  Matrix  Inter¬ 
pretive  System  (SAMIS)  (1,2),  and  the  modal 
combination  ptojtrani  } 3  j  provided  power*  ul 
tools  lor  more  effective  implementation  of  the 


♦  Tils  paper  pres  cut  5  the  rc-nills  oi  »»ue  pltase  oi  research  t.ui.cU  >_<al  -H  it»e  Jet  Propulsion  Labora¬ 
tory,  C  a  1  liurm  ;i  ln*tltmr  of  Ice  hnoiogy *  ‘ftftir  l  Cvith-u'!  N>,,.  NAS  ?  i:!J.  fcj:tmaf;hnj  by  Ihe  National 
.A  r  t  onaut  it  *:  anti  S|»:»ce  •»!  rat  ion . 
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basic  MARINER  analysis  approach  In  (ho  fol- 
lowing  a  action*  do  script  ions  are  given  ol  this 
approach  and  the  analytical  techniques  used  in 
Itis  implementation  The  purpose  here  is  not  to 
report  on  the  techniques  themselves,  but  rather 
ou  their  usage  in  a  Spacecraft  airucturnt  anal¬ 
ysts  program.  Analyses  ol  the  MOO  spacecraft 
aro  net  yet  fully  complete,  but  preliminary  re- 
suite  have  been  obtained  together  wiili  some 
teat  forrelnllou 


MARINER  8TnuCTt,MIAb 
ANALYSIS  APPROACH 

The  MM' 80  structural  design  criteria  (4  j, 
has  two  basic  requirements.  structural  ole- 
monte  mual  1h>  caiHvhle  ol  withstanding  design 
limit  loads  wlthiul  yielding  end  without  cuuB-ng 
datiActlona  tn  excess  ol  spec  Hied  limits.  They 
must  also  be  capable  ul  withstanding  design 
ultimate  lentde.  defined  os  38  percent  greater 
Utah  design  limit  loads,  without  failure  and 
without  causing  deflections  that  moult  la  unto- 
motional  contact.  Design  limit  loads  are  the 
mast  mum  expected  flight  loads  and  environ¬ 
ments  defined  In  project  environmental 
specifications. 

Design  limit  loads  are  considered  for  vari¬ 
ous  conditions  and  configurations,  but  this  dis¬ 
cussion  will  be  limited  to  the  specif  teal  tons  that 
represent  the  loads  end  vibration  environments 
resulting  from  launch  and  exit  These  Include 
the  steady  accelerations  owing  to  thrust  and 
angle  of  attack  and  the  vibrations  caused  by  the 
dynamic  response  of  the  spate  vehicle  to  the 
trnnaUmt  excitations  of  liftoff,  atmoapherlc 
dtAturbarLv&u.  singing,  and  other  events-  l.r.cK 
Of  definitive  Information  regarding  those  iron-- 
slant  responses  above  the  frequency  range  of 
primary  launch  vehicle  modes  lias  resulted  tn 
the  traditional  rcpreeont&lion  ol  those  re¬ 
sponses.  by  enveloped,  sinusoidal,  Input  exci¬ 
tations  tn  project  test  requirements 

Thorp  is  considerable  discussion  in  (he 
structural  dynamics  field  regarding  the  ration- 
nitty  of  this  traditional  approach,  but  this  la  not 
the  subject  of  this  paper  It  can  be  noted,  how- 
over,  that  alternative  approaches  typically  rely 
on  loads  analyses  ol  tiro  composite  space  vehicle 
requiring  the  same  types  of  spacecraft  nuruc- 
tural  dynamic  ana  lyses  as  these  described 
heroh1..  MARINER  specifications  use  tin-  most 
severe  combinations  ol  specified  smut  and  vi¬ 
bration  load  envelopes  as  design  limit  load 
conditions.  Additionally,  it  has  been  required 
that  qualification  vibration  test  levels.  50  per¬ 
cent  greater  than  >  .'Sign  levels,  be  ,  _:»8lder-.-d 
ns  design  limit  to  (conditions,  without  combining 


other  londe  Those  vibration  tost  condtiionn 
become  (he  critical  design  conditions  for  most 
lightly  damped  structural  elements 

Structural  dc-tlgri  lor  such  vibration  loading 
conditions  poBcs  a  dilemma  fur  the  structural 
designer  and  analyst  The  load  distribution  de¬ 
pends  not  only  oil  the  load  input  arid  the  struc¬ 
tural  at  illness,  hut  on  the  dynamic  response 
chnructprlsltcs  of  the  supporting  and  the  sup¬ 
ported  structure  as  well.  In  addition,  the  load 
distribution  differs  for  each  mode  Therefore, 
an  Iterative  approach  lu  structural  design  and 
analysts  is  required,  as  Die  design  Itself  affects 
not  only  the  loud  paths,  but  the  response  char¬ 
acteristics,  and  hence  tliv  inertial  loading,  as 
woli. 

Initial  subsystem  designs  lot  dynamic 
loading  conditions  are,  of  necessity,  based  on 
estimated  equivalent  static  loads.  Dynamic, 
modal  analyses  of  the  subsystems  show  die  lun- 
■iamentai  mode  shapes  and  frequencies  for 
qualitative  consideration  of  potential  coupling 
interactions  Thom*  analyses  are  repeated  as 
the  design  evolves.  When  the  design  is  rela¬ 
tively  stable,  a  composite  spacecrait  analysis 
indicates  modal  coupling  directly.  Forced- 
response  analyses,  using  assumed  damping 
characteristics  check  the  preliminary  assumed 
equivalent  static  loads,  The  number  of  Itera¬ 
tions  of  thU  cycle  depends  on  design  changes, 
analytical  difficulties,  schedule,  and  economic 
tradeoffs 

Early,  simple  teals  may  be  conducted  to 
chock  doubtful  analytical  assumptions,  but  rep¬ 
resentative  airucturnt  models  are  unavailable 

V.iUll  ifit*  ift  th1'  ';?''«£;*«*>  <i»Vmn  l?»#>  di»niun  ift 

frozen.  Then,  static  and  modal  survey  team  oi 
u  Developmental  Test  Model  (UTM)  and  us  sub- 
ayoioinn  provide  correlation  oi  analytical  re¬ 
sults  by  chocking  stiffness  and  inertial  charac¬ 
teristics.  Modal  surveys  utilize  multiple 
exciters  to  Investigate  the  characteristics  of 
particular  modes.  Tlir  location,  excitation 
level  and  phasing  '.0  or  180  degrees)  of  the  in¬ 
dividual  exciters  can  be  adjusted  to  moat 
"cleanly"  excite  a  desired  mode.  L.issnjoua 
plot*,  waveform,  and  orthogonality  checks  indi  • 
cate  lest  accuracy.  Static  and  modal  survey 
test  results  provide  bases  foi  rat  tonal  analyti¬ 
cal  mod  if  lent  Urns,  but  random  changes  are  not 
made  solely  tc  improve  correlnthm  because 
I'uch  changes  give  mtaleadini!  results  and  are 
generally  futile,  indications  of  modal  damping 
are  obtained  from  logartthniic  decrements,  re 
oponoe  levels,  airJ  bandwidth.  However,  experi¬ 
ence  has  shown  that  structural  damping  is 
amplitude  dependent  and  that  the  low-level 
excitations  oi  modal  surveys  give  unrealistic, illy 


MO 


low  (lumping  indications  Forced  vltirnt ion  lest - 
lug  ban  the  multiple  purposes  of  analytical  cor¬ 
relation  prequaltficailon,  ajiil  development  of 
qua  111  leal  Ion  leal  procedures  The  DTM  lute  the 
basic  structural  characteristics  of  a  flight 
spacecraft.  but  Inertial  nine  hups  represent 
many  roinpuiicmis  Response  chararli-rlaUi s  ol 
the  flight  spacecraft  are  emulated  only  lor  fre¬ 
quencies  below  200  II*  Therefore,  Hit?  pro- 
qualification  Junction  ol  the  UTM  la  limited, 
particularly  in  the  higher,  ’’nonet  *'uetural”  ire- 
queue y  range 

This  analysts  approach.  Integrated  with  a 
correlative  test  program,  provides  earlier  and 
sounder  bases  lor  structural  confidence  than 
does  a  demonstration  test  lug  approach  |l 
problems  occur  during  test  tug.  correlated  ana¬ 
lytical  results  Can  be  used  to  evaluate  failures 
and  changes  with  a  confidence  not  possible  with 
intuition  and  testing  alone  Analyses  also  pro* 
vide  the  bases  for  pretest  evaluation  ol  proposed 
neeign  modification*  and  lor  |wira  metric  inves¬ 
tigations  impossible  to  implement  In  a  test 
program. 


BACKGROUND  OF  APPROACH 
AND  TECHNIQUES 

The  basic  structural  analysis  approach  just 
described  has  been  used,  to  some  extent,  in  all 
MARINER  sparecrtul  programs  lit  earlier 
stages,  the  basic  analytical  tool  was  the  5JUK- 
Elg  |5|  computer  program  mat  uses  the  stiffness 
matrix  approach  to  solve  static  and  normal  mode 
problems  with  a  maximum  of  130  degree*  ol 
freedom,  earh  point  requiring  3  or  0  degrees  ol 
freedom.  A  major  limitation  of  Hits  program  ts 
die  requirement  that  the  enti*  e  structural  model 
take  the  form  jt  .I  t<  u»*  uri<i  or  leMS'W- 
frame.  A  coarse,  trims  representation  was  nec¬ 
essary  tor  the  composite  spaccri'nlt  model, 
which  was  also  Untiled  to  130  degrees  ol  free¬ 
dom.  Some  in,  rente  in  capability  was  achieved 
by  liillir.tiiK  spacecraft  symmetry,  but  the  size 
and  type  ItmUat'.ons  were  still  severe 

The  modal  combination  iorlmitjue  was  under 
development  during  the  MARINER  IV  program, 
and  there  were  teirtativn  plans  (or  using 't  to 
combine  subassemblies  tn  a  composite  space¬ 
craft.  analysts  Tilts  would  have  allowed  the 
various  subsystem  models  to  tie  ol  different 
Stitt  -  Eig  structural  types  ..n;l  would  have  alle- 
v tilted  the  severe  size  constrain!  The  program 
also  provides  response  information,  including 
the  effects  ol  coupling  through  linear  damping, 
by  solution  of  the  complex  eigenvalue  problem 
The  modal  combination  technique  was  not  avail¬ 
able  for  lull  utilization  on  MARINER  IV,  How¬ 
ever.  portions  d  the  program  were  used  to 


obtain  the  forced  response  of  solar  panels  sup¬ 
ported  on  viscous  spring  dampers 

The  modal  combination  program  and  por¬ 
tions  ol  the  newly  developed  SAMIS  were  avail¬ 
able  |,ji  u»e  on  the  MARINER  V  program  How¬ 
ever,  because  most  design  changes  involved 
reduced  weight,  and  because  the  project  was 
under  severe  budget,  manpower,  and  schedule 
constraints,  a  composite  spacecraft  structural 
analysis  was  not  undertaken  and  i  nly  selected 
analyses  utilized  the  Increased  capability 
Geometric  constraints  required  the  redesign  ol 
high  gain  antenna  and  it*  support  structure  and 
SAMIS  allowed  flic  antenna  dish  to  be  modeled 
as  a  *1  -It  structure  using  the  finite  element  ap¬ 
proach  A  related  constraint  required  a  modi¬ 
fied  support,  system  for  the  solar  panels,  and  a 
tlp-lalchi  -1,  panel-to-panel  support  system  was 
used  The  modal  combination  technique  was 
used  to  obtain  modal  and  response  analyses  of 
the  four  panels,  eight  spring -dampers,  com¬ 
posite  system 

The  MttO  structural  analysts  program  has 
made  full  use  ol  SAMIS  and  the  modal  combina¬ 
tion  program  for  subsystem  and  composite 
spacecraft  analyses  because  ot  the  develop¬ 
mental  nature  of  the  techniques,  an  early  test 
model  of  a  partial  oacecri it  was  constructed 
from  leftover  MARINER  IV  hardware  and  crude 
mockups  Some  analytical  discrepancies  were 
noted,  but  sufficient  confidence  tn  the  approach 
was  obtained  to  proceed  with  more  complex  ana¬ 
lytical  models  Delays  resulted  from  computer 
programing  development  problems,  but  a  pre¬ 
liminary  analytical  modal  and  response  analysis 
of  the  composite’  spacecraft  was  obtained  prior 
to  assembly  of  the  DTM  I  tsonnbly  good  cor¬ 
relation  with  the  DTM  lest  icsupg  has  been 
achieved,  and  significant  aiscrefmnc tec  have 
been  reconciled  Details  uf  the  analyses  and 
correlation  are  discussed  in  the  following  sec¬ 
tions  An  improved  analysts,  now  tn  process, 
incorporates  analytical  improvements  based  on 
DTM  test  results,  and  includes  recent  space¬ 
craft  design  changes,  Modification  ot  the  ana¬ 
lytic-’  techniques  lias  also  rcsulteo  to  simpler, 
mot  e  efficient  procedures 


ANALYSIS  TECHNIQUE 

A  concept  fui  analyzing  the  dynamic  re¬ 
sponse  a!  a  complex  structural  system  is  de¬ 
scribed  by  Hurt y  jt>j.  A  digital  computer  pro¬ 
gram  |3  j.  developed  by  UamfOld  ill  the  Jet 
Propulsion  Laboratory  and  based  gene  /  on 
Hurly  s  component  mode  synthesis  me-  at,  was 
used  in  the  analysis  of  the  M69  spacer,  In 
this  technique,  called  modal  combination.  '  tile 
structure  is  divided  into  components,  and  a 


representative  structural  model  of  each  Is  con¬ 
structed  using  the  finite  element  technique. 

Maos  and  Inertia  properties  are  lumped  ut 
structural  grldpolnlB  (element  Joints).  SAMIS 
Is  used  to  assemble  the  component  stillness 
matrix  and  compute  the  normal  modes  of  vi¬ 
bration  and  frequencies.  The  modal  combina¬ 
tion  program  formulates  the  Lagrange  equa¬ 
tions  oi  motion  (or  tire  component  In  terms  of 
generalized  coordinates.  These  coordinates 
consist  of  selected  displacement  vectors  in¬ 
cluding  rigid  body  modes,  a  truncated  sot  of 
normal  modes,  and  modes  caused  by  unit  con¬ 
straint  displacements  or  concentrated  loads  at 
attachment  Interfaces.  The  requirement  (or 
compatibility  ol  displacement  at  connections 
between  components  gives  rise  to  a  set  of 
equations  of  constraint.  Combination  of  the 
component  equations  oi  motion  and  constraint 
lends  to  a  set  of  composite  system  equations  of 
motion  In  terms  of  system  generalized  coordi¬ 
nates.-  -The  program  formulates  and  solves 
these  equations  for  system  response  to  sinus¬ 
oidal  force  inputs  either  In  the  forta  of  base 
accelerations,  analogous  to  the  vibration  test 
condition,  or  In  the  term  of  force  Inputs  at  un¬ 
constrained  points  on  the  assembly. 

At  crlticnl  response  frequencies,  the  com¬ 
ponent  generalized  coordinate  accelerations  are 
computed.  Returning  to  SAMIS,  the  inertial 
forces  caused  by  these  accelerations,  together 
with  concentrated  forces  at  the  attachment 
points  of  other  components,  are  applied  through 
the  component  stiffncbS  matrix  to  obtain  joint 
displacements.  SAMIS  is  then  used  to  calculate 
the  Internal  toad  distribution  In  the  finite  ele¬ 
ment  model.  The  final  step  In  the  analysis  is 
the  examination  of  the  dynamic  stress  distribu¬ 
tion  In  the  component,  a  ste;>  which  thus  far  has 
not  been  automated. 


Structural  Analysis  and  Matrix 
Interpretive  System  (SAMIS) 

SAMIS  is  a  system  of  digital  computer  pro¬ 
grams,  primarily  oriented  toward  the  solution 
of  problems  In  structural  analysis  by  the  stiff¬ 
ness  method.  11  does  however,  possess  a  gen¬ 
eral  capability  in  manipulating  matrices  and 
solving  problems  In  linear  algebra. 

The  stillness  method  of  analysis  is  widely 
used  and  extensively  documented.  (For  exam¬ 
ple,  see  Ref.  !?].)  Its  central  concept  Is  the 
division  of  the  structure  Into  finite  elements  by 
a  series  of  cuts.  Intersections  of  cutting  lines 
are  called  grtdpoints  or  nodes.  For  each  ele¬ 
ment  considered  individually,  the  loads  and  de¬ 
flections  at  its  nodal  points  are  related  through 


an  elemental  stiffness  matrix.  From  these 
matrices  the  assembly  oi  the  structural  stiff¬ 
ness  matrix,  (k) ,  which  relates  loads  and  dis  ¬ 
placements  at  all  nodes  cn  the  structure,  is  a 
relatively  stralghtioi-ward  procedure. 

In  the  present  Bystem,  structure  types  are 
limited  to  those  that  can  be  represented  as 
assemblages  of  flat  triangular  facets.  Joined 
along  their  edges,  and  line  elements,  Joined  to 
the  rest  of  the  structure  at  their  ends.  All  ele¬ 
ments  nre  capable  of  resisting  stretching, 
shearing,  bending,  and  twisting  stresses.  It  is 
assumed  that  deflections  are  small  and  mate¬ 
rials  are  monotropic  with  linear  stress-strain 
relationships . 

From  geometric  and  material  propertic-6, 
system  routines  generate  the  elemental  stiff¬ 
ness  matrices  and  assemble  tY  .  For  dynamics 
problems,  involving  the  derivation  of  normal 
modes,  masses  are  lumped  at  grtdpoints,  each 
of  which  may  nave  as  many  as  6  degrees  of  free¬ 
dom.  Limitations  on  the  eigenvalue  routine  re¬ 
quire  that  the  total  number  of  lumped  mass 
degrees  of  freedom  In  the  structure  not  exceed 
130.  The  requirement  Is  mitigated  by  the  ability 
to  assign  mass  only  to  those  degrees  of  free¬ 
dom  considered  significant,  a  considerable  re¬ 
duction  from  the  total  number  of  possible 
lumped-maes  displacements. 

The  equation  of  dynamic  equilibrium  for 
the  structure  vibrating  in  lls  ith  undamped  nor¬ 
mal  mode  is  written 

-  <-1J(m)  iu)  '  :k]  (u>  -  0  (1) 

where  la  the  modal  frequency  In  ’■nd/'sor 
and  iro!  is  the  mass  matrix.  Multiplying  across 
by  Ik)'1  and  dividing  by  -  ■  ’ ,  Eq.  (1)  becomes 

Ik]  ~ 1  (ml  tu)  -  — -  |  l^jui)  i  0 


where  fij  is  a  unit  matrix.  Decause  the  mass 
matrix,  M ,  is  positive  definite  there  exists  a 
lower  triangular  matrix  ;L!  such  that 

fLl iLt]  ^  lm! 

where  superscript  T  denotes  the  transpose  of 

the  matrix. 

Multiplying  across  Eq.  (2)  by  1L!  and  let¬ 
ting  ;LTiiu'  =  < v  leads  to 


.Li  k ;  ‘  ’  IlHv- 


I,*1  O'  (3) 
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Writing  (1)1  -  il.Ti  [k  1 _  1  (l!  and  l  -(J,  Eq. 
(3)  lakes  the  (or in  of  the  classical  eigenvalue 
problem 


ID!,  referred  to  as  the  dy  lamlc  matrix,  is 
positive  definite,  that  is,  all  Its  roots  are  real. 
Equation  (4)  le  solved  for  y,  and  Ihe  natural 
frequencies  of  the  structure  are  given  by 


l 


The  associated  eigenvectors,  uy.  lead  to  the 
normal  mode  vectors 


Solution  of  the  above  problem  Is  typical  of 
the  capabilities  of  SAMIS.  Routines  are  avail¬ 
able  to  perform  all  the  matrix  operations  re¬ 
quired  by  the  foregoing  equations,  which  include 
inversion,  decomposition,  and  eigenvalue  solu- 
tlr  -  The  user  "programs"  the  problem 
through  "pneudo  Instructions"  [1,2),  that  call 
the  appropriate  system  routines  and  control 
storage  and  manipulation  of  data  In  the 
computer. 


Component  Modes 

The  modal  combination  program  uses 
rigid  body,  constraint,  attachment,  and  normal 
inodes  in  formulating  the  component  equations 
of  motion.  Rigid  body  modes  arise  from  unit 
displacement  (translation  or  rotation)  of  the 
unconstrained  structure,  without  deformation. 
With  respect  to  the  component  coordinate  sys¬ 
tem.  If  the  structure  Is  stable  as  a  free  body, 
there  are  six  such  modes  that  are  computed 
from  component  geometry.  The  remaining 
modal  types  are  generated  by  SAMIS  and  con¬ 
stitute  part  of  the  punched  card  Input  data  to 
the  modal  combination  program. 

For  modal  analysis,  the  component  may  be 
constrained  in  a  statically  indelermlnant  manner, 
lri  which  case  constraint  modes  are  used.  These 
arise  from  unit  displacement  of  each  redundant 
constraint  in  turn,  with  nil  other  constraints 
fixed.  The  rigid  body  modes  together  with  the 
constraint  modes  are  equal  In  number  to  the 
number  of  constraints.  For  small  displace¬ 
ments,  linear  combinations  of  these  modes 
permit  any  arbitrary  combination  of  constraint 
displacements  . 


Attachment  modes  result  from  concentrated 
loads.  They  are  used  when  another  component 
Is  attached  at  an  unrestrained  point,  and  It  Is 
felt  that  the  loads  Imposed  will  significantly 
affect  mode  shapes  or  stresses.  Although  there 
Is  a  baste  similarity  between  constraint  and 
attachment  modes,  use  of  the  hitter  obviates 
the  need  for  unnecessary  constraints  in  the 
component  analysis.  From  a  practical  stand* 
point,  this  is  especially  important  if  the  normal 
modes  from  analysis  are  to  be  compared  to  test 
results,  In  which  case,  extensive  ftxturlng  of 
the  test  specimen  16  avoided. 

The  number  of  normal  modes  iB  equal  to 
the  number  of  unrestrained  mass  degrees  of 
freedom  in  the  component.  Because  these  may 
number  up  to  130,  It  16  necessary  to  select  a 
truncated  set  of  modes  to  keep  the  problem 
size  within  reasonable  bounds.  Typically,  a 
frequency  cutoff  is  used  to  limit  the  number  of 
selected  modcB.  This  upper  frequency  l'*r.it  Is 
primarily  determined  by  the  desired  frequency 
range  of  applicability  of  the  forced-response 
solution  for  the  composite  structure. 

Composite  System  Analysts 

The  equation  of  motion  (or  dynamic  equi¬ 
librium)  for  the  ith  component  in  terms  of  its 
lumped  maBB  degrees  of  freedom  may  be  writ¬ 
ten  in  matrix  form  as 

•  kl  (7) 

where  ici ,  Is  a  matrix  of  undefined  damping 
coefficients  and  ‘f1,  is  a  column  matrix  of 
time-dependent  forces  In  the  lumped  mas6  de¬ 
grees  of  freedom.  One  3et  of  equations  hi  Eq. 
(?)  may  be  written  for  each  eumpor.cr.;,  each 
set  containing  up  to  130  equations.  Because 
the  solution  of  equations  in  thiB  form  presents 
unmanageable  computational  difficulties,  a 
series  of  coordinate  transformations  Is  used, 
with  the  object  of  uncoupling  and  reducing  the 
number  of  coordinates. 

The  component  equations  are  first  trans¬ 
formed  to  generalized  coordinates,  namely  the 
previously  described  rigid  body,  constraint, 
attachment,  and  normal  modes.  We  require 
that  the  displacement  vector  •u-,4.  be  a  linear 
combination  of  the  modes  retained.  If  .  / ; ;  Is 
the  matrix  of  modal  vectors,  this  coordinate 
transformation  is  of  the  form 

!<>\i  •  ,•*!*,  (8) 

Applying  this  to  Eq.  (7)  and  premultiplying 
across  by  I  :T  l .  the  com(X>nent  equations  of 
motion  become 
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fMl  ,<6> !  !  IC< , I  •  [Klifql,  =  !F>.  .  (9) 

where  IM),,  !Ci  i(  and  ;k!  ,  arc  the  generalised 
mass,  generalized  damping,  and  generalized 
BUlJnesa  matrices,  respectively,  and  <F> 4  la 
the  vector  of  generalized  forces  in  the  modes. 
In  formulating  Eq.  (91,  the  modal  combination 
program  takes  advantage  of  some  well-known 
properties  of  normal  modes.  The  submatrtces 
associated  with  mase  and  stiffness  coupling 
between  normal  movies  are  diagonal  In  form. 
Other  Bubnuilrices  associated  with  stiffness 
coupling  between  rigid  body  and  elastic  modes, 
between  constraint  and  attachment  inodes,  and 
between  constraint  and  normal  modes,  are 
null  {3,8j. 

The  generalized  damping  matrix  iCl  is 
assumed  to  be  the  diagonal,  [Cl ;  =  ['Cv], . 
Modal  damping  coefficients  constitute  part  of 
the  program  tnpvt  and  may  be  obtained  either 
directly  from  modal  tests  or  based  on  past 
experience  with  similar  structures.  A  basic, 
and  as  yct  -unrcsolveilr  difficulty  exists  in 
estimating  damping  In  the  constraint  and  at¬ 
tachment  modes.  An  attempt  was  made  In  the 
M69  analysis  to  account  for  this  and  Is  dis¬ 
cussed  in  a  later  section  of  the  paper. 


repeated  (or  each  component  added  and  a  linear 
transformation,  !.'! ,  le  constructed  which  trans¬ 
forms  the  uncoupled  component  generalized 
coordinates  into  a  set  of  Independent  composite 
system  coordinates, 

<•1*  i'-p>  (11) 

Provision  is  made  In  the  program  for  the  ana¬ 
lyst  to  specify  which  modes  are  to  be  retained 
aB  Independent.  However,  care  must  be  taken 
to  Insure  that  those  chosen  are  In  fact  Inde¬ 
pendent,  because  a  dependency  or  "near"  de¬ 
pendency  can  lead  to  numerical  difficulties  In 
subsequent  eigenvalue  calculations.  Also,  the 
8 lx  rigid  body  modes  of  the  first  component, 
referred  to  as  the  base  system,  must  be  re¬ 
tained  as  Independent,  while  all  oilier  rigid  body 
modes  in  the  composite  must  be  designated  as 
dependent.  The  sinusoidal  force  Inputs  to  the 
composite  structure  lake  the  form  of  rigid  body 
accelerations  of  the  base  system. 

By  substituting  for  (q)  from  Eq.  (11)  and 
premultiplying  across  Eq.  (10)  by  l/5T) ,  the  equa¬ 
tions  of  motion  for  the  structural  assembly  In 
terms  of  the  independent  generalized  coordi¬ 
nates  of  the  components  take  the  form 


i 

i 


t 


.* 

f 
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For  a  composite  structural  system,  con¬ 
sisting  of  j  components,  the  equations  of 
motion  for  the  unconnected  components  are 
written  as  a  single  group  of  uncoupled  sets  of 
equations  in  terms  of  generalized  coordinates, 
( q  > ,  ol  the  form 


I  n)  -  < 


tq) 

(qjj 


tq)  , 
v.  1  J 

and  the  equations  of  motion  become 


[MHgl  .  ICt  |q!  .  [Ktlql  -  <F>  .  (10) 

As  the  components  are  assembled,  the  re¬ 
quirement  for  compatibility  of  displacements  at 
points  of  attachment  gives  rise  to  equations  of 
constraint,  one  for  each  degree  of  freedom  of 
attachment.  For  example,  tf  the  equations  of 
constraint  of  any  two  components  are  formu¬ 
lated  In  terms  of  m  and  n  generalized  coordi¬ 
nates  respectively,  and  one  component  Is  at¬ 
tached  to  the  other  in  k  degrees  of  freedom, 
then  k  equations  of  constraint  exist  between  the 
n  i  m  coordinates.  Any  k  coordinates,  desig¬ 
nated  as  dependent,  can  bo  solvod  for  in  terms 
of  the  remaining  m  ♦  n  -  k  .  The  procedure  Ir. 


(Ml ip)  4  !C! (p>  ♦  lK)tp>  t  <F>  (12) 

where  IMi,  lei  ,  and  Ik)  are  the  generalized 
mass,  damping,  and  stiffness  matrices,  re¬ 
spectively,  and  tF)  1b  the  vector  of  general¬ 
ized  forces  in  the  Independent  modes.  Because 
the  rigid  body  accelerations  of  the  base  system 
are  speckled,  these  may  be  eliminated  as  un¬ 
knowns  and  the  number  of  Eqs.  (12)  Is  reduced 
by  six.  At  present,  program  storage  limitations 
require  that  the  total  number  of  Independent 
component  generalized  coordinates  snail  not 
exceed  100, 

Formulation  of  the  damped  composite  sys¬ 
tem  equations  of  motion  In  terms  of  fully  un¬ 
coupled  coordinates  requires  the  solution  of  the 
damped  eigenvalue  problem.  However,  because 
the  damped  eigenvalue  computer  routine  used 
Is  restricted  to  coefficient  matrices  of  order 
50  x50  or  less,  the  number  of  coordinates  in 
the  equation  of  motion  must  be  reduced  to  50  or 
less 


This  Is  accomplished  by  first  solving  the 
undamped  eigenvalue  problem, 

l«5  (pi  ‘  (it!  ip)  -  tot  •  (13) 

Transformation  of  Eq.  (13)  hito  the  form  of  the 
classical  eigenvalue  problem  follows  the  algo¬ 
rithm  previously  outlined  The  resulting  modes 
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are  the  undamped  normal  modes  of  the  compos¬ 
ite  structure,  which  nre  normalized  so  thnt  the 
generalized  mass  In  each  Is  unity.  A  selected 
number  (s  50)  of  the  lower  frequency  modal 
vectors.  In  matrix  form,  nre  used  to 

transform  the  coordinates  In  a  manner  similar 
to  the  use  of  i  /; ,  of  Eq.  (8).  The  transforma¬ 
tion 

'pi  i'1',,1 (M) 
Is  applied  to  Eq.  (12)  which  take  the  form 


|\  II* 

‘  4  C  l 

V 

,  I  -llrl  < 

l  Ml  1 

II 

1  "Mi  "[ 

where  the  diagonal  form  of  Uie  coefficient 
matrices  of  if1./  and  iPuj  follows  from  the 
properties  of  normal  modes,  h  -a  I  Is  the 
diagonal  matrix  of  undamped  modal  frequencies 
of  the  composite  structure  in  radians  per  second. 

The  damped  eigenvalue  problem 

f  \]K)  •  MN  *  [\\JK)  *  *o»  U6) 

is  solved  for  the  complex  eigenvectors,  ;vDl . 
Writing 

•P,'  lVDi  iP„> 


NM  =  M  <19> 

where 

M  ["  N  lxNj 

Is  a  complex  diagonal  matrix. 

The  generalized  forces  in  the  damped 
inodes  are  given  by 

M r  ■  h?IMWW  (20) 

where  >i>R‘  are  the  specified  input  accelera¬ 
tions  of  the  base  system  and  !mfr]  is  the  mass 
coupling  submatrlx  between  the  rigid  body 
inoces  of  the  base  system  and  the  Independent 
elastic  component  modes. 

Equation  (19)  Is  solved  for  iP„>  at  discrete 
frequencies  In  the  range  over  which  the  dynamic 
response  of  the  structure  is  to  be  investigated. 
Frequencies  are  Increased  In  equal  Increments, 
specified  In  the  program  Input  data,  from  the 
minimum  to  the  maximum  value.  The  uncoupled 
composite  system  coordinates,  (PD>,  are  related 
to  the  component  lumped  mass  degrees  of  free¬ 
dom  by 


the  complex  equations  for  damped  motion  of  the 
composite  system,  in  uncoupled  form,  are 

MN-MNW-  W  (17) 

where 


h.Jis  a  diagonal  matrix  of  complex  eigenval¬ 
ues  associated  with  the  eigenvectors,  ■  vDi . 
Derivation  of  this  final  transformation  to  un¬ 
couple  Uie  coordinates  Is  described  in  Ref.  [8]. 

With  the  equations  of  tnoilon  In  uncoupled 
form,  solution  for  the  response  of  the  compos¬ 
ite  structure  to  steady  state  sinusoidal  accel¬ 
erations  of  the  base  system  Is  a  straightforward 
procedure.  For  steady  state  sinusoidal  response 
at  frequency  • , 

•ry  • .  <iy  (is) 

Substituting  tor  PD'  from  Eq.  (10)  Into  Eq.  (17), 


<u‘  iTHPp!  (21) 

where 

! T)  -  [■}]  (.?!  r*,}  iVDJ  . 

Dy  applying  the  appropriate  inverse  trans¬ 
formation,  the  frequency  responses  of  selected 
lumped  mass  degrees  of  freedom  are  obtained. 
The  program  generates  data  required  for  auto¬ 
matic  plotting  of  these  responses.  A  typical 
frequency  response  plot  Is  shown  la  Fig.  1.  At 
peak  resonant  irequencles,  the  participation 
factors  (complex)  for  the  component  normal 
modes  are  computed.  At  those  frequencies 
Judged  critical  for  a  particular  component  from 
the  loads  standpoint,  attachment  forces  are 
calculated. 


Returning  to  the  SAMIS  program,  she  iner¬ 
tia  forces  in  the  modes  at  critic,,!  response 
frequencies,  together  with  concentrated  attach¬ 
ment  forces,  are  applied  through  the  component 
stiffness  matrix  to  obtain  Joint  displacements. 
The  corresponding  internal  load  distribution  In 
the  finite  element  model  of  the  component  Is 
then  computed. 


support  lor  the  other  subsystems  (Fig.  2).  It 
consists  ol  two  octagonal  rtn  »  approximately 
66  in.  in  diameter  joined  at  t»e  eight  cornors  by 
longerons  each  uboul  10  In.  long.  Chassis, 
which  house  electronic  component  modules, 
occupy  seven  bays  ol  the  octagonal  framework 
and,  acting  as  shear  plates,  form  an  Integral 
part  of  the  load  carrying  structure.  The  eighth 
bay  contains  the  propulsion  subsystem. 

A  truss-type  structure  inside  the  bus  sup¬ 
ports  the  planetary  scan  platform,  which  Is 
latched  to  the  lower  octagon  ring  during  launch. 
Four  solar  panels,  hinged  at  the  upper  octagon 
ring,  are  coupled  together  through  spring/ 
dampers  at  their  tips  during  launch,  forming  a 
box -like  structure  (Fig.  3).  The  parabolic  re¬ 
flector  of  the  high  gain  antenna  Is  mounted  on  a 
truss-typo  superstructure  which  is  also  at¬ 
tached  to  the  upper  ring  ol  the  bus  The  low 
gain  antenna,  a  4-tn.  diameter  mast  about  7  It 
long  Is  mounted  on  one  ol  the  spokoB  Ol  the  up¬ 
per  octagon  ring  and  1b  supported  in  a  vertical 
position  by  two  sprlng/dnmpor  struts  at  a  point 
approximately  24  In.  above  Ihe  9poke.  Other 
ttems  ot  less  structural  Importance  Include  the 
altitude  control  gas  bottles,  various  Instruments 
and  sensors,  and  cabling  support  structures. 
The  total  spacecraft  weight  Is  830  lb,  whtle  ihe 
combined  weight  ol  the  two  adapter  assemblies 
Is  85  lb. 
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Fig.  L.  MAi^IMLR  MARS  spacecraft 
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Fig.  1.  Frequency  response  ol  infrared 
Bpecttomctcr  mounted  on  the  PSP 


M60  ANALYSIS 

The  structure  analyzed  consisted  ol  the 
M68  spacecraft  mounted  on  two  cylindrical 
adapters  that  constitute  the  structural  Inter¬ 
face  between  the  spacecraft  and  launch  vehi¬ 
cle.  The  primary  structure  or  bus  forms  the 
structural  core  of  the  spacecraft,  providing 


Fig.  ).  DTM  forced  vibration  lest  setup 


Component  Analyses 


Finite  element  analyses  were  performed 
Six  Structural  components:  bus/two  adapter 


pulsion  subsystem  (PIlOPS),  solar  panel,  high 
gain  antenna  and  superstructure,  and  low  gain 
antenna  mast. 


The  boundary  conditions  for  the  Isolated 
components  approximated  the  actual  support 
while  minimizing  the  number  of  constraints.  A 
finite  element  model  of  each  of  the  above  struc¬ 
tures  was  built  and  the  component  modes,  re¬ 
quired  for  modal  combination  analysis  of  the 
composite,  were  generated  using  SAMIS.  A 
brief  outline  of  the  solar  panel  analysis  Is  given 
as  a  typical  example  of  a  component  analysis. 


Knch  panel  (Ftg.  4)  has  a  rectangular  plat¬ 
form  with  an  lid  -  In .  span  and  a  35-ln.  chord. 
The  panels  are  of  lightweight  construction  with 
a  structural  weight  of  0.0  lb  per  sq  ft.  The 
main  load  carrying  structure  consists  of  two 
hat-section  spars,  cross-braced  and  joined  by 
intercostals.  Tito  0  005-in.  face  sheet,  which 
supports  solar  cells.  Is  bonded  to  a  corrugated 


harking  nhost  (Fig.  5).  Tins  assembly,  referrod 
lo  as  the  substrate.  Is  bonded  to  the  spars  which 
are  hinged  lo  the  bus  through  fittings  at  their 
inboard  ends. 

A  finite  element  model  of  Uie  panel  con¬ 
sisting  of  an  assemblage  of  boam  (line)  ele¬ 
ments  was  constructed  (Ftg.  6).  The  locations 
and  stiffness  assigned  to  the  elements  were 
chosen  so  as  to  realistically  represent  the 
panel  shear,  bending,  and  torsional  stiffnesses. 
Spar  and  intercostal  elements  were  located  at 
the  neutral  axes  of  these  members.  Typically, 
each  had  stiffness  tn  all  8  degrees  of  freedom, 
while  cross-bracing  elements  were  assigned 
axial  stiffness  only.  The  panel  was  divided  Into 
sections  by  a  senes  of  spanwlse  and  chordwlec 
cuts.  The  effective  shear,  bending,  and  tor  - 
sionnl  stiffness  of  tne  12-tn.  wide  strips  of 
substrate  were  assigned  to  chordwise  elements 
located  at  the  neutral  axis  of  the  substrate. 
Spanwlse  and  nonintereecl!  g  criss-cross  ele¬ 
ments  in  the  plane  of  the  f  .cc  sheet,  with  axial 
stiffness  only,  were  also  uf  :d.  The  stiffnesses 
were  such  as  to  approximate  the  effective  con¬ 
tribution  of  die  face  sheet  to  in -plane  shear  and 
axial  stiffness.  Along  the  spars,  spanwlse 


M7 


Fig.  -1.  Solar  panol  static  tost  setup 


the  number  of  lumped  muss  degrees  of  freedom 
{—  130)  Imposed  by  the  eigenvalue  routine,  a 
different  mass  lumping  pattern  wan  used  in 
each  of  three  mutually  perpendicular  directions. 
A  relatively  refined  distribution  was  used  In  the 
out-of -plane  direction  of  primary  panel  motion, 
while  coarser  distributions  were  used  In  the 
in -plane  directions.  In  the  boost  configuration 
each  solar  panel  ts  hinged  at  the  bus  and  cou¬ 
pled  through  the  tip  latch  spring 'dampers  to 
the  two  adjacent  panels  with  boundary  condi¬ 
tions  somewhere  between  hinged-free  and 
hhiged-pltmed.  Either  assumption  could  have 
beea  used  to  generate  inodes,  because  the 
modal  combination  analysis  can  combine  either 
Kind  of  attachment  If  proper  allowance  is  made 
for  the  sprlng/dampers.  The  hlnged-free  con¬ 
dition  was  chosen  as  ihis  was  closer  to  the 
composite  condition  and  as  the  single  panel 
modal  tost  was  easier  to  Implement  with  this 
type  of  support  Some  results  of  this  analysis 
are  listed  In  Table  1,  and  a  typical  mode  shape 
ts  shown  In  Fig  7 


? 

•i 


Fig.  5.  Croat*  section  of 
SOlftr  ptuinl  aubstrate 


displacement  discontinuities,  between  the  sub¬ 
strate  and  tho  spars,  woro  Introduced  t  i  allow¬ 
ing  for  tho  effective  spring  between  the  sub¬ 
strate  and  the  spars,  thereby  permitting  iii-paine 
motion  of  the  substrate  relative  to  the  spars. 

The  panol  weight  w>as  lumped  at  56  node 
points.  However,  because  of  the  restriction  on 
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Fir.  b.  Finite  element  modf!  of  eolar  pane! 


TABLE  1 

Solar  Panel  Modal  Characteristics 


Mode 

No. 

Predicted 
-■ .  112 

Test  , 

Hz 

Type  of  Modi'  Slmpe 

1 

18 

23 

First  Torsion 

2 

97 _ 

29 

First  Spur  Dvmiiny 

3 

37 

34 

First  In- Plane 
Bending 

•t 

57 

03 

Second  Torsion 

5 

70 

78 

Second  Spar 

Bonding 

0 

08 

w 

Third  Torsion 

System  Analyses 

The  solar  panel  and  low  gain  antenna  anal¬ 
yses  were  complicated  by  the  presence  In  each 
of  non  linear  spring 'dampers,  whose  stiffness 
and  damping  coefficients  are  functions  of  fre¬ 
quency  and  amplitude.  Spring'dar.iper  charac¬ 
teristics  were  based  on  extensive  tests  The 
modal  combination  program,  however,  bi  Its 
present  form.  Is  limited  to  linear  damping  In¬ 
puts  This  problem  was  circumvented  by  the 
use  ol  an  Iterative  technique  wherein  the  damper 


coefficients  corresponding  lo  n  single  penk  re¬ 
sponse  frequency  were  estimated.  A  response 
analysis  was  conducted  over  a  relatively  narrow 
frequency  band  for  each  resonance.  Amplitudes 
were  examined,  ndjustod  coefficients  were  com¬ 
puted,  and  the  response  analysis  wns  then  re¬ 
peated  until  a  satisfactory  match  between  Input 
anri  calculated  coefficients  was  obtained,  This 
procedure  was  used  with  reasonable  success  to 
predict  amplitudes  and  frequencies  Of  low  fre¬ 
quency  resonances  of  the  solar  punolu  and  low 
gain  antenna. 

Analog  computer  studies  of  the  nonlinear 
response  of  the  solar  panel  system  hnvo  »Ibo 
boon  conducted  and  are  being  roflnod.  A  num¬ 
ber  of  lower  frequency  undamped  modes  of  the 
assembly  were  generated  for  use  In  these  stud¬ 
ios,  which  give  reul  lime  variation  ol  spring/ 
dampen  coefficients  with  frequency  and  ampli¬ 
tude.  Differences  between  Individual  Bpring/ 
dampers,  ns  obtained  from  tcBts,  are  also  ac¬ 
counted  for. 


Composite  Spacecraft  Analyses 

After  assembly  of  the  components,  the 
number  ol  Independent  component  modes  must 
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TABLE  3 

Lint  of  Component  Mottos  Included  In  Composite  An  .(yule 


Dante 

r“  -  ■  ■  ■ 

Number  ot  Modes 

Frequency 

No  of 

Syalem 

Ho 

Component 

Rigid 

|  Con» 

Attach- 

Nomi;U 

Range 

(He) 

Independent 
Modes  j 

Body 

jetruint 

{  meat 

1  J 

V  ""■  ‘  “ 

■- 

l 

•  i 

Dus  Adapters 

fl 

0 

|  7 

U 

45  15? 

24 

a 

Planetary  Scan  Platform  (PSP) 

« 

1  3 

1  t) 

8 

01-158 

0 

3 

Propulsion  Subsystem  (PROPS) 

Q 

i  3 

1  r. 

8 

110-S88 

l? 

4 

Solar  Panei  (Each  Panel) 

6 

!  i 

i  i> 

to 

IP- 124 

10 

5 

High  Gain  Antenna 

6 

i  3 

1  o 

8 

113  230 

0 

L_i__ 

Low  Os  in  AfUeima 

6 

i  2 
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Although  no  relationship  uimilnr  to  Eq  (24) 
exists  tor  constraint  and  attachment  modes,  an 
attempt  was  made;  to  treat  them  in  n  manner 
similar  to  normal  modes  with  an  equivalent 
damping  ratio  of  0.05  Justification  tor  tills 
rnl tonnltzec;  approach  exists  only  where  the 
generalized  muss  and  sKtiuesH  Rulnnat rices 
associated  with  Ihe  constraint  and  attachment 
modes  arc  dominnuly  diagonal  The  treatment 
of  att  eotural  damping  has  hen,  eric  least  satis- 
factory  aspect  o!  the  M89  analysis  and  is  toeing 
studied  further  using  modal  survey  and  forced 
vibration  test  data  iteration  of  solar  pane]  and 
low  gain  antenna  damped  characteristics  In  the 
composite  spimoci'fti!  analysis  would  have  re¬ 
quired  a  prohibitive  amount  oi  computer  time 
The  problem  v;u6  molded  l»v  assigning  repre¬ 
sentative  linear  characteristics  to  the  spring 
dampers  In  ths  25  to  100  Hz  range,  an  approach 
justifiable  on  the  basis  tiiat  amplitudes  for  fre¬ 
quencies  greater  thaii  23  B*  are  relatively 
smaller  and  henre  nonlinear  effects  arc  less 
significant  The  composite  spacecraft  analysts 
was  therefore  considered  applicable  to  nit 
components  tn  the  25  to  100  Ha  range. 

Tin-  mxpier.cy  resptmoe  oi  acceleration  ui 
selected  points  on  me  at rue lure  to  various  lut- 
oral  and  axial  uiihicoIUh!  accelerations  of  the 
bane  system  was  computed  OI  special  interest 
were  points  on  the  scan  platform,  solar  panels, 
and  low  gain  antenna  Some  of  the  more  alp  - 
r.lfi<.:nt  .-esntfrt  nrc  discussed  and  correlated 
with  test  data  in  a  later  section. 


TEST  PROGRAM 

The  primary  objective  of  the  MOP  struc¬ 
tural  test  program  ha  a  been  lo  obtain  iUU  lor 


corfeUdlon  with  analytic  results  Three  typed 
ol  structural  tests  hnve  been  conducted:  st*tic, 
modal,  and  forced  response.  The  first  so r tea  of 
toots  took  place  early  In  (he  program  using  a 
crude  Struct  lira!  Anslyota  Model  (SAM)  tv>  liivoo- 
ligate  the  strueturnl  ehnrartprlotlcs  of  the  pri¬ 
mary  struct  arc  The  model  conalotcd  of  n 
MARINER  ’{)■!  octagon  with  simulated  chassis 
boxes  and  motor,  together  with  the  Centaur 
adaptor,  an  early  version  of  the  apncocrift 
adapter  and  a  crude  simulation  ot  the  PSP, 
Testing  has  just  been  completed  on  tne  Devel¬ 
opmental  Test  Model  (DTM).  a  structurally 
complete  spacecraft.  This  model  was  composed 
of  MARINER  'C9  flight  type  structural  hardware 
Noncrtiir.il  structures  that  had  resonance*  be¬ 
low  200  Hz  could  be  simulated  but  correct  i  lna 
tie  find  mass  distribution  wore  required.  Non- 
crtticsl  structures  with  primary  resonances 
above  200  Hz  were  generally  only  mass  simulated 

Static  rests  were  conducted  on  several 
structural  assemblies  by  recording  loud/deflec- 
tion  data  to  obtain  flexibility  influence  coeffi¬ 
cients  For  example,  a  solar  panel  stalk-  lost 
was  conducted  with  the  panel  hung  from  Us 
octagon-  mounting -hinges  an  shown  In  Fig.  -1 
One  damper  attarii  point  was  constrained  while 
incremental  loads  were  applied  al  the  other 
This  tom  provided  data  (or  direct  comparison 
with  the  analytic  constraint  mode  shape  Flex 
Utility  values  were  obtained  on  the  isolated 
spacecraft  adapter  and  on  the  n  pacer  raft  to¬ 
gether  with  ihe  Centner  i  dinner  for  radial, 
tangential,  and  axial  loading  conditions.  Similar 
tests  were  conducted  with  the  spacecraft  eirur- 
tin  e  attached  by  introducing  literal,  torsional, 
and  axial  loads;  separately  into  the  top  of  the  bun 
structure.  An  axial  load  test  was  a  loo  conducted 
on  i ho  PSP  support  structure 

Modal  survey  tests  were  conducted  on  the 
high  gain  antenna  dish,  on  individual  solar  pan¬ 
el#.  on  thr  PROPS  (Fig  8)  anti  on  the  primary 
structure  mounted  on  two  adapters,  both  witn 
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and  without  the  PSP  (Fig.  9)  The  eolBr  panels 
and  antennas  were  omitted  because  better  nnu- 
lytlc  correlation  could  be  obtutned  without  the 
damped  solar  panel  system  and  because  the 
primary  modal  frequencies  of  the  high  gain  an¬ 
tenna  were  considerably  greater  itu.n  those  of 
the  primary  structure.  In  addition,  accessibility 
through  the  top  of  the  primary  octagon  structure 
facilitated  driving  and  probing  the  PSP. 

Each  point  in  a  lightly  damped  structure, 
vibrating  in  one  of  its  normal  modes,  moves 
sinusoidally  elthor  In-phase  with  or  ItiO  de¬ 
grees  out -of -phase  with  all  other  points.  In 
the  modal  survey  taste,  electro- meeiKtfileu! 
shakers  wore  used  to  excite  this  condition  bp 
to  etght  small  shakers,  with  variable  force  out¬ 
put  directly  proportional  to  the  shaker  current 
applied,  were  connected  to  the  horizontal, 
abscissa  sweep  of  an  oscilloscope,  and  the 
Instantaneous  shaker  current  waa  connected  to 
the  vertical,  ordinate  sweep.  Thin  produced  an 
elliptical  Llftsnjovm  figure  on  the  oscilloscope 
that  closed  into  a  sloping  straight  lino  at  the 
modal  frequency  ll  studies  placement  and  ex¬ 
citation  wore  exactly  correct-  An  accelerome¬ 
ter  reoponoc  survey  was  then  conducted  The 
accelerometers  Outputs  wore  projected  on  an 
oscilloscope  to  establish  the  phase  relationship 


Hild  their  amplitudes  were  recordrd  from  volt¬ 
meter  measurements.  One  accelerometer  was 
fixed  at  a  reference  point  that  hud  relatively 
lug!  displacement.  The  other,  "rover"  response 
accelerometer  was  moved  lo  some  50  predeter¬ 
mined  points  on  Ihe  structure  iccording  ampli¬ 
tude  and  phase  relationship  With  the  "rover" 
fixed  at  a  high  response  point,  a  decay  trace 
was  ol.n nines  union  i no  idv.ihcr  curreni  was 
abruptly  terminated  This  trace  was  subse¬ 
quently  analyzed  using  u  logarithmic  decrement 
expression  lo  obtain  an  estimate  of  the  amount 
of  equivalent  viscous  dumping  'flits  estimate 
was  sometimes  verified  by  the  half-power  point 
technique  to  obtain  response  variation  with 
shaker  frequency  for  a  const  ant  shaker  force 
Input  By  repeating  this  procedure,  a  plot  of 
response  vs  frequency  was  constructed,  and  the 
"half -(lower  point  '  frequencies  were  then  used 
to  calculate  a  vulue  for  Ihe  cell  leal  damping 
ratio  present  in  dial  modr. 

The  experimentally  determined  mode 
shapes  were  investigated  for  orthogonality  by 
computing  the  normalized  form  of  the  sym¬ 
metric,  generalized  mass  matrix.  The  amount 
by  which  the  off -diagonal  term  values  dUler 
from  zero  Is  indicative  of  the  degree  of  orthog¬ 
onality  <h.U  exists  between  the  modes  and 
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provides  confidence  that  a  satisfactory  muss 
matrix  haa  boon  used. 

A  aeries  of  forced  vibration  teats  was  con¬ 
ducted  on  the  assembled  spacecraft  and  adapters 
mounted  on  an  electromechanical  shaker  For 
the  structural  development  portion  <  i  these 
tests,  logarithmic  sine  sweeps  were  conducted 
from  10  to  200  Hz  at  three  levels  of  input  exci¬ 
tation.  The  recorded  response  of  some  SC 
critical  accelerometers,  out  of  a  total  of  80, 
were  reviewed  prior  to  gulag  to  the  next  input 
excitation  level.  Input  excitation  was  applied 
along  three  lateral  axes  and  in  the  thrust  direc¬ 
tion.  After  the  test,  the  recorded  outputs  from 
some  10  strain  gages  and  80  accelerometers 
were  narrow  -band  filtered  and  plotted  for  cor¬ 
relation  wllli  the  predicted  results. 


ANALYSIS  TEST  CORRELATION 

In  constructing  finite  element  models  ol  the 
various  components  it  was  necessary  to  make 
certain  simplifying  assumptions,  with  respect 
to  weight  distribution  and  geometry,  to  comply 
with  program  limitations  When  the  compu 
units  were  assembled  analytically,  further 


assumptions  were  made  about  modal  content, 
attachment  effectiveness,  and  damping  In  Hie 
modes.  The  test  program  provided  n  means  of 
assessing  the  validity  of  these  assumptions  and 
assuring  the  development  oi  a  representative 
structural  model  of  the  composite  spacecraft. 


Structural  Analysis  Model  (SAM) 

Despite  the  relative  crudeness  ol  the  hard¬ 
ware  used,  the  SAM  tests  led  to  impt  ovements 
both  In  modeling  techniques  and  in  actual  struc¬ 
tural  hardware  Stalk  and  mudul  testa  indicated 
an  ovcresltinnllon  ol  the  lateral  and  axial  stiff¬ 
nesses  of  the  adapters.  These  discrepancies, 
traced  to  incorrect  assumptions  made  tn  mod¬ 
eling  the  slim  and  the  upper  ring,  were  later 
resolved 


Unacceptably  large  excursions  ol  the  PSP, 
during  forced  vibration  tests,  were  suppressed 
by  the  addition  ol  more  support  structure.  The 
forced  vibration  tests  also  provided  data  On  vi¬ 
bration  control  techniques  All  of  the  ioregoing 
inlormatton  was  subsequently  incorporated  In 
the  design,  modeling,  and  testing  ol  the  DTM 


Developmental  Test  Model  (DTM) 

Ho  structural  failures  were  encountered  In 
the  DTM  test  program  conducted  during  the 
period  of  January  through  April  of  this  year. 
Comparison  of  test  and  analytic  modal  charac¬ 
teristics  for  the  solar  panel,  PROPS,  and  DTM 
modal  configuration  are  given  In  Tables  1,  3, 
and  4,  respectively.  In  general,  component  and 
subsystem  modal  predictions  show  acceptable 
agreement  with  the  tost,  the  most  notable  ex¬ 
ception  being  the  higher  modes  of  the  DTM 
■nodal  configuration  (Fig.  9).  For  example  the 
fourth  predicted  mode,  the  first  torsional  mode 
with  a  frequency  of  70  Hz,  was  detected  In  lest 
as  the  sixth  mode  at  02  Hz.  This  was  consid¬ 
ered  surprising  in  view  of  the  good  agreement 
on  static  torsional  stiffness.  The  discrepancy 
IS  attributed  to  the  unanticipated  stiffness  con¬ 
tribution  of  Die  individual  electronic  component 
modules.  Unavailable  for  the  static  tests,  the 
modules  we:  c  replaced  by  simple  shear  plates, 
resulting  In  a  configuration  that  happened  to 
coincide  with  modeling  assumptions. 


TABLE  3 

Propulsion  Subsystem 
Modal  Characteristics 


Mode 

No. 

Predicted 
w,  Hz 

Test  a., 
Hz 

Type  of  Mode  Shape 

1 

110 

117 

Tank  Moving 
Vertically 

2 

137 

142 

Tank  Moving 
Sidewise 

3 

152 

168 

Nozzle  Canted  Left 

4 

ten 

1UO 

OfkO 

uvu 

Nozzle  Canted 

Right 

5 

222 

220 

Thrust  Plate  Oil 
Canning 

Orthogonality  checks  on  the  te6t  modes  in¬ 
dicate  that  Uie  energy  associated  with  the  ro¬ 
tary  Inertias  ol  Instruments  on  the  PSP  Is  sig¬ 
nificant.  For  simplicity,  this  effect  had  been 
neglected  In  the  SAMIS  analysis.  Tho  analysis 
Is  currently  being  revised  to  include  the  PSP 
rotary  Inertias  and  improved  modeling  of  the 
electronic  modules. 

Decause  pinch  of  the  forced  response  test 
data  had  not  been  reduced  at  the  time  of  writ¬ 
ing,  no  general  observations  on  tesl/analysis 
correlation  can  be  made.  However,  Fig.  1  pre¬ 
sents  a  fairly  typical  comparison  of  predicted 
and  test  frequency  responses  of  an  Instrument 
on  tho  PSP.  While  agreement  on  frequency  is 
good,  the  predicted  amplitude  becomes  Increas¬ 
ingly  conservative  at  higher  resonances.  It  is 
anticipated  that  with  the  above  noted  analytical 
refinements  and  better  estimates  of  modal 
damping,  particularly  in  the  higher  modes, 
closer  agreement  between  tCBt  and  analysis 
over  the  full  frequency  range  (25  to  100  Hz) 
wlil  result. 


TABLE  4 

Modal  Characteristics  ol 
DTM  Modal  Configuration 


Mode 

No. 

Predicted 
.,  Hz 

Test  w, 
Hz 

Type  ol  Mode  Shape 

1 

35 

35 

Adapter  Lateral 
Shear  Bending 

2 

37 

37 

Adapter  Lateral 
Shear  Bending 

3 

51 

43 

PSP  Rocking 

4 

70 

55 

PSP  Rotating 

5 

74 

57 

PSP  Bonding 

l> 

nn 

1  • 

oo 

Adapter  Twisting 

7 

85 

104 

PSP  Rocking 

8 

100 

112 

Octagon  Bus 
Breathing 
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F.  Collopy  (Itek  Corp.):  Was  your  mass 
matrix  a  consistent  mass  matrix? 

Mr.  Gaugh:  Just  on  the  diagonals. 

Mr  Collopy:  It  wa9  not  necessarily  a  con¬ 
sistent  mass  matrix  as  defined  by  Archer? 

Mr.  Gaugh:  No. 

Mr.  Collopy:  Did  you  look  Into  what  effects 
it  might  have  had? 

Mr.  Gaugh:  No.  We  did  consider  the  num¬ 
ber  of  modal  points  to  carry.  For  example,  a 
propulsion  motor  has  43  mass  points  and  we 
only  monitor  three.  We  were  carrying  some  50 
points  on  our  modal  tests  t.  'hree  directions, 
so  there  are  150  readings  to  deal  with.  It  look 
about  a  day  for  each  mode. 

P.  Raney  (NASA  Langley  Research  Ctr.): 

I  am  Interested  in  carrying  a  structural  cfy- 
namtes  analysis  along  with  the  development  of 
spacecraft.  I  think  that  Is  very  laudable.  To 
what  extent  did  the  people  who  are  responsible 
for  specifying  environmental  tests  use  your 
work  and  how  much  use  would  you  see  them 
making  of  il  in  die  future  ? 


Mr,  Gaugh;  They  are  aware  of  what  we  are 
doing.  The  biggest  use  they  made  was  the  use 
of  our  model  once  we  got  it  all  together.  They 
arc  aware  of  our  problems  and  we  help  them 
out  loo.  As  for  using  our  program,  yes,  we 
could  give  them  numbers,  but  what  does  it 
mean  at  the  higher  frequencies? 


D.  Stewart  (McDonnell  Douglas  Corp.  ':  Am 
1  correct  that  the  only  load  condition  that  you 
considered  was  a  2-g  vibration  test  ?  Under 
what  actual  flight  load  conditions  did  you  use 
your  model? 


DISCUSSION 

Mr.  Gaugh:  The  environment  people  specify 
the  flight  acceptance  level  and  the  type  approval 
(TA)  level.  Then,  in  our  structural  require¬ 
ments  specification,  we  specify  just  how  high 
we  are  going  to  take  our  development  test 
model.  We  took  it  up  to  design  ultimate. 

Mr.  Stewart:  But  what  is  that  design  ulti- 
mate  based  cn  Ji>  What  kind  of  load  condition  ? 

Mr.  Gaugh:  The  flight  acceptance  is  the 
maximum  expected  load  in  flight.  The  TA  is  a 
50  percent  Increase  or  1.5  times  the  flight  ac¬ 
ceptance.  The  design  ultimate  is  1.25  times 
the  TA  loads.  That  was  1  g  rms  from  10  to  12 
11?  to  150  Hz. 

Mr.  Stewart:  Is  this  associated  with  a 
launch  and  ascent  transient  condition?  Is  there 
a  relationship  between  your  specification  and 
design  ultimate  and  a  real  launch  condition,  or 
is  it  just  an  arbitrary  sine  test  that  someone 
has  found  develops  a  gooi  spacecraft? 

Mr.  Gaugh:  I  think  the  later  statement  Is 
the  true  one  It  i6  an  envelope  specified  by  the 
environments  group.  They  leave  It  up  to  us  as 
to  how  far  above  this  condition  we  want  to  go. 

For  instance,  Uub  summer  the  PTM  will  be 
taken  to  TA  levels;  then  the  two  spacecraft  will 
be  taken  to  flight  acceptance  levels  or  what  they 
really  expecl  to  encounter,  not  only  during 
launch  but  also  during  exit. 

W  Forlifcr  (NASA  Goddard  Space  Flight 
Ctr.}:  The  situation  Goddard  is  that  the  en¬ 
vironmental  test  specification  is  not  a  require¬ 
ment  for  designing  the  strength  of  the  structure. 
The  structure  is  designed  based  on  the  flight 
load.  When  the  flight  loads  are  exceeded  by  the 
vibration  test,  the  test  Is  notched  down  to  the 
expected  flight  loads  so  that  It  partially  com¬ 
pensates  for  that  particular  problem. 
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A  structural  analysis  manual  is  described  in  this  paper  that  can  be  used  ir  a. 
systematic  fashion  to  find  the  static,  stability,  or  dynamic  rosponse  of  a  wide 
range  of  classical  structural  members  and  mechanical  elements  with  arbi¬ 
trary  geometry  and  loading.  The  relatively  unknown  but  efficacious  line  solu¬ 
tion  method  is  used  throughout  the  manual  to  provide  analytical  solutions  that 
are  suitable  for  computational  implementation.  The  computer-oriented  ver¬ 
sion  of  line  solution  methodology  which  does  not  require  the  analytical  solu¬ 
tions  presented  in  the  manual  is  also  discussed. 


INTRODUCTION 

Line  solution  methodology  provides  a  gen¬ 
eral  approach  to  the  response  of  structural 
members  and  mechanical  elements.  Through 
either  analytical  or  computational  means  a 
static,  stability,  or  dynamic  response  can  be 
obtained  for  bars,  spring  mass  systems,  beams, 
thtn-walled  beams,  string's,  arches,  membranes, 
plates,  gridworks,  thick  shells,  thin  shells,  and 
simple  frameworks.  These  members  are  rep¬ 
resented  by  classical  theories  of  linear  elas¬ 
ticity  and  strength  of  materials;  the  material 
maybe  elastic  or  simple  viscoelastic;  the  geom¬ 
etries  are  basically  those  of  classical  struc¬ 
tural  members  with  arbitrary  cross  section; 
the  loadings  may  be  thermal  or  mechanical. 

frequently  used  synonymB  for  the  line 
solution  approach  Include  the  "transler  matrix 
method"  or  the-  "method  of  Initial  parameters." 
The  approach  differs  Inherently  from  the  struc¬ 
tural  analysis  technologies  ot  "force"  and  "dis¬ 
placement"  methods,  although  the  line  solutions 
can  be  coupled  with  other  methods  or  trans¬ 
formed  Into  them.  Line  solution  methodology 
provides  a  highly  elllclenl  and  general  solution 
for  the  type  of  member  for  which  It  Is  suitable, 


that  Is,  for  a  member  exhibiting  a  naturally  oc¬ 
curring  (beam!  or  artificially  derived  (Levy 
rectangular  plate)  principal  direction. 

The  purpose  of  this  paper  is  to  bring  to 
attention  a  new  manual  [1]  that  uses  the  line 
solution  methodology  to  provide  analytical  solu¬ 
tions  for  the  response  of  structural  members. 
The  paper  Iurtncr  provides  an  introduction  to 
this  method. 

The  manual  and  accompanying  computor 
code  will  bo  nvntlablo  this  year  to  Government 
agencies.  The  manual  is  arranged  in  chapters 
according  to  the  type  of  members,  beginning 
with  simple  extension  and  ending  with  thick  and 
thin  shells.  The  essential  ingredients  of  the 
manual  are  tables  that  can  be  used  In  a  system¬ 
atic  fashion  to  achieve  response  information. 
This  is  not  a  stress  analysis  handbook  in  which, 
lor  «  pi  escribed  loading  and  geometry,  the 
mnxlmum  response  variables,  for  example, 
stress  or  displacement,  are  tabulated;  rather, 
this  manual  contains  the  information  necessary 
to  develop  a  complete  solution  for  almost  any 
geometric  configuration  and  loading  of  struc¬ 
tural  members  and  mechanical  elements.  The 
pertinent  design  variables  of  high  stresses  and 
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1  displacements  arc  readily  ascertained  from 

|  these  solutions.  The  manual  la  intended  to 

f  expedite  the  solutions  of  both  simple  and  com- 

\  ptex  analysis  problems  and  is  suitable  for  use 
\  by  graduates  of  engineering  curricula. 

I  The  Basic  Euler  -Bernoulli  beam  Is  chosen 

I  here  as  a  vehicle  for  explaining  the  mechnulcs 

!  of  line  solution  methodology  and  the  format  and 

|  use  of  the  manual,  'i'ho  other  beam  theories 

’  (shear,  Rayleigh,  Timoshenko)  as  well  as  the 

I  models  for  the  previously  mentioned  structural 

s  members  are  treated  In  the  manual  in  precisely 

|  the  same  fashion  as  the  simple  Euler-Dernoulll 

{  beam. 


comprise  the  field  matrix,  that 
are  listed  In  tables  for  vnrtou6 
beam  typos  (Euler-Dernoulll, 
shear),  geometries  (constant  or 
varying  cross  section)  or  mate¬ 
rial  properties. 


STATIC  UKSi-'ONSE 


Fig-  1-  Notation  (or  beam 


The  response  of  a  beam  to  static  loading 
takes  the  form 


*<-*>-*  «0kw,(x.a0)  .+  ^0h,a< *•  n„)  * 

*  Voi-*v(xoo)  *  k.F(x,*ol 

#<■*)  ;  *0t-a^x.<i0)  •  !t0L#9(x.o0)  -  MnLaM(x.a0) 

*  v0 L0V<*'no>  ’  L5f<,<-no)(i) 

MO1'.  *  •jW'1.)  +  (>0LU<»(x.',o>  * 

+  v<.lm\,(x  “ol  *  LMrtXi,,ol 

V(*)  1  "„bv.<x.no)  ♦  fl0hv*(x  nal  ‘  MoWX  B«) 

*  VoI^,v(x.o0)  t  Lvp{x.n0)  . 


where 


x  «  coordinate  along  the  beam  (Fig. 

1), 

a0  «  location  of  left  end  of  beam, 

»  =  deflection, 
o  r,  slope, 

M  =  moment. 


Much  of  the  manual  Is  composed  of  these 
tables  which  appear  in  the  format  of  Table  1. 
The  notation  (x,  o0)  indicates  that  the  component 
Lj,  j  Is  a  function  of  x  and  la  valid  for  a  beam 
section  beginning  at  x  n0 . 


loading  functions  that  are 
listed  In  the  form  of  Table  2 
for  particular  thermal  or 
►  ■  mechanical  loadings.  The 
sum  on  i  Is  taken  over  each 
loading  that  appears  on  the 
beam. 


w0.^.H0.V0  a  the  Initial  parameters  or  the 
Initial  {*  ■  «  )  values  of  11(0 
state  variables.  The  inttinl 
parameters  are  listed  in 
tables  sucli  as  Table  3  ac¬ 
cording  to  the  conditions  on 
the  two  ends  of  the  beam. 
They  are  functions  of  the 
field  matrix  components 
Ljjfx.a,,)  and  the  loading 
functions  l^pfx.i^). 


L*r  '  ^  l*fi 

t*flF  =  t-FF, 

•nr  *  £  Mjf, 

Lyp  -  E  Lyp, 


v  =  shearing  force, 

w.S.M.v  =  the  state  variables  or  the  physical 
variables  (deflection,  slope,  mo¬ 
ment,  and  shearing  force)  that 
characterize  the  condition  (state) 
of  the  beam, 

tk  (x,a0)(k  -  w.e.M.V  and  j  -  ».  .M.v)  =  solu¬ 
tion  components,  which  as  a  whole 


Equation  (1)  Is  the  complete  solution  of  the 
fundamental  equations  of  motion  In  line  solution 
or  Initial  parameter  form.  These  expressions 
describe  the  deflection,  slope,  moment,  and 
shearing  force  for  any  value  of  the  coordinates, 
and  are  fully  determined  by  the  contents  of 
tables  regardless  of  the  complexity  of  the  beam. 
The  maximum  values  oi  the  stresses  and  dis¬ 
placements  along  the  beam  arc  also  determined 
from  Eq.  (1) 


i 
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/ 
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k« 

k« 

kg 

*'«V 

k* 

L«*t» 

ttfitt 

|| 

k. 

kp 

k« 

kv 

^Vw 

**V* 

lvm 

Lw 

TABLE  2 

Loading  Functions 
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kF, 

kiFj 

kr, 

lvf3 

i\  Sudden 

Thermo 1 

Change  in 
Any  State 
Variable 

k 

p, 

TAULE  i 

utial  Peramctcts  for  Static  Solution 


M  n0 )  '  M(0  i  -  0 


“o  ■*! 

«("„>  =  "(•'„)  =  o 


-  H|('  “o> 


kpkiv'  '■ 


Lllir  E  ;  )  \ 


*<.  *  0 

•••’.  -  0 

Ho  =  (LMFL»V  ■  krkv) 
Vo  ’  (l,WIL»F  "  kniklF* 
v  ;  kukv  -  l.wu  1-^y 


*<  t )  Mf  M  =  0 


Fixod 


n 


TftMco  1  find  2  are  listed  in  the  manual  for 
beams  ol  constant  and  variable  cross  section, 
lying  on  Wlnklor  or  second-ordor  ioundailons, 
with  or  without  axial  load,  end  ot  rigid  matorial. 
Although  no  solution  derivations  are  required 
for  uo«  of  the  inttmml,  it  nifty  lie  of  Interest  to 
otudy  tho  origin  of  this  typo  of  solution. 

A  solution  of  the  form  of  Eq.  (1)  Is  simply 
tho  conventional  solution  in  which  the  arbitrary 
constants  arc  written  in  terms  of  the  initial  pa¬ 
rameters.  Consider  the  derivation  of  this  solu¬ 
tion.  The  fundamental  equations  of  motion  for 
an  Euler -Bernoulli  beam  are 


n  boa  in,  two  of  which  will  be  known  at  each  end. 

If  the  four  Integration  constants  arc  written  ns 
(unctions  of  tho  four  physical  variables,  deflec¬ 
tion  »,  slope  f,  moment  M,  and  shear  v,  at  one 
end  of  the  beam  then  two  of  the  constants  will 

always  be  known  by  inspection.  The  sinle  viiri- 
nbles  at  the  left  hand  end  of  the  beam  are  chosen 
for  this  purpose.  Because  these  are  located  at 
what  Is  usually  referred  to  as  tire  origin,  they 
are  given  tho  name  Initial  parameters  and  are 
des igmued  by  «„ V 

it  Is  cloar  from  Eq.  (3)  that 

%  5  »'(0)  -  C, 

"*  5  *0)  =  C, 


V(  x)  =  -  El  ^ 
dx1 

(I 

M(x)  *  -KI  ^ 
•lx' 


fl(x) 


dw 

dx 


M0  =  M(0)  =  C2 

(2)  v«,  v«»  c, 

Then,  Eq,  f3)  becomes 


w(x) 


ft 

O 


X 


°  3’ El 


Q(  n  )du 
El 


whore  q.K.  i  are  tho  loading  intone  tty.  Young’s 
modulus,  and  moment  of  Inertia,  respectively. 
Direct  integration  gives 


<•'(*> 


x  x1  rrr  q(<odn 

)  ’  N»  Ei  ’  V°  2EI  El 


(4) 


V(K)  »  C,  *  q(u)  iki 

M(x)  . 

r  Mn 

’  V  -ff 

q(ll)tlu 

• 

x  )  ■  C,  «  c,x  -  IT  q(u)  (111 

V(  x) 

-  v0 

* 

-  i  q(  u  )lll 

l  - 

JJ  (3) 

J 

«»  ■  fff  ^ 

In  ter 

ms  of  solution, 

Eq. 

(t)  or  Tables 

t  and  2 

*■«»' ' 

.  0)  * 

Ol  = 

-x.  L^X.O) 

_  _ 

2U  ’ 

-<*>■ S' 

LwVi  x . 

0)  - 

X  J 

3'EI  ’ 

where  c,,  c,,  C,,  and  C,  are  arbitrary  con¬ 
stants  of  Integration  that,  when  evaluated. 

. 

1  /  V 

Iff/  q(  u  )ilu 

provide  the  desired  solution  as  the  state  varla- 

*-»>< *• 

El 

bios  w.o.M.v  are  then  fully  determined  func- 

tlono  of  the  known  loading  q.El  and  the  coordt- 

nate  x.  These  Integration  constants  are  ae- 

9)  - 

0.  L4j(x. 

Ol 

1.  l,,M(x.0>  - 

El  ' 

lccted  go  that  conditions  on  the  ends  ot  the  beam 

are  sattsftod. 

X2 

LwV(  x« 

0) 

2E1  ’ 

Although  tho  integration  constants  are  road- 

tty  found  for  proscribed  end  (boundary)  condi- 

lions,  the  task  is  eased,  especially  for  complex 

0) 

.  )j[ 

members,  U  the  Integration  constants  C,,  C,, 

Cj,  and  c4  arc  rewritten  In  terms  of  physically 

El 

significant  variables  at  some  point  along  the 

(5) 

beam.  Thorc  aro  four  boundary  conditions  tor 

(Com.) 
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X  ,  0  ;  0  ^  ®  »  0  . 


Ly^X.O)  0  L 


. 

*<  <  >  -  o  -  -;J„i 

Lyyi  H ,  IJ  )  - 

*  lcyp<  k.  0  ) 

-  1  j  <l(  i<  »tu 

Lv*  ' .  0 ' 

?). 

«(*)  0  V./  - 

Lvij(  »  0 ) 

0  Lyyl  S  0  ) 

1 

or 

1vf<* 

|  qf  o  )‘J>j 

(5) 

v„  jj 

!  1 


Tables  1  and  2  are  developed  m  a  similar 
fashion  for  members  with  axial  loads,  lying  on 
foundations,  with  variable  cross  section,  with 
vartous  specific  loadings  q  (for  example,  con¬ 
centrated  force  or  moment),  etc.  The  loading 
functions  for  a  uniformly  distributed  loading  qe 
spread  along  a  uniform  Euler -Bernoulli  beam 
are  given  by  (the  f3  column  of  Table  2) 


L.FtX-0>  7  *  IqjFfN  O) 


L.pi  \  0  I 


t.VF(*.Oi  q„\ 


These  expressions  are  derived  by  setting 
qtx)  q„  In  the  Integrals  ol  Eq,  (4). 

The  lnlttal  parameters  (that  Is,  constants 
of  integration)  of  Eq.  (4)  remain  to  be  deter¬ 
mined  to  complete  the  solution  Consider  the 
simply  supported  beam  of  Fig.  2.  The  end  con¬ 
ditions  are 

*<0t  -  0  M('0>  0.  n<  i  1  n  M{<)  :  0.  (7) 


£ - *3-U_LLn - A 

§  ’* - /  -  -  -I 

Fig.  2.  Luiulvil  brain 

II  is  noted  by  inspection  that 

\\.;0i  O  -  *o.  M(  0  >  O'  M  (8) 


r 

..  1 '  I  Iff!  q(u)!tu 

»  J1  FI  '  t  "  F.l 

■(fj  '  UJ.fl  ^ 


The  solution  is  complete.  These  same  results 
tor  the  initial  pnrnmetrts  are  found  by  UBtng 
Table  3,  which  is  simply  a  tabulation  ol  a  more 
general  version  ol  Eqs.  (8)  and  (10).  Thus,  re¬ 
ferring  to  Table  3  for  a  plnned-plnnod  bar, 


[LMr<  ■  °)  L.vlf.O)  ‘  bwr(t  .O)  Lyv(  f , 0)|/v 

M„  0  (11) 

v.>  j'-.K'  °>  W  O)  -  L,v('.0)  L,|F('.0)j/r 

•>«ot  '  0)  bMy|  i.O)  Ljjsli.1))  I.,y(^0). 

Insertion  of  the  components  of  Eq.  (5)  In  rela¬ 
tions  of  b’q.  (11)  gives 

/  .  i  •»  \ 

-  H  t )  -  <<V‘(  -  —  j  =  *  i4 
\.l  El  / 

-  ;< 

•  - 
.  .  /  ||  at » )■!'■  t  1 1'j’I’J’  q<  >U<Ui 

’i  o 

!  -  •  ■  /  f.  \  1  / 

,  I  j((j  4-.U.C,  /  II  .  )  i/ 

•„  l.M  i  l  KI .  <>•!  -  y-  it  qiuiituj  i  -  ' )[/'. 


The  remaining  two  Initial  parameters  are  eval¬ 
uated  by  applying  the  final  two  conditions  of  Eq. 
(7)  to  Eq.  (4).  Thus, 


(12) 


which  coincide  with  Iho  previous  results  (Eqs. 

(0)  and  (10)). 

Tac  InUtat  parameter*  (or  a  beam  with  uni¬ 
formly  distributed  toad  >i0  are  given  by  Eq.  (11) 
In  which  loading  functions  of  Eq  (6)  replace 
those  of  Eq.  (0).  In  this  case 


As  Tabled  1,  2.  and  3  are  provided  in  tho 
manual  (or  moat  beam  a,  loadings,  and  nil  end 
conditions  of  Interest,  many  oi  the  above  mini  I - 
pulalicng  need  not  be  conducted.  Tho  solution 
to  u  given  probioro  18  found  by 


I.  Selecting  the  components  L,.  (j  *  w.  t>. 
h.  v  and  k  ■-  *.  o.  M,  V)  tor  the  appropriate  beams 
from  Table  1. 


Jt.  Taking  £,*<  j  =  W.  S.M.V)  from  Tabto  2 
for  the  given  loading. 


3.  Using  Table  3  to  calculate  »n 


•i  U  V 
-  «*  •  o '  vo 


4.  Inserting  thcaa  results  In  Eq  (1)  to 
give  the  full  solution. 


because  stresses  aru  proportional  to  M(«)  and 
V(x-)  they  can  be  considered  ns  known. 
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or 

s,  i  L(x.h„>i(1  (H) 

where 


tea.  a.) 
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kr 
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k« 

I*v 

kF 

'aIw 

ku 

kv 

kr 

Wf 

kw 

Lyv 

kr 

_Q 

0 

0 

0 

1  _ 

(15) 


(16) 


If  the  field  matrix  appropriate  for  n  particular 
section  of  a  beam  is  designated  by  a  super- 
strtpt,  then  the  solution  tor  »  beam  with  sev¬ 
eral  changes  In  unction  (lor  example,  Fig  3) 
tabes  the  form 


Often  field  matrices  (or  structural  morn- 
bortt  U)M  possess  abrupt  In-epan  changes  in 
cross  section  or  materiel  or  In-span  supports 
(ior  example,  continuous  beams)  sre  not  ex¬ 
plicitly  tabulated  in  the  manual  In  this  case 
components  t„.  (k.  j  «  *.  ”■  m  v)  that  take  those 
Inter  mediate  changes  Into  account  must  be  de¬ 
veloped  lor  the  whole  spun.  Fortunately,  this 
requires  only  n  perfunctory  effort.  Changes 
that  are  not  explicitly  covered  In  the  tables  are 
accounted  for  by  piecing  together,  with  the  tub 
of  matrix  multiplication.  the  field  matrices 
from  both  sides  05  tho  change.  No  now  un¬ 
knowns  ftro  introduced  by  tale  rtisalpwtation.  It 
Is  convenient  to  write  the  line  solution  of  Eq. 
(1)  In  the  extended  matrix  form 


*,  2  £“* *•%>«„  • 

C '( a .«,/;*( r, ,  ,io >s<(  . 

i,  L‘'«x.3J)L,(o).o1)t,,(o1  aB)la  .  Ojiv^n, 

5.  •  I'n-ji 

«  £*(3^  a|)t0(n1,aona 

*f  hn-,<f.»n.I>h"-*|nr  ,  n„  ,) 

*  t,(»J.n1)L®(*1.a0>i0  U' 


l.  *(  «  ,  « , ) 


L  '(  n  ,  <i  j  1 
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(17) 
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This  .8  a  fully  determined  solution  because  the 
only  apparent  unknowns  In  Eq.  (17)  nre  the  tnt- 
tt.u  parameters  s  thut  are  still  evaluated  by 
•  he  exproeatone  of  Table  3  using  the  components 
of  L(  •  > . 

The  reasoning  behind  Eq  (17)  1b  worth  con¬ 
sidering  1'he  first  equation,  that  le. 


t°(  N  It.  . 


(IB) 


is  jus*  a  rewritten  version  of  Eq  (1)  For  the 
second  section  Isolated  flora  the  roBt  of  lira 
members 


L‘i  v  n  |  i»u 


(IB) 


material  or  geometry,  or  supports,  look  up  the 
compononi8  for  each  section  of  the  member. 


3.  Find  the  lending  components  ( v  --  ». 
e,  H.  V)  for  eneli  spetton  from  the  loading  table 
(Table  2). 

4.  Use  Eq.  (17)  to  develop  an  overall  field 
matrix  that  is  valid  for  the  whole  member. 

5.  Use  the  components  of  the  overall  field 
matrix  (step  4)  to  evaluate  the  bill tnl  parame¬ 
ters  selected  from  Table  3  for  the  npproprlnte 
end  conditions. 


where  the  origin  is  now  x  Dut,  from  Eq. 

(10). 


x.  Li  * a  ii 

i 

Ho  Hi  at  Eq  ( 1 9)  heroines 


'20) 


An  array  of  beams  that  cun  be  systemati¬ 
cally  solved  using  the  manual  ts  shown  In  Fig 
4.  The  field  matrices  (Table-  3)  essential  for 
every  occurrence  shown  are  given  in  the  manual 
and  In  no  Instance  doee  the  solution  procedure 
dtllor  from  that  just  outlined. 


5,  t-'i  *.», )  L°(  ii,  J  (21) 

which  corresponds  to  the  second  equntlou  of 
Eq.  (17)  The  remaining  equations  of  Eq,  (17) 
follow  In  suit 

The  process  of  achieving  a  static  solution 
can  be  briefly  summarized  as  fellows: 

1.  The  solution  ts  given  by  Eq  (I). 

2.  Find  the  appropriate  components 

tv ,  ,  k  i  *  v  v>  for  the  member  at  I  mod 
from  tlie  field  matrix  tables  (for  example. 

Tabic  1).  U  there  are  tn-span  changes  (n 


STA 13!  UTY 

The  critical  (buckling  oi  unstable)  load  for 
a  member  is  determined  by  following  the  first 
four  steps  of  a  static  solution  and  then  finding 
the  lowest  value  of  toe  iixial  load  for  which  of 
Table  ;S  Is  zero  This  value  ts  the  critical  load 
for  the  beam.  The  logic  of  this  manipulation 
comes  from  classical  buckling  being  a  state  for 
which,  roughly  speaking,  the  response  variables 
Increase  Inordinately,  This  state  Is  reached  U 
the  denominator  ol  the  response,  Eq.  (1).  ap¬ 
proaches  zero,  that  ts.  -  as  found  In  the  Initial 
parameter  expressions  (Table  3) 
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Fig.  4.  Typical  beams 


DYNAMIC  RESPONSE 

Several  urn  dependent  motions,  Including 
(roo,  steady  stain,  quaal-atatlc  vlacualaatlc, 
viscous  damijod,  and  transient,  can  bo  treated 
using  tho  manual  Only  transient  and  free  mo¬ 
tions  (frequencies  and  mode  shapes)  will  be 
considered  bore  because  steady  state  and  cjunsl- 
Btuto  responses  reduce*  to  static  probluins 

i*Qrai^l  iHGuP  transient  solutions  are  eat- 
ployed  in  the  mnnuai.  They  tuiie  the  form 

»'<*.*»  2->  A,tt>  «'(»■  (22) 

(Cunt.) 
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\  * 

I  i 

and 

i  e  time, 

n>  *  muss  per  unit  length, 
n,  ■.  ( )  -  loading  intensity, 

=  natural  frequencies, 

»J i  * ) .  *<  x >.  =  mode  Bhapes. 

Mj(  x),V*(x) 

,  I  i 

•i  -  ',(>•  M1'  -t  ‘  t. 

‘  (  «  (lumping  factor  (*0  lor  no 
damping), 

•  (  »  |  x>  »*i x).-K ,  and 
•* 

f  ,i  o,  •  «  a  {unction  that  takes  into  account 

prescribed  time  dependent  In¬ 
span  or  end  conditions  (lor  ex¬ 
ample,  displacements)  at  '  il,  . 

For  the  Euler- Dernoulli  beam  the  equations  in 
Eq.  (22)  are  the  solutions  ul  the  equations  ot 
mol  Ion 


V.  FI  ^ 


(34) 


-  *0W.(*.n0)  >  ?4U>  n4) 

‘  MoLJh(x  ao>  1  VoL«V<x  °o> 

*•*(*>  5  wcLM*<x-"a>  4  '70Lth*<,<'a„ 

’  *  *.,  1  ‘  'o^V1  “  “o  > 

V*<x>  ■J-hi'  flo<  4  V-V*Ix  no> 

‘  MJ  yu'.'  «a>  *  v„I-yv<  x  *o ) 

which  are  solutions  of  the  free  motion  relations 
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The  components  ,  « k .  j  .  M  Vj  arc  listed 
In  the  form  ol  Tabic  1.  Loadings  are  accounted 
lor  In  Eq.  (22)  and  are  not  considered  In  Eq. 
(24)  The  overall  field  matrix  that  embraces 
tn-apnn  changes  Is  developed  for  Eq.  (24)  in  the 
same  manner  as  for  the  static  response  of  Eq. 
(1)  The  Initial  parameters,  ;!0.  M„,  v„ .  ol 
Eq.  (24)  are  taken  from  tables  that  appear  as 
Table  4.  The  components  Lkj  <k  j  -  -  M,  Vj 

contain  a  frequency  parameter  . .  The  natural 
frequencies  (•  =  1,  2,  3,  4, . . .)  are  those 
values  of  -  for  wlileh  u f  Table  4  vanishes 
These  • ,  are  subsutuiect  In  solutions  *,’<x), 
M*(x:.  V‘(xi  to  give  the  mode  shapes 
«.'(X),  '  *(x>.  m'(x),  v'(x>  In  Eq.  (22).  That  to 
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The  mode  shapes  are  constructed  from  the 
■qunt  tons 
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This  completes  the  dynamir  solution.  It  Is 
r.a.srriUaily  classical  norma:  mode  theory  ut 
which  tabularized  line  solution  technology  is 
used  to  develop  the  mode  shapes.  The  ai  ray  ol 
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beams  shown  In  Fig.  4  with  time  dependent 
thermal  or  mechanical  loadings  can  be  solved 

utjing  ihfi  aiaiiuttl,  u5  Cctu  bcr.taiS  with  pi  €5Crlb6G 
lime  varying  displacements  (Fig.  5).  Beam 
theories  In  the  manual  tnclude  Euler-DernoulU 
(bending  only/,  shear,  Rayleigh  (bending  and 
rotary  Inortla),  Timoshenko  (bending,  shear, 
and  rotary  tnertla).  and  gyroscopic  effects  for 
rotating  shafts.  In  addition,  acceleration 
method  (Mlndlln-Goodman,  Williams)  solv'ions 
are  contained  In  the  manual  because  of  their 
more  rapid  convergence  characteristics. 


REDUCTION  OF  MULTIPLE 
DIMENSION  PROBLEMS  TO 
LINE  SOLUTION  FORM 


j  w(0,,t) 

I* - Q, - 1  Cto&tic  foundation 

Kig.  5.  Beams  with  pre¬ 
scribed  displacements 


approach  such  as  separation  ol  variables  13 J, 
operational  methods  [4],  finite  differences  [5], 
and  stiffness  or  flexibility  matrices  [6,7). 


The  line  solution  method  deals  fundamen¬ 
tally  with  structures  possessing  a  chain- like  SOLUTION  TO  MULTILINE 

geometry.  Members  not  naturally  exhibiting  PROBLEMS 

such  a  property  must  be  appropriately  trans¬ 
formed  before  line  solution  technology  can  be  Cert  classes  of  problems  of  which  grid- 

applied.  This  Is  accomplished  [2)  by  applying,  works  or  .Ilages  are  prime  examples  consist 

In  all  but  one  direction,  a  different  analysis  of  multiline  topology  with  cross  coupling  between 
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lines.  Cro66  coupling  factors  are  obtained  de¬ 
pending  upon  the  particular  problem  it  hand 
as  in  the  reduction  of  multiple  dimension  prob¬ 
lems  discussed  previously  [7].  The  solutions 
to  these  multiline  problems  are  analogous  to 
single  line  solutions  The  field  matrix  ele¬ 
ments  In  Table  1  are  new  square  matrices  of 
order  equal  to  the  number  of  lines.  The  load¬ 
ing  function  elements  as  given  in  Table  2  arc 
r.cv  column  matrices.  Equation  (15)  then 
becomes 

Ivl 


groat  on  the  other  end,  numerical  difficulties 
during  computations  can  occur.  Moreover,  the 
search  for  frequencies  In  ?  =  0  often  entails  the 
differences  of  almost  equal  largo  quantities  and 
again  lends  to  an  unfavorable  computational 
situation.  The  determination  of  higher  order 
frequencies  for  members  with  stiff  tn-span 
spring  conditions  or  flexible  in-span  joints  is 
particularly  troublesome.  A  variety  of  schemes 
has  been  developed  for  overcoming  these  diffi¬ 
culties  [8,9 J,  the  most  effective  being  one  that 
segments  the  member  into  computationally 
tractable  sections. 


,U 


I 


COMPUTATIONAL  VERSION  OF 
(26)  TI1E  LINE  SOLUTION  METHOD 


I, 

where  i  (=1, .  .  . ,  n)  designates  a  line,  et, 

Mj ,  v,  are  column  matrices,  and  I,  Is  the  unit 
column  matrix.  Equation  (16)  is  changed  In  the 


same  manner. 

Thus 
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where  III  and  !o)  are  the  identity  and  null 
matrices,  respectively,  of  order  N.  The  solu¬ 
tion  proceeds  now  in  all  respects  as  before. 


Tables  1  and  2,  the  most  essential  ingre¬ 
dients  of  line  solutions  and  hence  of  the  manual, 
can  be  developed  numerically  [3,10-12]  Not 
only  can  all  analytical  solutions  be  duplicated 
numerically,  but  many  problems  for  which  ana¬ 
lytical  solutions  are  not  available  (lor  example, 
certain  thin  shell  theories)  can  be  solved  by 
computational  line  solution  methodology.  The 
field  matrices  (Table  l)are  usually  constructed 
numerically  by  the  Integration  of  the  first-order 
form  of  the  differential  equations  of  motion.  In 
the  case  of  the  Euler -Bernoulli  beam  the  equiv¬ 
alent  first-order  form  of  Eq.  (2)  Is 


d<?  Jrt 
dx  ‘  El 


(28) 
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COMPUTER  CODE 

A  FORTRAN  IV  computer  code  has  been 
written  to  execute  the  solutions  of  the  manual. 
The  code  Is  designed  for  use  tn  conjunction  with 
the  manual  In  that  it  contains  no  reference  to 
particular  members  or  loadings  although  it  au¬ 
tomatically  performs  the  manipulations  essen¬ 
tia!  to  '■onets-’j"!  overall  field  matrices,  to  find 
critical  loads,  and  to  develop  static  and  dy¬ 
namic  responses. 


NUMERICAL  DIFFICULTIES 

Because  the  effect  of  loading  on  one  end  of 
a  very  long  structural  member  is  frequently  not 


Apart  from  the  computational  derivation  of  the 
basic  field  matrices,  the  analytical  and  numeri¬ 
cal  forms  of  line  solutions  are  identical.  Tiiat 
is,  the  manipulations  essential  to  account  for 
in- span  and  boundary  conditions  remain  un¬ 
altered. 


CONTUSIONS 

Line  solution  methodology  has  its  origin 
[2j  in  the  German  elasticity  school  ol  more 
than  a  hundred  years  ago  [13].  its  center  of 
development  moved  to  Russia  [14  J  and  then  back 
to  Germany  [15).  Several  thousand  technical 
documents  that  employ  this  methodology  have 
been  written.  Proponents  of  this  approach  tc 
structural  analysis  laud  the  simplicity  and 
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generality  acquired  while  retaining  a  desirable 
degree  of  physical  insight  into  the  problem. 

This  approach,  and  hence  the  manual  dis¬ 
cussed  here.  Involves  no  new  structural  mod¬ 
els,  theories  ol  strength,  constitutive  or  geo¬ 
metric  representations,  or  enlightening  results 
lor  specific  members.  Rather  the  manual  has 
been  developed  for  use  In  solving  problems  that 
historically  belong  to  Btrength  of  materials. 
Structural  member  responses  are  achieved  in 
the  manual  in  a  readily  comprehensible  sys¬ 
tematic  fashion. 
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UPPER  AND  LOWER  BOUNDS  TO  BENDING  FREQUENCIES  OF 
NONUNIFORM  SHAFTS,  AND  APPLICATIONS  TO  MISSILES 


Nathan  Rub  male  jn,  Vincent  G.  Sigillitu,  and  James  T.  Stadter 
Applied  Physics  Laboratory,  The  Johns  Hopkins  University 
Silver  Spring,  Maryland 


In  this  paper  we  compute  upper  and  lower  bounds  to  bending  frequencies 
of  v  inuniform  shafts.  The  mass  and  bending  rigidity  distributions  are 
approximated  by  piecewise  constant  functions-  Non  uniform  free  shafts 
often  serve  as  good  models  for  the  study  of  missile  bending  vibrations. 
The  upper  bounds  are  obtained  from  the  Ray  ieigh -  Rita  method,  the 
lower  bounds  result  from  an  application  of  recently  developed  tech¬ 
niques  of  Bazlcy  and  Fox.  A  brief  theoretical  description  of  the  lower  - 
bound  methods  is  included  along  with  several  illustrative  examples. 


INTRODUCTION 

In  missile  development  it  is  important  to 
know  precisely  the  frequencies  of  free  vibra¬ 
tion  of  elastic  structures  and  structural  ele¬ 
ments.  Fo;  a  missile  as  a  whole  the  frequen¬ 
cies  and  mode  shapes  in  bending  and  torsion 
have  a  strong  influence  on  performance  of  the 
control  system.  The  frequencies  and  mode 
shapes  of  such  other  structural  components  as 
wings,  fins,  and  panels  are  crucial  in  their 
aeroelnstlc  (flutter)  behavior  in  Right. 

The  nonuniform  free  shaft  often  serves  as 
a  good  model  for  the  study  of  missile  beading 
vibrations;  in  this  paper  we  assume  the  shaft  to 
have  piecewise  constant  stiffness  and  mass, 
both  of  which  are  distributed  rather  than  lumped. 

Although  In  principle  thlr  problem  can  be 
solved  exactly,  it  is  generally  impractical  to  do 
so.  To  obtain  the  exact  frequencies  of  a  shaft 
with  only  a  few  nonunlformitics  It  is  necessary 
to  find  tiio  roots  of  a  targe-order  determinant 
with  nonlinear  entries.  Methods  are  available 
lor  finding  these  roots;  however,  their  use  leads 
to  many  computational  problems,  as  they  are 
quite  sensitive  to  roundoff  error  and  usually 
require  much  computation  time.  Other  existing 
methods,  such  as  those  that  concentrate  the 
mass  and  stiffness  at  points  or  apply  difference 
techniques,  give  approximations  of  the  frequen¬ 
cies  but  do  not  provide  error  estimates.  Con¬ 
sequently,  one  cannot  be  certain  of  how  accu¬ 
rate  these  approximations  are.  The  methods 


presented  here,  however,  give  upper  and  lower 
bounds  that  bracket  the  true  frequencies  of  the 
missile  model,  are  computationally  fast  and  ac¬ 
curate,  can  handle  a  large  number  of  nonuni- 
formlties,  and  can  be  extended  easily  to  handle 
shafts  with  more  complicated  variations  of 
stiffness  and  mass. 

The  well-known  Rayleigh-FUtz  procedure 
is  used  to  obtain  the  uj  er  bounds.  The  prob¬ 
lem  of  obtaining  lower  bounds  is  much  more 
difficult,  but  recent  work  of  Bazley  and  Fox  has 
provided  useful  lower-bound  procedures  that 
are  applicable  to  a  wide  variety  of  vibration 
problems  [1,2).  More  recently  the  authors  were 
able  to  apply  these  theoretical  results  to  obtain 
lower  bounds  to  frequencies  of  various  beams 
mid  shafts  [3-6J. 


THEORETICAL  BACKGROUND 

The  differential  equation  of  the  free  bend¬ 
ing  vibrations  of  a  free  shaft  is  given  by 


,  fcl  (  X  )  -  ^  1  I  1 x)  u  0  .  0  <  x  <  L  , 

dx 1  dx 1  i 


iT(in  -  u'lL)  -  iT'iO's  liVb)  n  . 


El(  x)  is  the  bending  rigidity, 

-(x)  is  the  mass  per  unit  length, 
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L  lo  the  length  ol  the  shall,  and 

f  Is  the  circular  frequency  ol  bending 
vibration. 

We  assume  Ki(x>  and  ».(x)  are  piecewise  con¬ 
stant.  Physical  con  (derations  dictate  that  the 
solution  u  be  continuous,  and  ei<x)u'  continu¬ 
ously  dtlierentinble  over  the  length  of  the  shaft. 

Because  the  theoretical  methods  are  natu¬ 
rally  expressed  In  tome  of  operators  in  Illlbert 
space,  we  treat  tl>o  miuolle  as  a  free  shaft  of 
unit  length  whoso  beading  vibrations  can  then 
be  described  in  the  real  Illlbert  space  S‘,<-n.l'2f 
with  inner  product 

r1 1 

(u, v)  -  |  uv  dx  . 

I.  1 

Let 


L.owc v  Bounds 

The  lower  bounds  oro  obtained  u6lng  tho 
method  of  intermediate  problems  [7-9)  with 
special  choice  developed  by  Bazley  and  Fox  [1). 

The  quadratic  forms  associated  with  the 
elastic  (or  strain)  onorgy  and  the  kinetic  enorgy 
tire  given  by 


jA(»>  -  J 

h(x)  l\i'(x>)  3 dx 

■  i  i 

Jd(u)  j 

.13 

tt(x)  'u(x)]  3  dx  . 

-  1  3 

respectively. 

As  required  by  the  method,  jA  can  be  de 
composed  aB 

h(x)  =  El(x) 


iHx)  =  |1<X) 

Then  tho  above  eigenvalue  problem  becomes 

—  fh(x)  -  \B(x)u  =  0. 

dx3  l  dx»J  (1) 

u'(- 1/2)  =  u*(  t  32)  =  vi“(-l  2)  =  u“(l  2)  -  0, 

where  the  eigenvalue  *  Is  related  to  the  fre¬ 
quency  f  byt 

\  -  4"  3  (  3  . 

The  stiffness  and  mass  functions  are  chosen  to 
be  piecewise  constant  and  to  satisfy 

0  <  h°  <  h(x)  <  II 
0  <  m  B(  O  <  M  . 

whore  h®,  II,  m,  and  M  are  constants. 

We  now  describe  the  methods  used  to  com¬ 
pute  upper  and  lower  bounds  to  the  eigenvalues 
of  Eq.  (1). 


*We  denote  by  P1  (-1/2.  12)  the  space  of  all 
Gquare  integrable  functions  on  the  interval 
(-1  2.1  2) 

tThe  frequency  for  a  beam  of  length  L  can  be 
obtained  from  the  equation  V  -  f  1  L4. 


Ja<“)  ;  JAo(u>  1  (Ti11-  Tiu> 

r  i  >  r '  3 

h,[u*(x)),dX  '  mx)-h°!iu‘(x)!3dx 

J.  i,i  y->  1 

(2) 

Therefore  the  operator  t,  Is  given  by 

T,U(X)  X  lh(X)-h®l‘  3U*(X) 

and  its  adjoint  t’,  is  given  by 

T*.v(X)  -  -li  Jih(x)  -  h°)  1  3  v(x)| 

dx3  l  1 

with  domain  of  definition  f  ,  given  by 

Ti 

f  .  X  |v  ;  [h(x)-h°!  *(f'(-l  2.  1  2)  . 

Tl  t 

v(-t  2)  z  v(  1  2) 

-  v'(— 1  2)  =  v'(l'2)  =  0  . 

((lUxj-h®)1  3v'(x)lfi  =  0.  i  =  2.3.  ,k|. 

Here  II,  denotes  the  Jump  In  tho  function  at 
the  point’-. 

Also  as  required  by  the  method,  the  quad¬ 
ratic  form  Jn  can  be  decomposed  as 

Jnt">  =  ‘  ,Ttu  tj1!> 

.1  2  -i  ; 

Mlu(x)!3dx-  I  'M- B(k)'  !n(xl, 1  'lx 

1  '-12  (3) 


K  therefore  follows  that  the  operator  t,  la 
given  by 

T/i(  * )  "  iM  -  B(  x  )‘  1  1  u(  x ) 
and  Its  adjoint  T* 

T’v(x>  :M  -  0<xr  1  1  .■( \ ) 
with  domain  of  definition 


where  5,  2)  and  .  1  ia  the 

positive  root  of  tho  transcendental  equation 

1  *  cos  j  cosh  i-O  (4) 

or,  equivalently,  Hie  -'s  with  odd  subscript  can 
be  obtained  as  the  roots  of  the  equation 

ton  j  *  tiinli  y  $  0 


S'  .  f-’  (-1  2.1  21 

T  , 


and  the  .  's  with  even  subscript  can  lx  obtained 
as  tiie  roots  of  the  equation 


Tho  variational  problem 

JA»<"’ 

---  0 

_VU,_ 

tor  variations  taken  in  fj  gives  rise  to  the 
eigenvalue  problem 

a°u  -  \  n°u  o 

which  in  our  case  is  given  bv 

u“(x)  -  *  —  U(X)  0  . 

h" 

u'i-1  21  -  u‘<l  2)  -  u'r(-l  2)  <i'(  l  2)  0. 


trtn  -  tftnh  —  *  0. 

2  2 

The  eigenvalues  v“  satisfy 

o  _  i°  s.  \*t  <  . . .  . 

Because  Uie  quadratic  form  JA»  is  obtained 
from  JA  by  dropping  the  positive  term  (t,u,  t,u), 
and  the  quadratic  form  Jq0  ie  obtained  from  JB 
by  subtracting  tho  positive  term  (  t,u.t,u),  the 
eigenvalues  f  give  crude  lower  bounds  to  the 
eigenvalues  of  Eq.  (1);  that  is,  the  eigenvalues 
satisfy 

<:  ^  1.2.-.  ■  (5) 


This  eigenvalue  problem,  referred  to  as  a  base 
problem,  Is  resolvable  as  it  corresponds  to  the 
problem  of  bending  vibrations  of  a  uniform  beam 
with  constant  stiffness  n°  and  constant  muss  m. 
Its  eigenvalues  *.J  and  corresponding  normal¬ 
ized  eigenvectors  uj  ,  are  given  by 


The  lower  hound  procedure  which  Is  de¬ 
scribed  tn  detail  tn  Ref.  [1],  pp.  8-12,  useB  the 
first  k  t  elements  of  a  given  sequence  <p‘.  p*. . . .  > 
of  linearly  independent  vectoi'8  belonging  to  f  . , 
■  1,2,  to  construct  intermediate  quadratic  T| 

forms  that  satisfy 


*  _ _  [cosh  -  ,  cos  2 

uo  J  V  M(coshJ  (  *  <3s2  k  ) 

•  --os  2,;.  xi  »  • -  -  3  5.7, 

/ - -  **  ^ -  isiitl*  :  sir.  2?'  x 

\  Mfsinh i?  \  -  sio  ) 

xi  n  ■  i  smh  2 x  .  4  fi  H 


JA°  “  JAk  1  1  JAkl''  “ 

J,,o  -  J  l  ,  -  J  l  .i  -  Jb 

0  n  ‘  n  1 

Consequently,  the  operator  eigenvalue 
problem 


.k  .  k, 

A  'ii  -  n  3n 


(7) 


obtained  from  the  variational  equation 


'  J  i . 

D  4 


has  ordered  eigenvalues 


k 


1 2  that  satiety 
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The  operator  eigenvalue  equation  (liq.  (7))  is 

given  explicitly  by 


A°u  *  £  <u  T,P‘,)  *’*  1  Tipi 


I.  !•* 


-  ».  (  H1 


l 

6,1  -  e  <,,  T>t*> 


i.i*i 


5  0  (») 


where  the  constants  »>[ }  and  b?,  are  elements 
of  tho  matrix  Inverse  io  that  with  elements 
(pj.pj)  and  (pJ.p|)  respectively. 


The  method  of  special  choice  requires  us 
to  flint  vectors  p!  «3D,.  and  p,  t  jL»  satisfying 

‘  >i  3i 


i>!  *  i  ^1- «S .  **»•> . k. 

— - ...*1.1. 

and  (10) 

np?  ■  i  *ld0<'  iii2 . u> 


Such  a  set  of  vectors  satisfying  Eq.  (10)  is 
given  by 


Pi 


o  . 
o . 


i  =  1. 
i  =  2. 


_ at  /  i  \3 

lAhi  x)  -  h®)  (co»*i*flj  ♦  COS 


■  (coa  rf  cosh  2f;4x  -  cosh  c?j  cob  2t?tx). 

i  5  3.S  7 _ 


/ _ at _ MV 

V(h(x)  -  liDl(sinl>,£,1  -  sin3^,)  V-''  i  I 


[sin  &k  si nh  2l3lx  -  sinh  P ,  sin  2SjX]  . 

fi  ft  , 


fv4 


12M 


1  =  1. 


ri: 

V  M  -  B(  x ) 


i  -  2 

(Cont. ) 


ai 


V  IK*  Ik*>Ui'0»li*vt  *  cos3  j) 

!  *  (cosh  ",  i'iw  2".x  •  cos  ",  cosh  2c.  xi. 

I  i  .  i  i 


Pi  =  S 


3  5  ) 


V*- 


2M 


11(  x  ll  i  s  inb3,i(  -  sin 


*  [sinh  sin  2i^x  *  sin  sinh  2i‘=[X[, 

i  =  -i ,  6 ,  fl . 


Upper  Dountie 


The  upper  bounds  are  obtained  using  the 
well-known  Rayleigh -Rite  procedure  In  which 
we  diagonnltze  a  symmetric  matrix  with  ele¬ 
ments  --  JA(tarv )  relative  to  the  matrix 
=  ,)„(».*,.)  Where  U\e  trinl  vectors  5,  are 
in  $jA  and  satisfy  (  Ptm  .  • 


Here  we  chose  modified  eigenvectors  of  the 
base  problem,  uj's,  as  the  trial  vectors  ?,  . 
These  are  given  by 


T.  8  S 


2  \  3  x  . 

1  . 

/ 


:■  1 . 

•  =  2. 


/ _ J _ f  JLV 

V  cosh lc'v.  t  cos  \lrv) 


l cosh  cos  2f;t  x  «  cos  r  cosh  2<-\.xj . 

-  |5,7 . 


./■ 


V  sinh*<\.  -  sinJ< 


[sinh  c,  sir)  2t*,x  *  sm  «  smh  2t  t  x] . 

;  =  1.0.8 . 


where  =  i  j,  .,  2)  ;uid  .,  Is  the  <•  -2)th 
positive  root  of  Eq.  (4),  above. 


Thl3  leads  to  a  symmetric  matrix  eigen¬ 
value  problem  of  order  n  given  by 


V 


j  *(  T„  ,  1  -  ^ "  I  .  1>,  ) 


,1,=0. 


-  1.2.  ,n. 

(13) 


s 

J 
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Wc  clioueo  k  |  of  the  vectors  i>,  uiui  k,  of  the 
vectors  p*,  where  •,  2>  and  i,.,  is 

the  ( i  -J>th  positive-  root  of  Eq.  (4)  above.  Here 
•'[.  -  and  n  k,  •  2  u,. 

Tlio  Integer  n  will  correspond  to  the  order  of 
the  matrix  problem.  Increasing  the  integer  k  , 
increases  tlio  quadratic  form  JAi ,  toward  J  A 
and  increasing  tlio  Integer  k,  decreases  the 
quadratic  form  Ju*  a  toward  Ju  (boo  Eq.  (0)), 
thus  improving  the  lower  bounds.  Equation  (9) 
now  becomes  a  linear  algebraic  eigenproblcm, 


(11) 

or  equivalently  in  matrix  notation 

>  j.\«  +  ^  D*  /i,  -  x  [l  -  0.  (12) 

whore  we  have  written  ;>T  for  tlie  transpose  of 
The  eigenvalues  .together 

with  tlioso  determined  from  Eq.  (12)  aro,  when 
ordored  according  to  magnltudo,  the  eigenval¬ 
ues  \Ji  ‘•i  that  provide  lower  bounds  according 
to  Eq.  (8). 

The  eigenvalue  .  is  the  lowest  per¬ 
sistent  eigenvalue  (P.E,)  of  the  base  problem. 


and  iho  olgonvalucs  v,, ,  - " 1  that  provide  lower 
bounds  axe,  for  simplicity,  written  as  \".  We 
obsOrvo  tliat  only  tlio  olgonvalucs  loss  than  xj|M 
(tho  P.E.)  give  Improved  lower  bounds.  Tho 
eigenvalues  of  Eq.  (13)  satisfy 

V,  <  vj  .  »  «  1  2.  .  n  , 

Dint  is,  they  arc  upper  bounds. 


ILLUSTRATIVE  EXAMPLES  AMD 
RESULTS 

Digital  programs  that  solve  Eq.  (12)  for 
tower  bounds  and  Eq.  (13)  for  upper  bounds 
have  been  wrltion.  The  programs  require  only 
stiffness  and  mass  data  In  standard  engineering 
units.  All  necessary  conversions,  matrix  con¬ 
structions,  arithmetic  operations  and  Inversions 
ore  done  automatically  by  the  programs.  A  de¬ 
tailed  description  of  the  programs  and  their  use 
is  givon  in  our  report  [0]. 

We  now  give  the  results  of  two  3amplo 
problems.  In  both  examples  wo  have  used,  os 
a  model  for  the  missile,  a  shaft  with  piecewise 
constant  bending  rigidity  and  masB  per  unit 
length. 

The  first  example  troals  a  simple  case 
that  illustrates  the  type  of  results  obtainable 
from  tho  procedure.  Figures  1  and  2  give  tho 
bending  rigidity  and  mass  per  unit  leng'h.  The 
bounds  to  eigenvalues  obtained  from  15th-order 


Fig.  1.  Bending  rigidity  of  .»  missile 
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Fig.  i.  Maae  par  unit  length 


calculations  arc  given  In.  the  Inst  two  columns 
of  Table  1;  the  corresponding  bounds  to  the 
first  10  frequencies  are  given  In  Table  2.  Doth 
calculations  required  0.03  hr  running  time  on 
the  7004  digital  computer  at  the  Applied  Physics 
Laboratory. 

TABLE  1 

Bending  Vibrations  of  a  Missile  with  Plocowlso 
Constant  Stiffness  and  Mass 
(Hounds  to  Eigenvalues) 

|  15th  Order  I  16th  Order 


541.  -10654 
3733.3120 
13301.006 
38351.332 
84005.807 
184045.02 
280462.44 
482810.00 
761370.07 

1130130.1 
1611112.0 

2384803.2 
3276015.0 


p 

15th  Order 
Lowor  Bounds 
X'3 

1 

0 

2 

0 

3 

533.36904 

4 

3072.6710 

5 

13127.900 

C 

38142.218 

7 

03437.985 

8 

102550.79 

9 

283705.27 

10 

478560.03 

11 

742855.86 

12 

1096716.2 

13 

1572879.4 

14 

2295110.9 

15 

2450319.5 

TADLE  2 

Bending  Vibrations  of  a  Missile  with  Piecewise 
Constant  Stiffness  and  Mass 
(Bounds  to  Frequencies  (Hz)) 

16th  Order  15th  Order 
■  Lower  Bounds  Upper  Bounds 


0.28301480 

0.74422033 

1.407060B 

2.3983806 

3.5472027 

4.9511909 

6.5410705 

8.4954400 


0.28574357 

0.75034720 

1.4153626 

2.4049017 

3.6783595 

4.9875345 

C. 6071054 

8.5330206 


Our  second  oxample  treats  a  more  realis¬ 
tic  missile  structure.  We  have  used  a  model 
with  16  discontinuities  In  bending  rigidity  and 
45  In  mass  per  unit  length  (see  Figs.  3  and  4). 
The  bounds  to  frequencies  resulting  from  10th- 
and  15th-ordor  calculations  are  given  In  Table 
3.  (Notice  that  the  higher-order  problems  givo 
improved  bounds.)  The  combined  running  time 
tor  the  two  cases  for  both  upper  and  lower 
bounds  was  0.17  hr. 


LJ  *$,  bf  bait  from  ru  1 

— —  T^_  —  rr_  —  rr  —  ~ 


fir 


•5  io  wo  ilo 

BODY  STATION  (  INCHES ) 


Kig>  i.  Bending  rigidity  of  a  ivusinle 


nOOY  STATION  (  IHCrlCSI 


Mass  1)1 


Ml  £  ill 


TABLE  3 

bonding  Vibrations  of  a  Missile  with  Piecewise  Cunotant  St.lfnees  oiul  Maau 
(Dounda  to  Frequencies  (Ha)) 


»-■ 

10th  Order 
Lower  Bounds 

» 

10th  Order 

Uppe r  Bounds 

i'“ 

15lh  Order 

Lower  Bounds 
f” 

15th  Order 

Upper  Bounds 

i  •' 

% 

1 

0 

0 

0 

0 

2 

0 

0 

0 

0 

3 

36.443900 

30.346530 

35.553020 

38.909000 

4 

82.001103 

02.241055 

83.072340 

90.358313 

6 

“ 

— 

109.25080 

102  73000 
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DAMAGE  PREDICTION  FOR  OPEN-FRAME  STRUCTURES 
SUBJECT  TO  LIQUID  PROPELLANT  EXPLOSIONS 
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Hunt-villc.  Alabama 

and 

Myer  J  llosenficlri 
US.  A  liny  Curgib  ot  Engineers 
OK m  [fiver  Division  Laboratories 
Cmciim.il i,  Ohio 


-  - - —  -  —  -  -  - — * - — - — . . —  -  1  --  -  — 

The  objective  ol  Ibis  paper  is  I  '  develop  a  method  to  predict  damage  lo  nil  aluminum 
open -frame  structure  subject  (•>  iquid  propellant  explosion*. 

Test  struCtuies  were  built  and  tested  in  actual  explosive  environments;  this  was  eon. 
ducted  under  Project  PYHO,  which  is  jointly  sponsored  by  NASA  and  USAF.  Thi*  project 
include*  an  extensive  series  of  explosion  tests  using  different  kinds  of  cryogenic  and 
hypergohe  rocket  propellant*.  Tile  te»t  structure*  were  located  along  lines  passing 
through  ground  aero  and  oriented  1  ZO  degrees  with  respect  to  each  other  and  at  dialnnces 
ot  1 3.  Jt),  b7,  and  117  feet,  respectively,  .‘romtlie  center  of  explosion.  After  each  test, 
damaged  structures  were  photographed,  «"•<  -train  response*  were  recorded  by  magnetic 
l.ipe.  Laboratory  testing  was  also  conduct e  .1  iu  determine  dynamic  characteristic*  of  the 
open  frame  structure. 

Cased  on  these  data,  analytical  models  fjr  the  test  structures  were  formulated.  Dynamic 
responses  (stresses  ami  displacements)  of  structural  members  subject  lo  equivalent  tri¬ 
angular  impulsive  loadings  were  evaluated.  The  tail-re  criterion  for  each  individual 
member  was  defined  as  the  maximum  stress  which  exceeds  the  yi.  id  stress  ot  the 
Sinicin ra !  material. 

The  comparison  between  the  analytical  and  the  experimental  results  is  considered  to  be 
satisfactory 


INTRODUCTION 

Tho  sudden  release  of  liquid  propellant 
energy  could  create  impulsive  force  sufficient 
lo  cause  substantial  damage  (or  destruction)  to 
surrounding  structures.  Consequently,  pre¬ 
cautions  must  bo  taken  to  minimize  such  de¬ 
structive  effects  on  structures  by  providing 
adequate  loading  criteria  for  propellant  ex¬ 
plosions  and  practical  design  techniques  for 
selecting  structural  mein  tiers.  The  purpose  of 
tins  paper  is  to  report  the  development  of  a 
method  to  predict  damage  to  open  frame  struc¬ 
tures  subject  to  liquid  propellant  explosions. 

The  typical  structure  to  be  investigated  in 
this  report  consists  ol  an  opon-lrame,  alumi¬ 
num  tubular  structure,  as  shown  in  Fig.  i, 
designed  and  fabricated  by  the  U,S,  Army  Corps 


of  Engineers,  Ohio  River  Division  Laboratories, 
and  tested  nt  the  Air  Force  Rocket  Propulsion 
Laboratory,  Edwards,  Call!.,  under  Project 
PYRO,  which  is  jointly  sponsored  by  NASA  and 
USAF. 

Test  structures  were  placed  in  Uie  test 
area  along  the  three  gage  lines  passing  through 
ground  zero  and  oriented  120  degrees  with  each 
other,  and  were  spaced  at  distances  of  23,  30, 

67,  and  117  ft,  rcsjioctively,  as  shown  in  Fig.  2. 
After  each  explosive  test,  visual  examination 
was  made  of  damage  occurring  to  structural 
members,  and  photographs  of  test  structures 
were  taken.  Examination  of  damaged  structures 
has  revealed  that  the  structural  damage  sever i- 
tloii  are  directly  related  to  the  propellant  yields 
and  ttie  distances  from  ground  zero.  Tiic-  re¬ 
sults  of  current  explosive  tests  wen  compiled 
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DIMENSIONS  Of 

STJHKTlJSAl  Mf/AE'P* 


VJfVr  i  VIEW  J 

Fig.  1.  Aluminum  open- frame  structure 
used  during  Project  PYRO  tests 
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Fig.  i.  layout  of  test  structure  locations 


and  listed  In  Table  i.  The  structural  damage 
severities  can  aleo  be  classified,  according  to 
the  deformations  of  tndMdua!  structural  mem¬ 
bers,  into  the  following  four  basic  categories: 

1.  No  damage  (Fig.  3). 

2.  Defor. nation  of  bracings  (Fig.  A). 


3.  Deformation  of  diagonals  (Fig.  5). 

■I  Deformation  of  columns  (Fig.  6). 

Analytical  procedures  to  predict  critical  load¬ 
ings  for  which  structural  members  will  fail,  are 
therefore,  of  practical  into  restto  design  engineers 


TABLE  1 

Listing  of  Teste  will)  Available  Photographic  Evidence  of 
Structure  Damage  and  Measured  Equivalent  TNT  Yield 


Test 

No. 

Charge 

(U 

Propellant 

Type 

Distance 

tft) 

Measured 
Equivalent 
TNT  Yield 

(%)  |1J 

TNT 

Equivalent 

Charge 

(lb) 

Symbol 
Used  in 
Elg.  12 

t92-A 

1000 

LOj/RP-l 

23 

10 

100 

□  1 

192-B 

1000 

lo2/rp-i 

38 

6 

60 

A  2 

192-C 

1000 

lo2/rp-i 

67 

9 

90 

☆  3 

193-A 

1000 

LOj/RP-I 

23 

15 

150 

□  4 

193-0 

1000 

lo2/rp-i 

38 

15 

150 

□  5 

193-C 

1000 

lo2/iip-i 

67 

12 

120 

☆  6 

195-A 

200 

lo2/lh2 

23 

60 

120 

□  7 

195-C 

200 

lo2/lh2 

67 

40 

80 

☆  8 

209 

1000 

L02/RP-I 

23 

10 

100 

O  9 

209-A 

1000 

L02/RP-I 

38 

1 

70 

A  10 

209-B 

1000 

LOj/llP-I 

67 

10 

100 

on 

209-C 

1000 

LOj/RP-I 

117 

11 

no 

☆  12 

211-A 

1000 

lo2/lh2 

23 

7 

70 

□  13 

211-B 

1000 

lo2/lh2 

38 

4 

40 

014 

211-C 

<000 

L02/LHj 

67 

6 

60 

☆  l5 

213-A 

1000 

LOj/LHj 

23 

15 

150 

□  16 

213-B 

1000 

LOj/L1I2 

38 

15 

150 

rri7 

213-C 

1000 

lo2/lh2 

67 

lo 

150 

☆  18 

262 -A 

1000 

LOj/LH, 

38 

28 

280 

□  19 

262-B 

1000 

LOj/LHj 

67 

30 

300 

☆  20 

2G6-A 

1000 

L02 /LH  2 

23 

7 

70 

H  21 

266-B 

1000 

LOj/LHj 

38 

8 

80 

;  22 

275-A 

25,000 

L02/RP-I 

67 

1 

250 

□  23 

275-B 

25,000 

lo2/rp-i 

117 

1 

250 

☆  24 

In  the  following  analysis,  the  determinin'  - 
of  impulsive  leads  generated  by  liquid  propel 
lant  explosions  will  be  investigated.  The  ar.r- 
lytical  models  will  be  formulated  to  predict 
dynamic  responses  subject  to  propellant 
explosions. 


DETERMINATION  OF  LOADS  ACTING 
ON  OPEN-FRAME  STRUCTURES 
CAUSED  BY  PROPELLANT 
EXPLOSIONS 

Once  a  propellant  explosion  occurs,  a 
shock,  wave  is  generated.  It  moves  outward  at 
supersonic  spec  !  and  is  :  '.owed  by  a  high 
velocity  hot  wi  ld  On  the  snuck  front  the  pres- 
■'<  f  the  aii  ;ses  almost  instantaneous!)  to 
value,  pso  ,  to  decay  rapidly  afterward. 

For  open  structures  Composed  only  of 
beams,  columns,  trusses,  or  other  member  s 
with  only  small  areas  opposing  tiie  blast,  ea.h 
member  receives  an  impulsive  loading  caused 
by  the  overpressure,  and  then  is  exposed  to 
drag  from  the  wind  accompanying  the  blast 


Unless  the  open-frame  structure  fails  as  a 
whole  or  in  part  without  plastic  deformation,  it 
is  reasonably  accurate  to  consider  the  struc¬ 
ture  as  being  subjected  only  to  drag,  neglecting 
iiie  impulsive  loading  caused  by  the  overpres¬ 
sure.  To  simplify  the  loading  function,  its  shape 
will  be  assumed  to  be  triangular,  as  shown  In 
Fig.  7,  with  the  same  positive  impulse  as  Uiat 
of  the  original.  For  this  reason,  the  duration 
will  be  called  equivalent  duration,  qr ,  and  the 
negative  phase  will  not  be  considered.  Another 
important  subject  concerns  the  TNT  yield  of 
propellants  that  provides  a  way  of  relating  the 
propellant  explosions  to  TNT  explosions,  as  far 
as  the  pressure-time  history  is  concerned. 

The  TNT  yield  is  defined  [  1]  as  the  amount 
of  TNT  that,  if  put  at  the  position  of  the  propel- 
*ant  explosion,  would  produce  the  same  value  of 
a  particular  shock  wave  parameter  at  the  same 
distance  as  that  of  the  propellant  explosion. 

Now,  if  it  were  possible  lo  determine  the  TNT 
equivalent  yield  for  each  type  of  propellant,  the 
loading  function  caused  by  a  propellant  explo¬ 
sion  could  be  predicted.  Unfortunately,  this 
could  only  be  done  in  the  far-held  region,  that 


Fig.  6.  Test  structure  with  damage  to  columns 
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series  of  tests.  The  air  shock,  parameters 
caused  by  liquid  propellant  explosions  have 
been  investigated  in  Refs.  [2]  and  [3],  and  a 
design  chart  was  developed  in  terms  of  liquid 
propellant  explosions  parameters,  namely,  the 
peak  dynamic  pressure,  <iso ,  the  equivalent 
phase  duration,  tqr,  the  distance  from  ground 
zero,  R ,  and  the  equivalent  TNT  yield,  wT .  This 
chart,  shown  in  Fig.  8.  provides  a  very  conven¬ 
ient  loading  criterion  for  evaluating  dynamic 
responses  of  open-frame  structural  members. 


u:  7.  Simplification  ol  the 
liynariuc  j>  »•  cs.su  r  e  -l  1  me 

In  st  or  v 


if=  it  large  distances  from  the  point  of  explosion 
■there-  the  air  blurt  parameters  are  functions 
oi  iy  of  ihe  iot  .'i  era r^y  released.  In  tiie  close- 
-ieid  region,  the  air  blast  parameters  depend  on 
many  other  factors,  such  as  explosivs-mass- 
to-energy  ratio,  rate  of  energy  release,  initial 
air  shock  velocity,  chemical  properties  ot  tee 
explosive,  and  others,  in  addition  to  the  total 
energy  released  [2],  For  these  reasons,  the 
TNT  equivalent  yield  cannot  be  found  for  the 
close  field,  and  the  only  apprea  h  is  to  find  its 
probability  distribution  by  means  of  a  long 


ANALYTICAL  MODELS 

In  the  current  analysis,  attempts  have  been 
made  to  formulate  analytical  motels  for  indi¬ 
vidual  structural  members,  rather  than  treat¬ 
ing  the  open-frame  structure  as  a  continuous 
system,  and  also  the  dynamic  instability  prob¬ 
lems  were  no*  considered  in  the  analysis.  The 
assumptions  made  on  the  structural  systems 
are: 

1.  The  members  AB,  DC,  DB,  and  AC  are 
not  subjected  to  wind  load. 

2.  All  the  other  members  are  loaded  by  a 
uniformly  distributed  dynamic  load. 

3  The  structure  is  symmetrical  with  re¬ 
spect  to  the  center  For  this  reason  the  analysis 
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Fig.  8.  Estimated  peak  dynamic  pressure  (q,n)  and  equivalent 
duration  (te<.)  for  propellant  explosions  related  to  distance  (K) 
and  equivalcni  Ti'iT  C"j)  (ucf.  i"»J) 


can  be  concerned  with  half  structures,  and  only 
two-dimensional  problems  will  be  involved. 

<1.  The  struts,  AD,  DC,  and  the  upper 
cross-bracings,  AC,  DB,  are  assumed  to  be 
Infinitely  i  igld. 

The  mathematical  model  for  diagonals  is 
shown  In  Fig.  0,  which  is  essentially  a  simply 
Supported  uniform  beam  subject  to  end  loads, 
R,x(  t ).  The  mathematical  model  for  struts  and 
bracings  Is  shown  in  Fig.  10,  which  represents 
a  simply  supported  uniform  beam.  Column 
members  of  the  open-frame  structure  are  pre¬ 
sented  by  a  uniform  cantilever  beam  model,  as 
shown  In  Fig.  11,  subject,  to  a  concent  rated  nor¬ 
mal  load  W(  t )  and  to  an  axial  load  R  ,< «  i  .  The 


Fig  9.  Analytical  model 
lor  diagonals 


stiffnesses  of  these  beam  members  are  equiv¬ 
alent  to  those  of  the  structural  members. 

The  forcing  functions  for  the  aforementioned 
structural  members  are  defined  as  follows: 


Fig.  10.  Analytical 
model  for  struts  and 
bracings 


Equations  (1),  (2),  and  (3)  are  valid  only  If 

o  <  »  -  «,lt  (4) 

and  all  the  forcing  functions  will  vanish  when 

‘  ’  (5) 


Fig.  11.  Analytical 
model  for  columns 


Diagonals: 


8  Inf  *  1  = 

1  -  p—  \  cos  0  . 

) 

(la) 

Rnx(  *  > 

‘  l^o  ^ 

'-£)■ 

(lb) 

Bracings  and  Struts: 

nj(‘) 

D2qf,  ^ 

'•  v)' 

(2) 

Columns: 

q,(  t )  7 

D1^0  ^ 

■-*) 

(3a) 

K  j  (  t  > 

2%  ( 

(3b) 

W(t)  - 

*T ) ' 

(3c) 

where 


D,  =  width  of  the  diagonal  and  the 
column, 

D  j  =  width  of  the  bracing  ;uid  the 
strut, 

q  =  loading  pressure  given  by  the 
dynamic  pressure  times  the 
proper  drag  coefficient,  and 

•  -  constants  determined  by  static 

analysis. 


DAMAGE  PREDICTION 

The  failure  criterion  for  each  Individual 
structural  member  ts  defined  bv  the  loading 
condition  for  which  the  maximum  dynamic 
stress  exceeds  the  yield  stress  of  the  struc¬ 
tural  material.  To  determine  dynamic  stress 
of  the  open  frame  structure  subject  to  liquid 
propellant  explosions,  the  following  equations 
of  motion  are  used  to  evaluate  responses. 

The  equation  of  motion  of  the  diagonal 
member  is  given  as 


m. 


q,„<0  W 


where 

e  =  Young's  modulus, 

l ,  =  moment  of  inertia  of  the  diagonal,  and 

m ,  =  mass  per  unit  length. 

Similarly,  the  equation  of  motion  for  brac¬ 
ings  and  struts  is  given  by 


EI  , 


-Vb 


(7) 


where 

I  j  =  moment  of  inertia  of  bracings  and 
struts,  and 

m2  =  mass  per  unit  length. 

The  equation  of  motion  for  columns  can  be 
found  by  using  the  normal  mode  method  and  is 
given  Dy 


><-»  x.i )  -  vc<  *>  ■  ( t  ,  (3) 


where 


shape  of  the  first  normal  mode  = 

cos  Ks  -  cosh  Kx  -  0  734  (sin  K x 
-  s inh  K\ >  . 

K  -  ‘-pS  (9) 
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p(  t )  -  normalised  coordinate  which  Is 
obtained  from 


*  «'*  -  i 


Q  -  Rcneroti*r<l  force 


I  <!,(«!  yc(x)  dx  *  W(t)  (11) 


M  -  Reno i' Aliped  mass 


!  f  yc*(x>  •  yc#(Ll  M, 


2.  In  Eq.  (11),  the  reaction,  R,m,  has 
been  neglected  to  increase  compressive  etress 
caused  by  bonding. 

The  damage  criterion  for  the  tost  structure 
is  defined  as  the  maximum  dynamic  stress  llud 
exceeds  the  yield  stress  of  the  structural  ma¬ 
terial;  the  yield  st’-ess  for  the  test  structure  Is 
assumed  to  be  13, v  10  pel. 

The  minimum  impulse  loading  with  peak 
dynamic  pressure,  >i,0,  and  its  equivalent 
duration,  >  ,  which  causes  dynamic  stress 

starting  to  exceed  13,000  pai  is  defined  as  the 
critical  loading.  For  the  case  of  the  diagonal 
which  is  compressed  by  an  axial  force,  k.,(  i  > , 
the  critical  loading  is  also  given  by  the  critical 
pressure  causing  the  diagonal  to  buckle.  This 
critical  pressure,  nrr,  can  be  found  by  means 
of  Euler's  instability  formula  and  is  given  by 


m,  =  mass  per  unit  length, 

M,  =  concentrated  mnss  at  the  free  end, 
and 

I ,  =  moment  of  inertia  of  the  column. 

The  maximum  stresses  for  the  diagonal, 
bracing  (or  strut),  and  column  could  be  ob¬ 
tained  by  Eqs.  (13),  (14),  and  (15),  respectively, 

.  ..  I  E1‘  I  Ra*<t>  not 


1  —  TT  r  ~T~ 

SU  'x 1  J  Aj 


To  check  the  validity  of  the  analytical  mod¬ 
els  developed  in  this  paper,  the  critical  load¬ 
ings  for  columns,  struts,  diagonals,  and  brac¬ 
ings  h&vo  been  computed  and  plotted  in  Fig.  12, 
and  are  designated  by  curves  C,  S,  D,  and  U, 
respectively.  These  curves  also  could  be  used 
as  damage  prediction  curves  foi  individual 
members.  A  group  of  selected  test  results,  as 
listed  in  Table  1,  has  been  plotted  as  test  points 
in  Fig.  12.  These  test  points  are  designated  by 
four  types  of  symbols  and  are  evaluated  accord¬ 
ing  to  actual  equivalent  TNT  yield  and  corre¬ 
sponding  test  ranges.  The  comparison  between 
the  analytical  and  experimental  results  appears 
to  be  saiisfactorv 


EI ,  S1 


I  0  *b 


CONCLUSIONS 


E>.  ,3Vc  Ra>>  (15) 
=  r;  Tx7  -  77  •  <i5) 


where  ■,  s,  and  A  represent,  respectively,  the 
St>^s6,  section  modulus,  and  cross-sectional 
area  of  structural  members. 

The  procedures  for  obtaining  solutions  for 
Eqs.  (C),  (i),  and  (8)  are  quite  straightforward 
and  have  been  documented  in  ilei.  [3],  The  as¬ 
sumptions  made  in  the  derivation  are: 

1.  In  Eq.  (8),  the  axial  load,  ROK(«),  acting 
at  the  diagonal  is  treated  as  constant  and  equal 
to  one-half  the  initial  peak  dynamic  pressure. 


The  following  conclusions  can  be  drawn 
from  the  present  analysis: 

1.  The  analytical  models  for  structural 
membevs  developed  in  this  paper  are  consid¬ 
ered  to  be  satisfactory  to  predict  structural 
damage  of  U»'  aluminum  test  structure. 

2.  The  extension  of  the  present  method  to 
predict  sti  uctural  damage  for  general  open- 
frame  structures  is  very  promising. 
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DISCUSSION 


P.  Behranta  (Appl.  Phya.  Lab.):  Old  you 
Slave  anytKormat  proEfi-iIj?  «l  looked  as  if 
things  wore  burning. 

Mr.  Rosowfleld:  The  things  which  you  saw 
burning  were” bits  of  urethaiio  Insulation  from 
around  th*  cryogenic  portion  of  Uie  lank,  There 
were  no  thormal  problems  whatsoever  in  the 
field,  even  though  occasionally  the  structures 
were  engulfed  by  Uic  fireball.  The  duration  of 
the  temperature  wan  so  short  —  a  matter  oi 
milliseconds  —  that  the  temperature  did  not  ai  - 
foct  these  at  ull. 

0,  Dyer  (Naval  Weapons  Station):  What 
type  of  provision  ciT^’yuu’lake  to  assure  mixing 
the  propellant  to  give  a  high -order  detonation 
before  tgmtton? 

Mr.  Rossaffeld:  This  program  was  not 
mine.  ThaOs  a  project  Jointly  sponsored  by 
NASA  Kennedy  Space  Center,  Marshall  Space 
Flight  Center,  and  the  USAF.  It  was  called 
Project  PYRO.  The  part  of  it  1  had  was  strictly 


related  to  these  little  structures.  1  had  nothing 
to  do  with  setting  up  the  test  explosion  program, 
i  just  used  their  data.  I  know  what  the  fuela 
were,  if  you  are  interested.  They  uBed  hyper - 
gollce  which  were  NjO* ,  50-50,  and  cryogenics 
which  were  l.OX  RP-1  and  LOX  hydrogen.  They 
had  a  glass  diaphragm  within  the  tank  separat¬ 
ing  the  two  portions.  A  plunger  was  driven  into 
the  diaphragm  by  means  of  a  small  charge  of 
composition  C  which  was  exploded  on  top  of  ft. 

It  shattered  the  tempered  glass  causing  the 
oxygen  in  the  upper  tank  to  fall  into  the  hydrogen 
or  kerosene  in  the  lower  tank.  There  was  mix¬ 
ing  and,  with  luck,  an  exploBion.  Sometimes  it 
froze . 


Mr.  Dyer:  Approximately  what  quantities 
of  propellant  did  you  operate  with? 

Mr.  Rosenfleld:  The  smallest  size  charge 
was  200  lb;  the  next  was  1000  and  they  went  to 
25,000  lb.  They  exploded  one  Saturn  S  IV  with 
02,000  lb  and  two  Titan  I’s  with  113,000  lb. 


SIMPLIFIED  DYNAMICS  OF  HARDENED  BURIED  BUILDINGS 


J.  V.  Ptjj>j>ii/* 

1  jell  l'elcphone  Laboraturio r,  Inc 
Whippany.  New  Jersey 


A  technique  la  presented  tie  re  for  determining  the  rtirblaiiL-  and  ground  -  $hock- 
mciuccri  vertical  striiriural  re^poiinc  o:  j  shallowly  buried  hardened  building.  The 
response  is  calculated  by  first  selecting  .1  module  U»  represent  most  of  the  building, 
resolving  lli&l  module  <it(o  a  lumped  *  mass  ina,u''*";*tic«n  model  that  iB  excited  by 
force!  analogous  to  airbbt»(  and  ground  shock,  and  then  solving  the  »econrl*orclcr 
differential  equations  that  describe  the  motion  of  the  model.  Reaponae  motions  arc 
predicted  for  all  slabs  m  the  building,  from  the  roof  down  to  the  base  BUb.  The 
motions  at  a  column/ 9 lab  junction  and  at  the  center  of  the  unsupported  area  on  a 
slab  within  a  four -column  array  should  be  the  most  diverse  of  the  motions  occurring 
on  each  level  and  are  predicted  for  each  slab.  Tine  technique  considers  the  fle*:- 
bility  and  damping  of  the  building  subsoil  and  the  damping  effects  of  the  building 
materials. 


INTRODUCTION 

Large  underground  buildings,  "hardened" 
to  withstand  overpressures  tram  a  nuclear 
burst,  are  proliferating  today.  As  more  and 
more  of  these  buildings  appear,  it  becomes  in¬ 
creasingly  desirable  to  have  a  convenient 
method  for  analyzing  them  to  determine  dy¬ 
namic  response  —  a  method  that  will  approach 
the  ideal  of  an  "exact"  solution  as  closely  as 
possible  while  maintaining  enough  simplicity 
and  case  of  operatic’,  to  allow  its  use  when 
lime,  funds,  and  computer  facilities  are  limited. 
This  paper  preset’s  a  method  uf  analysis  that, 
despite  the  complexity  inherent  to  real  struc¬ 
tures,  predicts  dynamic  response  with  reason¬ 
able  accuracy  and  still  maintains  the  require¬ 
ment  of  relative  simplicity 


NOMENCLATURE 

a  Cen ter-to-center  distance  between 
adjacent  columns 

a  Cross-sectional  area 

ti  Parameter  of  infinite  series.  is-* 
ix‘  •  >  i> *  ,  where  *•  and  ■>  are 

indices 


CCE  Critical  damping  coefficient,  equiv¬ 
alent  system 

CB  Coefficient  of  vibcous  damping, 
equivalent  Byetem 

,  Coefficient  of  viscous  damping  for 
soil 

Damping  coefficient  associated  with 
locations  1,2,... 

•  I  Width  of  column  capital  or  column 
base 

i)  Slab  parameter:  Et  *  Uii-rJ> 

E  Young’s  modulus  of  elasticity 

fa  Force,  actual  system 

ff  Force,  equivalent  system 

i’  Force  applied  by  column  on  base 
slab 

}  Force  applied  at  h.rcatiors  1  am!  2 

F ■.  Reactive  force  of  roof  on  top  of  col¬ 
umn  (location  2) 


cc  Coefficient  of  critical  viscous  damping 

Icmtiei  ’  Si..:-  B«'t:  1  .  ..  ...... 


o  Shear  modulus  of  elasticity  for  soil 
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3  Bolomlc  shear  modulus  of  elasticity 
""’  lor  soil 

h  Height  of  »  point  on  a  column,  meas¬ 
ured  from  fixed  hose 

H  Height  of  column 

l  Moment  of  inertia 

v  Spring  or  Btifltioee  coefficient 

Stlffnosfl  coefficient,  actual  system 

Kg  Stiffness  coefficient,  equivalent 
system 

k Stiffness  coefficients  associated 
With  locations  1, 2, .. . 

kj  Foundation  modulus  (pst/tn.) 

Kt  Ixwd-  or  spring-transformation 
factor 

Ku  Mass -transformation  factor 

Kh  Dynamic  mafl  8 -transformation  factor 

Ky  o  t  Dynamic  maas-trnnBformatlon  factor 
for  column 

i  i  Dynamic  mass -transformation  factor 

for  slab 

kea  Kinetic  energy,  nctuai  system 

KEa  Kinotic  energy ,  equivalent  systc-n 

ra  Mass  per  unit  length  (beam),  per 
unit  height  (column),  or  per  unit 
area  (slab) 

v  Total  mass 

Total  muss,  actual  system 

m(  Totsii  mass,  equivalent  system 

«  Total  equivalent  masses  of  compc 

nente  associated  with  locations  1, 

2,  .  . 

Number 

N  A  constant 

n  A  constant  representing  the  ratio  of 

base  slab  deflection  ai  a  column.  >,  , 
to  the  average  slab  deflection,  , 


n  A  constant  representing  the  ratio  of 
*  base  slab  deflection  at  midspan,  r,, 
to  the  average  elab  deilection,  »,v, 

0  Fraction  of  critical  damping 

.  Radius 

H  Reaction 

Rg  Reaction,  equivalent  system 

r  Reactions  associated  with  locations 

1,2,,.. 

,  Time,  or  slab  UitcknOBS,  depending 

uynjl  COIllOxL 

it)  tf  J  Rise  time  for  k,  and  F,,  respec¬ 
tively 

U  Dlast-wave  velocity 
v  Velocity 

VA  Velocity,  actual  system 

vt  Velocity,  equiviilenl  system 

v.„,.  Seismic  velocity  in  soil 

\  v  Velocities  at  locations  ■  and  )( 
respectively 

»a  Total  strain  energy,  actual  system 

uf  Total  strain  energy,  equivalent 


v  Horizontal  cc  -tmate  of  orthogonal 
s  y  *  syeion 

y  Horizontal  coordinate  oi  orthogonal 
y  y  ;  BVSIem 

,  Vertical  coordinate  of  orthogonal 
v  y  ,  system,  also,  vertical  detlec- 

1 1  oil 

,A  Vertical  deilection,  actual  system 

Vertical  deflection.  equivalent 
system 

r.  Vertical  deflection  at  base  of  tv.ia.nii 

,  Vertical  deflection  ai  lop  of  column 

Vertical  deflection  at  has?  slab  at 
Column 


im  Vertical  detection  of  base  slab  at  mid¬ 
span 

»  Average  vortical  doflection  of  base  stub 

»e  Vertical  deflection  ol  ground  caused  by 
ground  shuck 

i  f  Vertical  velocity  of  ground  caused  by 
ground  shock 

?_  Vertical  acce'eratlon  of  ground  caused 
l>y  ground  shock 

',  >]  Vertical  deflections  associated  with  loca- 
1 1  tions  1,2,...,  i 

i-,  ij  Vertical  velocities  associated  witii  loca- 
i,  tions  1,2,...  i 

i  i  r ,  Vertical  accelerations  associated  with 
.  i,  locations  1,2,...,  i 

■„  mo  2,  where  m  is  an  index 

—  a,  where  m  is  an  index 

•  mil  A  constant  whose  value  depends  upon 
indices  "»  and  n 

,  ,.  Verucal  deflections,  relative  to  ground, 

,  associated  with  locations  1,2,...,  i 

,  '  >  Vertic.il  velocities,  relative  to  ground, 
associated  with  locations  1,2,..,  < 

,  j  Vertical  accelerations,  relative  to 

ground,  associated  with  locations  1,2. 


Poisson's  ratio 
Mass  density  of  slab 
Mass  dens  it ,  of  soil 
Angular  frequency 


TYPICAL  111- 11. DING 

A  common  type  of  hardened  buried  building 
is  a  multifloor  reinforced  -concrete  structure 
composed  of  flooi  slabs,  supporting  columns, 
and  outside  v-alis  columns  iypicaii\  ui  *■ 
spaced  evenly  in  the  two  directions  parallel  to 
he  building  walls  and  extend  through  llo-.i* 
ilabs  from  the  roof  down  to  a  base  slab  that 
acts  as  a  mat  foundation.  The  entire  structure 
is  monolithic  —  it  emu. oils  ■  ‘it  n.i  to  and  rigid 
connections  beiweeii  floor  slabs  and  calumns. 


Many  hardened  buildings  follow  this  general 
description,  and  one  of  this  type  has  been  chOBon 
to  Illustrate  the  application  of  the  moihod  pre¬ 
sented  here 


REPRESENTATIVE  MODULE 

With  the  exception  of  a  small  portion  along 
the  peripheral  wails,  the  building  described 
here  can  be  thought  ol  as  being  composed  of 
identical  modules  —  vertical  cores,  extending 
front  roof  to  base  —  each  made  up  of  6quare 
sections  of  slab  supported  by  a  single  column 
at  the  center  of  the  core  The  soil  below  the 
biLse-nlab  comiKinent  is  included  ca  pari  of  the 
module.  Figure  1  is  a  cutaway  view  of  the  type 
of  building  being  considered,  with  a  representa¬ 
tive  module  shown  removed  from  its  position 
in  the  building. 

BccatiBP  the  sections  of  roof  and  floor  Slab 
Included  in  a  representative  module  are  only 
those  portions  supported  by  a  single  column, 
and  if  each  slab  is  subject  to  a  uniformly  dis¬ 
tributed  load,  the  edges  ol  the  slabs  in  a  module 
axe  l.aes  of  zero  shear.  Consequently,  the  ro- 
sponbe  of  a  module  to  an  applied  uniform  over¬ 
pressure  may  not  appreciably  affect  the  re¬ 
sponse  of  adjacent  modules,  and  every  module 
should  resr>ond  dynamically  much  like  every 
other  module.  (See  Fig  2.)  If  one  allows  the 
validity  of  this  simplification,  then  only  one 
module  need  tie  analyzed  to  find  results  that 
apply  1 1  most  ot  the  typical  building. 


ANALYSIS  OF  THE  MODULE 

A  two-story  building  will  be  used  as  an 
example  The  components  of  a  module  for  this 
building  include  (a)  a  roof  slab,  (b)  an  inter¬ 
mediate  slab,  ici  a  base  slab,  and  (d>  mid  (e) 
the  two  column  components  —  that  between  the 
l .a >1  and  inieriuediato  slab  and  that  between  tne 
intermediate  Mat)  and  base. 

These  five  components  will  be  considered 
individually  A  dynamic  model  wall  be  deter¬ 
mined  for  each  component,  .tnd  the  five  compo¬ 
nent  Moxielfi  mi!  then  be  synthesized  into  a 
model  for  tiie  enure  module.  The  resj'oiise  of 
lids  ;  uithemat.cal  model  to  inputs  analogous  to 
airi-ias;  ajifi  ground  shock  will  represent  the 
n  sjxmse  ot  the  aotuai  module  that,  in  turn, 
will  be  representative  of  the  response  the 
whole  building. 

An  elastic  building  response  has  been  as¬ 
sumed  ,  .  apply  ol  this  analysis  Elastic  build 
mg  response-  as  used  here  implies  n;; appreciate 
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Fig.  Z.  Dynamic  response  of  mono  - 
lilhic  slabs  and  columns  subjectc  : 
io  ovc rpreboure .  Tlie  response  ■* - 
any  location  in  «  module  should  equ  •! 
the  response  at  the  corresponding 
location  in  any  Other  module  (ij  i  a, 


building  component.  Here,  we  will  create  such 
models  o£  the  various  components  of  the  module, 
then  couple  them  together  to  form  a  synthesized 
mass-spring  model,  and  determine  the  response 
of  this  combination. 

The  aim  will  thus  be  to  represent  each 
component  of  a  module  by  a  lumped  mass  and 
linear  spring  and  lo  develop  the  transformation 
factors  that  must  be  applied  to  the  actual  loads, 
stiffnesses,  and  mosses  to  make  the  responses 
of  the  simple  mass -spring  models  equal  to  the 
responses  of  the  actual  components.  In  the 
analysis  to  follow,  the  module  and  each  of  its 
components  will  be  referred  to  as  the  actual 
system,  and  the  idealized  models  will  bo  re¬ 
ferred  to  as  the  equivalent  system. 


permanent  sot,  no  development  of  plastic 
hinges,  nor  any  other  plastic  failure  in  the 
structure.  This  assumption  will  apply  through¬ 
out  the  discussion. 


Equivalent  System 

Norris  et  at.  [1]  show  that  a  simple  mass- 
sprlng  model  can  be  used  to  represent  the  re¬ 
sponse  of  a  real  building  component.  With  the 
use  of  appropriate  load -transformation  and 
mass-transformation  factors,  the  response  of 
the  mass. -spring  model  can  be  made  Identical 
to  the  actual  response  of  some  point  on  a 


The  load-transformation  factor,  KL, 
relates  the  load  applied  to  the  equivalent  sys¬ 
tem,  Fe,  to  that  applied  to  the  actual  system, 

FA.  Its  determination,  and  hence  the  determi¬ 
nation  of  the  load  applied  lo  the  equivalent  sys¬ 
tem,  is  based  on  (he  criterion  that,  in  addition 
to  the  deflections  of  the  two  systems  being 
equal  (*A-  iE),  the  strain  energies  of  the  two 
BystcmB  axe  also  to  be  equal  (wA  -  Wj).  Strain 
energy  is  a  function  of  both  the  applied  load  and 
deflection  of  a  system;  hence  W(FA.  iA'  -  W( rE  rEs, 
and  as  the  deflections  of  the  two  systems  axe 
equal,  *(FA)  w<fe).  From  this  it  follows  that 
the  ratio  of  FE  to  fa  is  a  constant,  which  is 
defined  here  to  be  the  load -transformation 
factor,  : 
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It  should  be  mentioned  that,  because  the 
stiffness,  k,  of  a  system  Is  equal  to  the  load 
divided  by  the  deflection,  the  load-transforma¬ 
tion  factor  here  is  equal  also  to  the  ratio  of  kE 
to  kA.  Therefore-,  fcL  will  also  serve  to  evalu¬ 
ate  the  stiffness  of  the  equivalent  system. 

The  mass-transformation  factor.  ka, 
relates  the  mass  of  the  equivalent  system,  ME, 
to  that  of  the  actual  system,  ma.  Its  determina¬ 
tion  is  based  on  the  criterion  that,  in  addition 
to  the  velocities  of  the  two  systems  being  equal 
(VA  vf),  the  kinetic  energies  of  .he  two  systems 
are  also  to  be  equal  (KEa  kes).  Because  kinetic 
energy  is  a  function  of  the  mass  and  velocity  of 
a  system,  KE(MA.  vAi  K£<ME.vei.  and  because 
the  velocities  are  equal,  KF.(mai  KE(Me).  Thus 
the  ratio  of  me  to  ma  is  a  constant,  which  is  de¬ 
fined  here  to  be  the  mass-transformation  fac¬ 
tor,  Ku: 


If  the  mass-spring  models  defined  by  these 
transformation  factors  are  to  be  reasonably 
accurate  representations  of  the  actual  compo¬ 
nents,  some  modification  must  be  introduced  to 
account  lor  the  dissipative  nature  of  building 
materials.  It  is  often  assumed  that  viscoelas¬ 
tic  damping  adequately  describes  this  dissipa¬ 
tion.  The  equations  of  motion  are  then  modified 
by  introducing  a  damping  coefficient,  C,  that 
represents  some  portion  of  critical  damping. 

This  procedure  will  be  followed  here,  and  will 
be  explained  more  fully  in  the  following  sections. 


lliggs  [2]  and  are  presented  in  tabular  form  in 
Fig  2.  On  the  representative  module,  the 
transformation  factors  apply  to  the  area  of  the 
roof-slab  component  outside  the  column  capital, 
as  the  column  capital  is  considered  to  be  in- 
flexible  The  m  erpressure  load  on  the  roof 
over  Uie  capital  la  car  ried  directly  by  the 
column. 


The  transformation  factors  are  general  and 
apply  to  any  uniformly  loaded  concrete  slab 
supported  by  an  array  ol  columns.  They  need 
not  be  derived,  therefore,  every  time  such  a 
slab  is  analysed.  This  ie  fortunate,  because  the 
derivation  is  long  and  complex.  Biggs'  deriva¬ 
tion  of  Involved  integrating  the  expression 
for  kinetic  energy  across  the  slab  in  two  direc¬ 
tions  and  equating  the  result  to  the  expression 
for  kinetic  energy  of  the  equivalent  system, 

(12)  mev».  Biggs'  derivation  of  KL  Involved  a 
similar  integrating  of  the  expression  for  strain 
energy  across  the  stab  and  setting  Uie  result 
equal  to  Uie  expression  for  strain  energy  of  the 
equivalent  system,  it-JiFji. 


From  the  table  of  Fig.  3,  the  equivalent 
stiffness  of  the  roof  slab  can  be  determined  di¬ 
rectly  for  various  values  of  d  n  —  the  ratio  of 
tho  width  of  the  column  capital  to  the  center - 
to-center  distance  between  adjacent  columns. 

In  general,  the  actual  stillness  of  the  roof  slab 
approximates  the  relation 


kA  -  M  [)8S  •  465  }1  . 

*  «»  l  V«/l 

Because  kE  KLkA,  and,  from  Fig.  3,  Kt  =  8/15, 
kE-  i  M  [,85.465  ^1. 


Module  Components 

Roof  Slab  —  Imagine  the  roof  slab  to  be  in¬ 
finite  in  area.  It  is  supported  by  an  array  of 
equidistant  columns,  as  described  earlier.  The 
dynamic  response  of  such  a  slab  to  a  sudden 
increase  In  overpressure  should  be  primarily 
In  the  first  mede.  In  that  case,  the  most  severe 
vibratory  motion  would  occur  on  the  slab  at  the 
midspan  locations  —  the  centers  of  the  unsup¬ 
ported  areas  within  each  (our-column  array. 

On  the  representative  module,  these  points 
would  be  at  the  corners  of  the  roof-slab  com¬ 
ponent,  Tiie  mass -spring  model  to  be  devised 
for  Uie  roof-slab  component  should  represent 
the  motion  at  such  a  location. 

The  Btiffnesses  and  load-  and  ntaee- 
transformation  factors  that  apply  to  a  slab 
supported  by  columns  have  been  derived  by 


The  derived  factors  of  Fig.  3  make  it  pos¬ 
sible  to  represent  the  roof  slab  mathematically 
as  a  simple  mass-spring  system.  To  complete 
this  model,  it  is  necessary  to  inciide  the  effect 
of  a  viscoelastic  damper  —  a  "dashpot"—  that  will 
account  lor  energy  dissipation  in  the  actual  sys¬ 
tem.  A  damping  coefficient  that  defines  the 
dashpot  ie  usually  expressed  as  some  fraction 
of  critical  damping,  where  the  coefficient  of 
critical  damping  is  given  by 

Cc  -  2  s  kM  . 

Because  the  roof -slab  component  has  been  rep¬ 
resented  in  the  mass-spring  model  by  an  equiv¬ 
alent  stiffness  coefficient,  kE,  and  ar.  equivalent 
mass,  me,  it  Is  possible  to  express  the  equivalent 
value  for  the  critical  damping  coefficient  as 

ccr  kEME 
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s  »  center- ta-r«ntrr  liisiorr  between  adjacent  coUmti:  ?'-]U4l 
in  magnitude  to  width  of  module  C  i*>  j 
i!  ‘  width  of  ralum  enpi  tal  (  in  ) 

E*  Young' r  modulus  of  elasticity  for  a  lal»  (P*l) 

1  •  aver  air  of  iroti  ami  t  r  ins  formed  a*  4nrM*»  per 

unit  width,  eoual  in  both  direct  font  (in.4  in  ) 

F  total  uni  (one  load  on  slab  panel  of  one  module,  excluding 
Co l urn  cool  tal  (  lb) 

K  *  total  reaction  of  one  slab  panel,  excluding  capital  (lb) 
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Fig  3.  Load-  and  tna»»-tran»  formation 
(actors  (or  uniformly  loaded  (lat  slabs 
supported  by  a  square  column  array 
(from  a  table  by  Diggs) 


II  the  traction  ot  critical  damping  to  bo  assigned 
Is  represented  by  Q,  the  dashpot  is  dollned  by 

♦  Jig  cooffijjiglil 

c?  =  ?nA^«: 

and  Is  inserted  parallel  to  the  linear  spring  in 
the  equivalent  model.  Values  lor  Q  Irom  0.01 
to  0.03  ore  recommended  (or  deflections  o(  con¬ 
crete  slabs  within  die  clastic  limit. 

The  dynamic  reaction  of  the  roof-slab  com¬ 
ponent  of  the  module  is,  In  turn,  a  load  carried 
by  the  supporting  column.  The  total  dynamic 
column  load  would  bo  expected  to  equal  this 
reaction  of  the  stall  on  the  column  plus  the 
overpressure  load  applied  directly  to  the  col¬ 
umn  through  the  column  capital.  Diggs  [2]  lias 
found,  however,  that  the  dynamic  column  load 
equals  the  sum  of  three  load  components  —  the 
overpressure  load  applied  directly  to  the  col¬ 
umn,  84  percent  of  the  dynamic  slab  reaction 
on  the  column,  plus  10  percent  of  the  overpres¬ 
sure  load  applied  directly  to  the  roof  stab. 


This  is  the  expression  noted  In  Fig.  3.  (Norris 
ot  al.  and  Ulggs  present  the  development  of  dy¬ 
namic  column  ioad  in  detail.? 

Intermediate  Slab  —  a  two-story 

building  Is  being  analyzed  here,  only  one  inter¬ 
mediate  slab  exists.  A  threo-story  building 
would  have  two,  with  three  column  components, 
and  so  on 

Unlike  the  roof  slab,  the  Intermediate  slab 
has  no  external  load  applied  to  It.  The  dynamic 
load  on  the  columns  is  therefore  equal  to  the 
slab  reaction,  R,  where  r  in  this  case  is  the 
reaction  of  the  intermediate  slab.  The  slab 
thus  can  be  represented  by  a  mass-oprlng  oscil¬ 
lator  with  a  base  excitation  equal  to  the  motloa 
that  would  occur  at  the  slab/column  junctions 
In  the  actual  structure.  As  with  the  roof  slab, 
a  dashpot  must  be  incorporated  in  the  medol  to 
account  for  structural  damping. 

The  weight  of  the  equipment  carried  by  the 
intermediate  slab  iB  here  assumed  to  act  as  a 
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uniformly  distributed  mass  attached  tu  the  slab, 
winch  makes  n  possible  to  use  the  load-  and 
niaes-transformatlon  (actum  and  stiffnesses  of 
Fig.  3.  It  must  be  aesumed  that  such  equipment 
Is  uniformly  distributed  across  the  slab  and 
rigidly  attached  to  It,  any  other  assumption  would 
invalidate  the  transformation  factors  of  Fig.  3. 

If  over  half  the  total  equipment  mass  is  spring- 
mounted  rather  than  rigidly  attached,  it  Is  rec¬ 
ommended  that  a  portion  of  the  mass  of  (lint 
equi preen'  —  approximately  2/3  —  be  used  to 
represent  that  equipment.  This  would  compen¬ 
sate  somewhat  lor  the  added  flexibility  caused 
by  lire  spring  mounts. 

Upper  and  Lower  Columns  -  The  upper 
column  ilTanalyzed  in  tfin  same  manner  as  the 
lower  column;  hence,  consider  the  column  on 
either  leve-1.  The  load-  and  muss  transforma¬ 
tion  factors  for  a  column  component  are  devel¬ 
oped  by  the  procedure  outlined  under  Equivalent 
System. 

First,  to  determine  the  load -transformation 
factor,  K, ,  consider  the  strain  energy  o!  the 
system.  An  elastic  column  in  compression  has 
deflection  characteristics  like  those  of  an  Ideal 
spring.  Consequently,  the  total  strain  energy 
stored  iB  Bimply  obtained  by  a  strain  integra¬ 
tion,  and  Is 


Because,  as  discussed  under  Equivalent  Sys¬ 
tem,  the  load -transformation  factor  is  also 
equal  to  the  ratio  between  the  stiffnesses  Of  the 
two  Syetems,  i'.e  equivalent  stiffness  for  the 
column  component  is  given  by 

K.  AE 

kE  KlkA  |,  ' 

and,  because  KL  -  1, 

,  AE 
v  li  • 

To  determine  the  mass-transformation 
factor,  kh,  consider  the  kinetic  energy  of  the 
system.  It  is  assumed  that  the  base  of  mo  col¬ 
umn  is  fixod  and  that  the  velocity  at  any  point 
on  the  column  le  proportional  to  its  distance 
from  the  base: 


where  vA  is  the  velocity  at  the  column  top,  n  is 
the  distance  from  the  column's  fixed  base,  and 
if  is  the  column  height.  The  - 1  term  im¬ 
plies  harmonic  motion.  The  kinetic  energy  of 
Uie  actual  system  is  therefore 

-H 

KEA  £  y  n  V  'dh 


This  is  to  be  set  equal  to  the  strain  energy  of 
the  mass-spring  model  of  the  equivalent  system , 


With  “A  equal  to  Kg,  and  .-A  equal  lo  ;Fl 


where  m  is  the  mass  per  unit  height  of  the  col¬ 
umn.  As  the  two  systems  are  to  undergo  iden¬ 
tical  motions,  their  kinetic  energies  may  be 
equated  nt  any  time.  When  the  velocity  is  a 
maximum,  *in  t  equals  unity,  and  (he  above 


i 

F 


K| 


KEa 


h  y 
\  *  II  I 


Next,  consider  the  determinaiton  of  the 
equivalent  stiffness,  kE,  of  tne  model.  The  dc 
flection  of  the  column  at  its  top,  with  the  base 
fixed,  is  given  by  the  familiar  formula  for  a 
column  in  compression, 


'A 


fd' 

At 


where  f,  is  the  load  applied  to  the  column,  H 
is  the  coiumn  height.  A  is  file  cross-sectional 
area  of  the  column,  and  F  is  Young's  modulus 
for  the  column  material.  The  stiffness  is  sim¬ 
ply  the  load  divided  by  the  deflection: 


where  MA  is  the  total  mass  of  the  coleinn.  This 
expression  is  now  set  equal  to  that  for  the  max¬ 
imum  kinetic  energy  of  the  equivalent  system: 
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and,  with  vA  equal  to  vF_, 


To  complete  the  miss-spring  models  for 
the  columas,  a  daahpot  must  bo  Includod  with 
each  to  account  for  structural  dumping,  an  with 
the  models  (or  the  roof  and  Intermediate  stalls 

As  before,  the  equivalent  damping  coeffi¬ 
cient  Is  given  by 


Cg  -  IQv^gttg 

where  values  of  Q  from  0.01  to  0.02  are  recom¬ 
mended  for  columns  In  the  elastic  rongo. 

The  dynamic  reaction,  R,  of  the  Column, 
which  Is  the  load  applied  to  tho  supporting  com¬ 
ponent,  is  equal  to  kA(i,  -  j1(),  whore  and 
are  tho  deflections  at  the  top  and  the  base  of 
the  column,  and  kA  Is  tho  stltfnesB  of  the 
column. 

Base  Slab  —  The  remaining  module  com¬ 
ponent  to  be  idealized  la  the  base  slab,  which 
rests  on  the  soil  fiubb&se.  In  developing  ft 
ntase-sprlng  model  tor  the  base  slab,  U  Is  Im¬ 
portant  to  recognise  that  the  soil  aubbaso  is  to 
be  Included  as  a  pari  of  the  baao-alab  compo- 
nont.  and  that  energy  dissipation  Into  th*  noil 
la  significant  and  must  be  token  into  account. 

Load-  and  mass-transformation  factors 
will  not  bn  developed  (or  tho  base  slob;  an 
equivalent  mass  and  stltfnesB  will  be  arrived 
at  by  other  means.  Norris  et  al.  and  Diggs 
present  a  technique  for  developing  transforma¬ 
tion  factors  by  assuming  aomo  dofloctod  shape; 
they  give  factors  for  column-supported  slabs, 
but  their  factors  do  not  apply  to  a  slab  resting 
on  a  soil  subbuse.  Further,  their  models  do 
not  Include  the  effect  of  damping.  Weissmann 
[3]  and  many  others,*  however,  present  a  model 
of  a  foundation  on  noil  that  cun  be  described  with 
sufficient  accuracy  by  an  equivalent  moss,  a 
vIbcous  dushpot,  and  a  linear  spring.  Although 
•isc  WelBsmann  model  is  Admittedly  a  compro¬ 
mise  between  accuracy  and  convenience,  lie 
validity  has  been  Justified  by  empirical  evidence; 
model-predicted  responses  (all  well  within  tho 
range  of  empirical  responses  measured  from 
any  particular  foundation/ soil  system. 


Wolssmonn'D  model  has  the  advantage  of 
including  tho  effect  of  energy  dissipation  by 

the  soil,  the  actual  nonlinear  damping  being 


♦Sochter,  Novak,  Paviw,  Barkan,  Lyemer,  and 
Richart .  etc.  Much  of  their  work  is  reviewed 
in  Wciaamann's  report  [  J| 


represented  in  the  equivalent  system  by  the 
linear  damping  of  a  viscous  dashpof  * 

The  stiffness  of  Wetssmann's  model  la  de¬ 
scribed  by  a  foundation  modulus,  k,,  expressed 
in  psi  per  Inch  of  deflection.!  This  modulus 
can  Oe  converted  to  a:  equivalent  stiffness,  « E , 

If  Its  value  Is  multiplied  by  the  area  of  the  inun¬ 
dation  being  analyzed.  Because  a  representa¬ 
tive  modulo  is  being  studied,  the  product  of  k  ‘ 
and  tho  area  of  the  base -slab  component  of  the 
module  will  be  the  equivalent  stiffness  that  ap¬ 
plies  to  that  component. 

Welasmann's  model  is  developed  as  follows. 
Dy  solving  the  thoorcttcal  problem  of  a  rigid 
round  foundation  as  an  elastic  half  space,  the 
foundation  modulus  Is  found  to  be 


where  C  Is  the  shear  modulus  of  the  soil,  -  is 
Poisson's  ratio  for  the  soil,  and  <  Is  the  radius 
of  tho  foundation  area.  ThlB  modulus  cun  bo 
converted  for-  use  with  a  square  or  rectangular 
mat  foundation  by  means  of  tlie  relationship 

A  -  nr  1 


whore  A  is  the  total  foundation  area  of  the 
building.  The  foundation  modulus  then  becomes 


For  u  large  building,  however,  where  the 
foundation  area  is  quite  largo,  experimental 
data  from  Barken  [4]  Indicate  that  tho  area  of 
the  foundation  is  related  to  the  foundation 
modulus  by  some  power  nmaiier  than  ine  5/2 
powor.  Welasmun,  In  another  publication  [5], 
recommends  Uia  arou  relationship 


where  N  to  some  constant  ami  n  varies  from 
zero  for  small  areas  to  almost  1/2  for  very 
large  areas.  It  is  sometimes  desirable  to 


It  &•  jute  renting  that  moot  of  the  damping  in  a 
large  fouiulniKMi  / soil  system,  of  a  size  that 
would  apply  to  actual  buried  building#,  does 
not  result  from  internal  friction  of  the  soil, 
but  rather  f f OiTi  energy  being  rsdiSJcrf  into  the 
soil,  for  small  fimnduiiunr  BGii  syatf  rfie,  «*vw_ 
evor.  tho  energy  loot  in  friction  become#  sig- 
nificant. 

fTliis  modulus  ie  aiso  called  modulus  of  sub’ 
grade  Sail  reaction'’  or  “cQeliicient  of  sub- 
grade  reaction." 
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*h$c|s  any  fpai  value  ,:*  •»:  would  Uii  Ac- 

cording!.,  value*  <i(  *«rii  j/>£j  3  h  lor  are 
■UilKeaiGd  for  the  determination  ol  these  limit - 
inp  situations.  For  a  beat  single  value,  i  6  ,h 

tt  c  r;i i’n;1f  .  1  tl  which  uiwacs  the  value  ol 

the  cxponcfot  equal  tu  i  -  3.  The  single  value, 

!  E  1/6.  will  be  used  in  the  remainder  ol  thin 
discussion. 

k  ,  may  time  bo  expressed  aa 


It  should  bo  pointer  out  again  that  A  rep¬ 
resents  the  area  ol  the  entire  base  slab,  not 
Just  the  base  area  ol  the  module.  If  is  now 
multiplied  by  the  base  area  of  the  module,  »\ 
the  equivalent  stiffness  of  the  base-slab  com¬ 
ponent  of  the  module  results: 

1  -  ,, .  j  2  yeOn 1 

— ‘  V — r  , 

(  1  -  i-  )A 1  1 

It  is  important  to  determine  a  reasonable 
value  for  G,  the  shear  modulus  of  the  soil.  The 
shear  modulus  increases  with  an  increase  in 
strain  rate,  values  calculated  from  soiBnilc 
measurements,  in  fact,  are  fn  many  instances 


an  order  “f  magnitude  high®-  than  sis  at  01, , 

‘  tatic  bDa  ring  Thorwforp  it 

<s  deairabic  to  use  a  modulus  c»rresm.-i*ling  to 
some  expected  strain  rate  Fut  conditions  such 
as  those  anticipated  lor  this  example  -  vsbrs- 
”  'm-unbng  in  a  fraction  of  an  inch  occur  - 
1  if>k  al  ar-Hjnd  10  ot  20  '  —  the  Value  of  shear 

should  be  between  Ihe  values  obtained 
for  sialic  conditions  ard  seismic  conditions 
Table  I.  which'givcs  recommended  values  lor 
G.  has  been  prepared  using  data  from  Barkan  16 
and  with  assistance  from  Weissmaim  Weias- 
mann  notes  dial  it  in  Bomoiimes  desirable  to  de¬ 
termine  s>,  for  upper  and  lower  limiting  values 
of  C.  a*  was  done  with  jn  the  previous  oqua- 
tii>n.  1  able  1  indicates  acceptable  ranges  of 
for  various  soil  categories 

Weiseinaiui  gives  an  axprossion  for  Lite 
equivalent  mass  ihut  accounts  for  some  of  the 
soil  vibrating  in  phase  with  the  base  slab.  This 
expression,  for  a  round  foundation,  is 


VI  / 1  ■  0  28  fc=8- —  ) 

\  »’..i./ 

where  u  IS  the  mass  of  the  round  foundation  in 
Weteaiuann's  model,  and  Vtf(I  ia  the  seismic 
Shear -wave  velocity  in  the  soil.  This  may  be 

f*f»»'»V**r!  In  ■»  met  An.Hi'  r 

** —  uuisutHB  it/ummoun 

by  again  using  ihe  relation  a  ,  J  and 


TAItLB  1 

Recommended  Soil  Parameters  —  G,  G . iu,d 


Category ; 


Soil  Group 


T  dynamic  Load  Shear  [  Seismic  Shc-tu  Modulus,] 


- 1 - 1  v  ‘v*  myyuiuo,  1 

Modulus,  •  tpaf),  Ct  tpsf),  to  Calculate 
to  Calculate  1. ;  )  r 


Weak  sol  la  (clavs  and  slltv  clays  with  t ..  . 

sand,  in  a  plastic  state;  clayey  and  | 
ailty  Bands,  also  eolfe  of  categories  II  I 
and  ni  with  layers  of  organic  silt  and  [ 
of  pout)  1 

Soils  of  medium  strength  (clays  mid  3.5  to  G.O  «  10 5 
silty  clays  with  sand,  close  lolhc  plas- 
tic  limit,  sand) 

Strong  soils  (clays  and  silty  clays  with  6.0  to  15  x  )0' 
sand,  of  hard  consistency,  gravels  and 
gravelly  sand6;  loeaa  and  locaGial 
sol  la) 


7  tc  12  *  10  s 


12  to  30  x  10s 


_ _ _j  15  -  10' 

Recommended  v.uuco  for  Poisson's  ratio. 

Clay . .  . .  0.5 

Clay-sand  mixture.  .  . .  0.42 

San<l .  0  35 

Loose,  gravels,  and  rock  0.33 


30  a  10! 
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substituting  the  expression  fur  e,  all  -cady  de 
termijird  Thou.  in*',  aus" 


and  flexure  exported  —  an  average  defier :  ion  of 
an  men  or  toss  to  compare  a. I h  a  module  span 
•I  about  20  ft 


where  o,tlt  is  the  seiamte  shear  modulus  of 
the  Soil  and  •  ,oj  i  is  the  soil  density,  the  ex¬ 
pression  for  the  equivalent  mass  of  the  base- 
alab  soil  component  becomes 


MA  i  1  — 

l  n 


tA' 


Merc,  «A  is  the  mass,  t  the  thickness,  and 
(“,1,1,  the  donalty  of  the  base-slab  component 
o!  the  module:  other  variables  are  as  aeflned 
before  The  quantity  within  brackets  has  an 
upper  limit  of  1,5,  which  must  not  be  exceeded. 
Table  1  includes  recommended  values  for  c,,,,. 


Along  with  the  equivalent  stiffness  and 
equivalont  mans,  an  oqulvaiont  coefficient  of 
viscous  damping  must  be  determined.  For  the 
round  foundation  of  Welssmann’s  example, 


If.  now,  there  la  some  wav  to  predict  the 
average  hasp -slat'  deflection.  it  ts  possible  u% 
predict  the  resjVjiise  anywhere  on  the  base  slab 
by  simply  assuming  some  deflection  shape 
This  is  similar  to  biggs’  technique,  except  that 
in  his  technique  a  deflection  shape,  lor  static 
deflection,  in  assumed  to  develop  the  transfor¬ 
mation  factors,  and  here  a  deflection  shape  wtii 
be  assumed  to  relate  deflection  at  any  point  on 
the  alab  to  the  average  slab  deflection 


Therefore,  the  deflection  at  a  poinl  on  the 
slab,  as  a  function  of  time,  will  be  assumed  to 
bo  directly  proportional  to  the  average  deflec¬ 
tion,  i,vt.  The  deflections  of  the  slab  at  the 
column  and  at  in  Ids  pan  —  the  center  of  the  urea 
within  a  tour -column  array  -  are 

M*>  -  Nr 


and 


V  I. 


i  ? 


Again  using  a  -t 1  and  tho  expressions  for 
v,.i,  and  l*(,  this  coefficient  con  be  converted 
for  use  with  it  rectangular  building  foundation. 


i%  I 


Gn' 


(  I  -  t)  G  , 

1  '  if i ■ 


The  dispersion  of  energy  below  the  baoe  slab 
occurs  at  seismic  velocities,  consequently  the 
eotsmlc  modulus  is  applicable. 


whore  *  in  the  deflection  ot  the  baso  slob  at  a 
column,  »„  le  the  deflection  of  llie  base  slab  ut 
the  midspan  location,  and  n,  anti  n„  are  con¬ 
stants  to  be  calculated  from  'he  resumed  de¬ 
flection  shape. 

The  static  dof lection  shape  of  a  mnt- 
foundation  slab  that  supports  rows  of  oqui  - 
distant  columns  ts  given  in  Timoshenko  [*»|, 
the  Eiuno  source  used  by  Diggs  for  deflection 
shapes  In  calculating  tho  factors  for  column- 
support od  slabs.  This  deflection  shape  is  rep- 

TCiitfiiiCni  l»y 


t ! 


H.y  i 


The  Weiesmann  model,  as  presented  in  his 
publication,  applies  to  a  rigid  foundation  on  flex¬ 
ible  subgrade  material.  For  Iho  building  under 
consideration  here,  however,  it  is  desirable  to 
consider  ‘.he  base  slab  to  be  flexible  as  woll. 
Personal  correspondence  with  WeisBrnann  in¬ 
dicates  tho!  the  modeling  technique  and  param¬ 
eter  values  formulated  above  are  equally  appii 
cable  lo  the  case  of  average  deflection  of  a 
flexible  foundation.  This  ts  substantiated  by 
Barkan  [7],  who  reports  tho  theoretical  differ¬ 
ence  between  the  defiecttonB  of  completely  rigid 
and  the  average  deflections  of  completely  flexi¬ 
ble  base  slabs  to  be  less  than  3  percent.  The 
applicability  of  Weiosmann's  model  to  the  case 
of  average  deflection  of  a  flexible  foundation  is 
substantiated  further  by  the  limited  deflection 


where 


F_  -  force  applied  by  i  olumn  on  base  slab, 

i  =  width  of  column  base, 

a  --  center -lo-center  distance  between 
adjacent  columns, 

•  *  1  “1  (for  *-r'-  n), 

=  1/2  (for  either  ■»  or  n  :>), 

*  1  ifor  neither  t  nor  ;•  o). 
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materi*). 

=  Poisson1*  ratio  (or  slab  nialeriai. 

i ,  »  foundation  modulus 

The  development  ut  Dus  deflection  shape  and 
its  use  in  vibration  analysts  ib  dependent  on 
two  Important  assumption#  The  fir  .el  i#  Hal 
the  deflection  at  any  local  ton  docs  not  affect 
the  stiffness  of  the  anil  at  another  location. 

For  the  small  deflections  (compared  with  (oun- 
dallon  Btv.o)  expected  hore  this  Is  n  reasonable 
assumption  The  Boeoiul  assumption  ig  that  the 
base  slab  t a  in  perfect  contact  with  the  soil  at 
ill  times.  This  too  is  reasonable.  as  the  Omul 
weight  of  the  structure  and  the  applied  ovo.  * 
pressure  should  preclude  any  tendency  o(  the 
slab  and  soil  to  separate. 

When  the  expression  It  c  defection  shape 
is  expanded,  it  become* 


irujtces  being  i«ro.  i*  the  average  'intlecHpn  ”! 
inr  mi**  slab  Tide  is  the  s  rgifaired  to 

evaluate  liie  c-ustaftt*  and  The  tact  that 
the  first  term  represents  average  defection 
can  be  verified  readily  Average  dofiectlon  t» 
drterir.ir.rd  by  d-rublc  integral  ton  of  the  s«i  ■*# 
with  i pejMM  i  to  •.  and  between  the  limit*  of 
»  ;■  iuid  ■<  and  dividing  tiy  » *  liy  examin¬ 
ing  Hip  expanded  form  above,  it  can  be  seen 
that  each  term  excrut  the  first  has  M  tht"v  *i 
[SiT-toi,  iutd  the  integral  &l  that  (actor,  evaluated 
between  the  limits  of  - «  ,=  and  «  ;  ,  is  aero. 
Hence,  upon  integration,  only  the  (irst  term 
does  not  go  lo  ’/.prt),  and  hence  It  alone  repro- 
scnlB  the  average  deduction 

Substituting  appropriate  value*  (or  «  and  v 
in  the  expanded  expression  above  results  In 
expressions  (or  bmse-sisb  deflection  at  a  col* 
utnn  {v  y  -  p)  and  at  mldspan  —  the  coritcr  ot 
the  area  witlnn  a  (our ■column  array  (»  v  *  j), 

Deflection  of  die  base  slob  at  n  column  is 
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The  tlrflt  term  of  this  expanded  expression, 
r  hi,  .  which  reaults  from  Ixith  origlmil 


_  =si!i 


ct  *  -\ir- 


(Cont.) 


197 


--  It; 


:il  thich  r 

y«;B  fief 
several  perisne 
itisrusspd 
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re  these  equal  i-;.e  are  p-f>#er,l*-,i 
mstderaiicns  must  be 


« 


V 

/„ 


It  would  expedite  their  u»e  tf  the  above  lor- 
u»uia*  could  be  plotted  to  allow  immediate  eval¬ 
uation,  but  there  are  loo  many  variables  i, 
t,  ur.  £,  and  )  to  justify  Hit  effort.  Trie  quan¬ 
titative  effect  o(  the  factor  t', ,  column  load, 
could  be  eliminated  by  normalizing  (dividing 
by  Fr)  but  ihal  would  simplify  very  tittle,  and  it 
is  (sit  that  Seme  additional  insight  might  be  ob¬ 
tained  with  the  use  o(  realistic  valcm  of  de¬ 
flection. 

U  lo  therefore  ttecosoary  to  ovahtalc  the 
above  expressions  ior  deiicctton  for  each  case 
considered,  This  ts  not  a  lengthy  tosh,  how¬ 
ever,  because  the  series  converges  rapidly.  In 
the  sovorol  cases  evaluated  -  considering  only 
the  first  two  time  In  the  first  eerits,  the  first 
three  terms  tn  the  second  series,  and  the  two 
constant  term*,  and  then  neglecting  the  double- 
summed  seriea  entirely  —  the  largest  term 
truncated  was  lose  than  1  percent  of  the  largest 
fltne  term. 

Note  that  all  at  the  terms  in  tho  deiteclioi.- 
at -column  formula  are  (fqu.nl  in  magnitude  to 
the  corresponding  terms  tit  tho  deflection  -at- 

formula.;  cr.ly  »h®  alga  rhffeven*  '-r 

noairy  OthST  tvfiia  r®5  V5P' 

tlonol  effort  is  required  to  evaluate  the  second 
formula. 

With  tho  terms  evaluated,  the  equations  can 
be  pot  in  the  form  *(  1 1  -  n«  r  •  >■  Prom  this, 
hr  and  can  easily  bo  evaluated,  and  wb*-n 
i,,j  is  determined  the  deflections  at  tho  column 
and  at  midspan  Immediately  follow. 


SYNTHESIS  OF  COMPONENTS 

1110  models  ot  the  Individual  building  com¬ 
ponents  must  now  bo  aynthosKcd  into  a  niathe- 

—  nl  1  )  m  rtfl  ivi  I  U>t  1  i  ®  .•  nl«  l«*f  f-.",,  •  4  -  '  n  —  -■  4  i  ™  ^ 

litijAtvm  nicJ-Ci  tttQi  tc  itiutiu^wiit  ty  uu.1  vitui  V 

representative  module.  Figure  i  shows  the 
equivalent  component  models  assembled  into  a 
configuration  corresponding  to  the  orientation 
of  the  actual  components  in  tho  modulo. 

This  synthesis  i»  necessary  to  formulate 
the  differential  equations  of  motion,  the  solutions 


Co»i|!l\iK  •  '  Kv-jI  Slab  and  Tpjvr  Column 

When  Uip  maSS-Spring  model  of  the  roof 
slab  was  detern.inod,  the  equivalent  overpres¬ 
sure  toad  on  the  roof  was  found  to  be  8  15  of 
the  actual  overpressure  load  —  8  15  being  the 
ioad-ti ansforniai ion  factor,  from  Fig  3,  thai 
applied  to  Uie  roof  slab.  Hence,  any  roaciion  of 
the  roof-slab  model  will  likewise  be  H  15  of  the 
actual  reaction.  When  the  ■  oof -slab  model  is 
coupled  to  the  model  of  the  upper  column  fas  a 
first  stop  tn  building  up  the  synthesized  model 
oi  the  entire  representative  module),  the  mag¬ 
nitude  of  the  root  -slab  reaction  in  the  equivalent 
system  must  be  brought  back  to  its  full  value  to 
the  actual  system  by  multiplying  by  15,  8.  Tilts 
ie  required  because  the  upper  column  has  a 
load-transformation  factor  of  1,  and,  therefore, 
actual  values  must  be  used  (or  any  inputs  to 
the  upper-column  model 

Accordingly,  the  roof -slab  reaction  in  the 
equivalent  system ,  a e  noted  in  Fig,  3,  is 


o  if  r 


•'  MR,  I 


where  Ft  is  Uie  force  applied  to  the  roof  in  the 
equivalent  system,  and  R,  is  the  spring  reaction 
In  the  equivalent  system  and  equal  to  k  ,,  > .  - 
Now,  because  this  is  reduced  by  a  factor  of  8,  15 
the  toad -transformation  factor  of  tho  roof  slab, 
it  must  be  increased  by  a  factor  of  15/8  before 
»*  pn;,  i;C  ueed  u  mt  in|!ui  ur  me  upi>er  column 
Therefore. 


r 


is 


!n  tfil‘r: 


Si  - 


Ait  additional  load  lo  the  upper  column  is 
the  force  of  the  overpressure  applied  directly 
to  the  column  through  the  column  capital  This 
foi  ce,  I  ,,  will  be  explained  in  detail  in  a  later 
section. 

Coupling  of  Columns  and  Floor  slab 

Ik-causc  the  load-ti  ansloruiaiiun  fatiorB 
for  the  columns  and  base  slab  are  equal  to  I, 


■  sign 


{Kiui  v  diem 


tile  magi  dudes  of  aciua  iud.i  (or  these  com¬ 
ponents,  The  reaction  o.  component  is  the 
input  to  the  subsequent  component  Conse¬ 
quently.  all  the  idealized  models,  except  that 
winch  reoicoentB  the  roof  slab,  can  be  coupled 
directly  ml  ■  the  ayntheeired  model  shown  in 
Fig.  4 
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i*..o.i  ,  ...  ......  , .  ... 
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Fiji  4  Module  ol  huti*.j  building  ecu  veiled 
1.1  equivalent  coupled  nn..  ij,hl,1|  ayiteir. 


Nuti;  on  thia  model  that  the  vortical  deflcc- 
l.on  ol  UiO  base  Blub.  the  average  re- 

.-,f  f  vv.av.et  'Y'l  -  . 

*'«*' -  v*  •-•***?«;  *  iiv  If  a  pun  at?  at  column 

location  oi-  a  diagonally  in  Uls  pan  location  on  ihc 
bane  Blali  can  lie  dolormined  if  (he  ,  rc. 
&l>ongt>  ip  multiplied  by  n  or  >;  _  rcnpectivctv 
(discussed  under  Hasp  Slab). 


Oyiumic  Muss -Traits!  or  man  on 
Factors 

The  previous  determination  of  maas- 
S rans'orn'.au.in  factors,  ,  involved  the  equal 
ing  of  ihe  kinetic  energies  o|  the  actual  and 
equivalent  systems  The  kinetic  energy  at  the 
actual  system  was  determined  by  assuming 
some  velocity  diet  noun  on  with  iiie  t*ase  of  nech 
component  fixed  However,  because  the  compo- 
nentn  supported  t>v  others  move  with  their  eup- 
t*ifis,  (he  assn m | d ion  of  a  fixed  base  c<>iu|ionent 
unrealistic  Some  adjustment  must  be  marie 
to  accouni  for  the  Paso  ill..! i. 'lie  of  moat  r  om  p 
uenls  of  the  representative  m  j.ii.li 


The  adjustment  wifi  be  to  consider  veloci- 

f*Aa  »!»->!  e.W  r  C-rt  .  .  i 

**“♦'  *  v-i/r  cvftui  iu4  4i  tnotiun  -  riuiidvo  mo¬ 
tion  P*IJ0  the  bast*  (Motion  —  and  subfloquftftfiy  to 
develop  new  fuetors,  called  dynamic  mass* 
transformation  factors,  liMl  that  fake  the  total 
motions  of  Uie  components  into  account, 

T»  do  this,  the  entire  module  must  be  con* 
sidered  ai  once  i  ho  procedure  of  equating  the 
kinetic  energies  of  the  actual  and  equivalent 
systems  is  followed,  as  before  In  this  case, 
however,  the  total  kinetic  energy  of  the  actual 
system  is  determined  by  assuming  deflection 
Shapes  lor  the  whole  module  -  the  same  shapes 
(hat  were  used  before  —  bul  then  integrating 
over  the  entire  module.  The  resulting  energy 
expression  is  ;i  functlori  of  y^irfcilips  •?*  t-h* 
various  !.-«•- » I »--».» =  ...  *k. . — 1-.I-  1-- 

.  -  - - - -  »«•  \iitt  luuumc  tnrp 

K»g 


I  he  energy  of  the  equivalent  system  Is,  of 
course,  (he  sum  of  (lip  energies,  |  ■  u  V  i 
d  each  d  the  lumpc-c  masses  This  energy'  is 
•ris  a  function  of  the  velocities  at  the  .a.  ions 


AJmmilakll:  ■Iitoitintoiillllilili.iii..,  ,,1, 


specified  locations  in  the  module.  Wien  the 
energy  o<  the  equivalent  system  Is  set  equal  to 
the  energy  ot  the  actual  system,  many  ol  the 
terms  tr.  the  two  expressions  correspond.  The 
simplified  relation  ytc-lds  an  expression  for 
dynamic  mass -transformation  factor,  Kv .  As 
with  the  static  maes-tiaiieformaiton  factor, 

Is  defined  as  the  ratio  of  the  mass  of  the  equiv¬ 
alent  system  to  the  mass  of  the  actual  system. 

It  can  be  s  own  that,  when  the  above  proce¬ 
dure  Is  followed,  the  same  Ky  results  every 
time  a  column-supported  slab  is  analyzed,  and 
me  same  K„  results  every  time  a  column,  is 
analyzed.  The  general  expressions  for  Ku  to 
lie  applied  to  any  slab  or  any  column  arc  given 
below. 

For  sialis, 


vi  /V,\J 

i  *  o  r, 6^  * 

r:st  ■  t  oil  “  3  — — — - 

For  columns. 


*«  tol  r  ~i 

In  tliese  formulas,  v,  represents  the  abso¬ 
lute  velocity  of  the  supporting  component  at  the 
support  points,  and  v,  represents  the  absolute 
velocity  of  the  component  In  question  (at  the 
diagonally  midspan  location  on  a  slab  or  the  top 
of  a  column,  depending  on  which  kind  of  compo¬ 
nent  ta  being  considered).  The  factors  are 
plotted  for  various  ratios  of  v,  m  Fig.  •'>. 

it  to  necessary  to  assume  that  the  various 
components  of  die  building  move  in  phase  with 
one  another.  This  assumption  allows  the  cal¬ 
culation  of  kinetic  energy  for  the  entire  system 
at  an  instant  when  all  the  vibratory  energy  is 
in  lunette  form.  01  the  several  actual  buildings 
analyzed  by  this  technique,  all  have  exhibited 
tn-phase  response. 

Because  the  expressions  for  kH  include 
the  ratio  of  velocities,  V,  Vj,  for  specific  loca¬ 
tions  on  the  module,  it  is  first  necessary  to 
estimate  these  values  and  Iterate,  if  required, 
until  reasonable-  values  are  obtained.  A  recom¬ 
mended  ratio  to  start  with  is  the  ratio  of  static 
deflections  that  result  at  the  corresponding 
locations  whan  the  coupled  model  le  subjected 
to  equal -magnitude  roof  and  upper-column 
forces.  An  alternative  is  to  start  with  li^,  the 
at-itlc  (fixed-base)  mass-transformation  factor, 


Fig.  5.  Dynamic  mass- 
transformation  factors 


and  iterate  from  that  point  to  acceptable  re¬ 
sponse  values.  Generally,  only  one  rerun  Is 
necessary. 

The  dynamic  mass-transformation  factors 
are  used  to  calculate  the  Me's,  the  equivalent 
masses  for  the  various  module  components. 

The  staltc-base  mass  transformation  factors 
that  were  discussed  ea-lier,  those  available 
from  3iggs,  are  used  only  to  evaluate  the 
equivalent  viscous  damping  coefficients,  CE,  as 
discussed  earlier  and  presented  in  Fig.  5. 

In  the  remainder  of  the  discussion,  the  "li" 
subscript  has  been  dropped  from  the  equations 
that  refer  to  the  equivalent  system.  Numerical 
subscripts  to  denote  locations  in  the  module  are 
used  instead,  according  to  the  following  system: 

1  —  diagonally  midspan  on  roof  slab  (cor¬ 

ner  point  of  roof -slab  component  on 
module) 

2  —  top  of  upper  column 

2  —  diagonally  midspan  on  intermediate 
slab  (corner  point  ot  roof-slab  compo¬ 
nent  on  module) 

4  —  top  of  tower  column 

5  —  base  slab. 

Figure  4  shows  the  locations  nn  the  module 
to  which  these  subscripts  refer  and  the 
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corresponding  equivalent  models  coupled  to¬ 
gether  into  the  synthesized  model  which  repre¬ 
sents  the  entire  module.  /,  refers  to  a  vertical 
motion  of  the  giound  far  below  the  structure:  it 
may  be  zero,  or  It  may  be  a  time-varying  mo¬ 
tion  which  represents  ground  shock. 


MODEL  EXCITATION 

The  hardened  building  will  be  subjected  to 
ait-blast  or  ground  shock  or  both.  Excitation  of 
the  mathematical  model  requires  the  applica¬ 
tion  of  forces  to  the  root  of  the  model  to  simu¬ 
late  ail  blast,  and  of  motion  at  the  model  huso 
to  simulate  ground  shock.  The  model  provides 
lor  vertical  response  only:  therefore,  the  inputs 
should  be  the  vertical  components  of  the  appli¬ 
cable  forces  or  motion. 


Airblast  Overpressure 

The  airblast  overpressure  is  converted  to 
force  by  multiplying  the  overpressure,  as  a 
function  of  time,  by  the  applicable  area  and  the 
load-transformation  factor,  KL .  The  applicable 
area  for  the  force  F,<  t  > ,  which  is  applied  to 
mass  1  of  Fig.  4,  is  the  roof  area  of  the  module 
minus  the  cross-sectional  area  of  the  column 
capital  ( n 1  - <i J ;  see  Fig.  1).  The  load-transfor¬ 
mation  factor  for  F,<  1 1  is  8/15,  from  Fig.  3. 

For  fj(  n,  the  force  applied  to  mass  2,  which 
represents  the  column  top,  the  applicable  area 
is  d’  and  the  load -transform  at  ion  factor  is  1. 

Figure  4  shows  that  mass  2  is  excited  by 
the  reaction  of  mass  1.  Rather  than  directly 
couple  the  mass  and  spring  of  mass  1  atop  mass 
2,  the  reactive  force  is  applied  separately  and 
called  Fji  1 1.  The  reason  for  this  is  that  the 
leactive  force  ip  not  simply  k  ,(« i  -  r. ,  >,  but  is 
IS  S  0  ISK,;'  t  i  ■  0  84  k  .( i / j ,  as  was  ex¬ 
plained  under  Coupling  of  hoof  Slab  and  Upper 
Column. 

The  time  -haracteri sties  of  I  p  1 1  and  f,,i  > , 
in  general,  are  directly  related  to  the  overpres¬ 
sure  as  a  (unction  of  time.  An  exception  occurs 
when  a  radially  expanding  airblast  shock  front 
approaches  a  buried  structure  as  a  vertically 
fronted  Mach  stem,  In  this  case  the  shock  front 
sweeps  over  the  module,  first  applying  a  force 
to  only  one  side  of  the  module  roof  area,  and 
then  progressively  advancing  and  applying  pres¬ 
sure  to  additional  .area  until  the  entire  module 
is  engulied.  It  is  recommended  that  this  time- 
dependent  phenomenon  be  accounted  fer  by  giving 
the  F,(  i  >  force  a  linear  rice  time  equal  to  the 
time  required  for  the  blast  wave  to  pass  over 
the  module.  This  time  is  equal  to  the  span  of 


the  module  roof  divided  by  the  blast-wave  ve¬ 
locity  (irl  n  u).  Similarly,  F,(t)  should  be 
given  a  rise  time  equal  to  the  column  capital 
width  dtvtded  ->y  the  blast -front  velocity  trJ  =  dti. 
Alter  peaking,  both  forces  would  then  decay  In 
lime,  in  the  same  manner  as  the  overpressure. 
The  time  characteristics  of  F',(i  >  are  dictated 
by  F,n  >,  i,,  and 


Ground  Shock 

The  model  is  formulated  so  that  the  ground 
shock  at  the  base  is  expressed  in  terms  of  de¬ 
flection  and  velocity,  i  (tj  and  t>,  respec¬ 
tively,  or  acceleration,  i'  (t ) .  Later  in  this 
paper  Pic  alternatives  will  be  explained. 

The  prime  intent  here  is  to  subject  the 
model  to  the  motion  caused  by  outrunning 
ground  shock  —  the  motion  that  occurB  at  a 
specific  location  prior  to  the  arrival  of  the  air- 
blast  at  that  location.  (Ground  shock  Is  com¬ 
monly  divided  into  two  parts,  outrunning  and 
Buperselsmlc.  Outrunning  ground  shock  Is 
characterized  by  relatively  low-frequency  oscil¬ 
lations,  similar  to  earthquake  tremors,  which 
precede  the  airblast.  The  building  response  to 
outrunning  ground  shock  is  accounted  for  by  the 
motion  input  at  the  base  Superseismic  ground 
shock  is  that  caused  by  transients  of  the  arriv¬ 
ing  airblast  front  and  by  the  subsequent  over¬ 
pressure.  The  building  response  owing  to  the 
airblast  and  overpressure  is  accounted  for  by 
the  forces  applied  to  the  top  of  the  model.) 

A  typical  excitation  of  the  model  would 
thus  include  some  motion  at  the  base,  os  a 
function  of  time,  which  represents  outrunning 
ground  shock,  followed  in  time  by  forces  F,.  t) 
and  Fj,  i )  at  the  top  of  the  building,  which  rep¬ 
resent  the  arrival  of  airblast. 


EQUATIONS  AND  SOLUTIONS 

Wuh  the  synthesized  model  assembled  as 
illustrated  in  Fig.  4,  the  second-order  differ¬ 
ential  equations  that  define  the  coupled  system 
may  now  be  written.  They  are 


'V.  '  t-'.i'i 

1  -j)  *  k  i  i z  i - 

if!  F,(  i  ) 

Mji'j  •  O.Pd  ( 

)  '  ci<*,  ’ 

t  0  H4  | 

1) 

)  *  kiU,  '  z4> 

V*  >  '  0  16  (f)  F,(U 
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mj*j  '  cj(ji  -  M  '  M  :  " 

M4*4  *  C}(*4‘*j)  *  Cl(*4‘ij)  *  C4<*4'ij' 

‘  k  ,t  Z  4  "  1  ,  >  '  k  ,(  J  ,  -  4  ,  1  1  k  4(  I  4  -  I  ,  )  0 

Mji’j  *  C 4(i,-i,)  *  Cjij  ♦  k4(is-44>  •  k,2, 


z  Cs?s(t  )  i  , 

In  these  equations  the  M's,  k's,  c's,  and 
F(  t  >'s  are  the  equivalent  parameters  as  Illus¬ 
trated  and  evaluated  In  Fig.  4  and  Table  2. 
Solution  of  the  above  equations  for  the  »'s,  as 
functions  of  time,  will  yield  the  vertical  dis¬ 
placements  at  the  various  locations  of  the 
model,  each  of  which  represents  the  displace¬ 
ment  at  some  location  in  the  building  module. 
With  these  responses  determined,  the  analysis 
Is  completed. 


The  one  or  two  dots  above  the  .-'o  repre¬ 
sent  first  and  second  time  derivatives  —  veloc¬ 
ity  and  acceleration  —  of  the  corresponding  dis¬ 
placement.  Note  that  In  the  above  formulation 
Uie  coordinates  describe  the  absolute  motion 
of  the  structure. 

hi  the  above  form,  the  ground  shock  input 
must  bo  expressed  in  velocity  and  displacement, 
whereas  ground  shock  Is  commonly  expressed 
as  acceleration.  The  equations  can  be  converted 
Into  terms  of  acceleration  by  means  of  a  change 
In  the  coordinate  system,  with  the  following  re¬ 
sult.  Tlie  coordinate  change  Is 

K  *i  *  »« 


St  ’ 

Converting  to  the  i  -coordinate  system,  the 
original  equations  become 


Table  2 

System  Parameters  for  Equivalent  Coupled  Mass-Spring  System  of  Fig  d 


It 


I: 


SPECIAL  CHARACTERISTICS 


M,',  •  v  . - 

Vi  *  o  (*HS)  ‘  V  ,<  '  f»<  i-  «> 


■  0 

«  i‘,!) 

V  'i- 

1  •  •  k  4  • 

Fji  l  .  • 

0  I')  -  j  I*  |(  I  1 

- 

M . .’ .  . 

'  t  j( 

’  1  4 

•  k  .1  1 

4>  -V, 

Vi 

V 

4  i  • 

'  V  4 

’l>  '  C4<  4  ~  V 

1  kl* 

i  *  V' 

•  V  4- 

1>  *  h«<  4  -  5> 

-v* 

Vs  ' 

<\< 

V  ’  4  > 

•  V-s  '  k 

4*  *  4  ••  4  )  1  ^  t  ' 

M*V 

The  ground  shock  input  is  now  in  terms  of  ac¬ 
celeration.  Note  that  in  this  form  the  ■’ 's  rep¬ 
resent  motion  of  the  structure  relative  to  the 
unaffected  soil  deep  below  the  base. 

In  either  form,  the  coupled  equations  would 
probably  be  too  complex  to  solve  without  a  com  - 
puter.  Most  computers,  however,  either  analog 
or  digital,  would  be  adequate  and  would  solve 
the  coupled  equations  with  ease;  the  equations 
would  simply  have  to  be  programmed  In  a  form 
compatible  with  the  computer  to  be  used. 


Computer  output,  in  the  form  of  tnotlon-vs- 
time  plots  for  various  locations  within  the  build¬ 
ing,  are  very  illustrative.  Such  piots  readily 
portray  frequency  characteristics,  peak  response 


decay,  phase  relation  of  the  various  motions, 
and  so  forth.  It  is  also  desirable  to  have  the 
deflection  of  some  specific  location  relative  to 
another  determined  with  the  computer  and 
plotted.  For  example,  It  would  be  desirable  to 
determine  ’ ,  -  /  lt  which  represents  the  maxi¬ 
mum  defleetiou  ol  the  midspan  location  on  the 
roof  relative  to  the  column  supports,  or  i }  -  z4, 
which  represents  the  deflection  of  the  top  of  the 
upper  column  relative  to  its  base.  Such  deflec¬ 
tions  would  represent  the  flexure  of  a  single 
component  of  the  building. 


VartouB  assumptions  were  made  during  the 
development  of  the  technique  presented  here. 

The  computer  outputs  should  be  checked,  there¬ 
fore,  to  verify  that  the  assumptions  made  were 
valid 

FirBt,  It  Is  desirable  to  check  whether  lh<s 
various  masses  of  the  coupled  model  responded 
primarily  In  phase.  In-phaso  response  is  nec¬ 
essary  to  justify  the  use  of  the  dynamic  mass- 
transformation  factors  described  under  Dynamic 
Mass -Transformation  Factors.  An  out-of- 
phuse  response  Indicates  appreciable  error  in 
the  calculated  response,  In  which  case  It  would 
be  more  desirable  to  return  to  the  rigid-base 
mass-transformation  factors,  recalculate,  and 
accept  the  new  calculated  response  as  a  crude 
estimate.  Tho  response  error  with  an  out-of¬ 
phase  response  is  probably  quite  large,  because 
such  response  implies  that  applicable  maas- 
transformatlon  factors  are  changing  in  tlmo  in 
relation  to  the  response.  Such  a  situation  al¬ 
most  precludes  analyses  that  produce  anything 
but  rough  estimates  of  the  response. 

Second,  it  is  desirable  to  compare  tho  as¬ 
sumed  ratio  of  maximum  velocities  with  that 
which  resulted,  and  to  reevaluate  the  dynamic 
mass-transformation  factors  and  rerun  if 
necessary. 

Third,  it  is  desirable  to  convert  the  flex¬ 
ural  deflections  within  the  various  components 
to  terms  of  stress,  and  compare  each  stress 
with  the  maximum  elastic  stress  for  the  mate¬ 
rial  of  which  the  applicable  component  is  cc in- 
posed.  This  entire  analysis  is  based  on  an 
elastic  material  resjx)nfipi  and,  therefore,  no 
deflection  siiouici  be  great  enough  to  induce 
permanent  set  in  the  building. 


CONCLUSIONS 

A  technique  is  presented  here  by  which  a 
typical  hardened  building  of  modular  design  can 
be  analyzed  for  response  to  airblast  and  ground 
shock  induced  by  a  nuclear  weapon.  A  module 
that,  repeated  many  times,  forms  the  lamed 
building  is  isolated  for  study. 


The  many  possible  manipulations  and  forms 
of  computer  input  and  output  are  dependent  ro  a 
large  degree  on  tiie  specific  computer  facilities 
available.  Consequently,  the  method  of  pro¬ 
graming  and  solving  the  above  equations  is 
largely  up  to  the  user,  and  will  not  be  further 
discussed  here. 


The  response  of  this  module  Is  thought  to 
be  representative  of  the  response  of  most  of  the 
building.  The  module  is  idealized  as  a  mass¬ 
spring  analytical  model  that  includes  the  effects 
of  the  subsoil  and  structural  damping. 

The  airblast  and  ground  shock  to  winch  the 
actual  building  would  be  subjected  by  a  nuclear 
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burst  aro  convortcd  to  analogous  forces  that 
exctto  the  model.  Tho  resulting  motions  that 
the  Individual  masses  of  the  model  undergo  are 
representative  of  the  motion  of  selected  loca¬ 
tions  within  the  actual  building.  Two  locations 
are  solocted  on  each  slab:  One  at  a  column/ 
floor-slab  junction  and  the  other  on  the  slab 
midway  between  columns.  These  locations 
were  chosen  because  they  should  exhibit  ex¬ 
tremes  in  tits  response  of  each  slab.  The  re¬ 
sponse  at  any  other  location  can  thus  be  Inter¬ 
polated  from  the  response  at  those  selected 
points. 

Finally,  the  dliforentlal  equations  that  do- 
ftns  tho  analytical  model  are  presented.  These 
equations,  too  complex  to  be  solved  by  hand. 


can  be  solved  quite  easily  by  must  computers 
with  a  capability  of  handling  differential  equa¬ 
tion!..  The  form  of  the  computer  output  —  the 
Information  that  describes  the  building  re¬ 
sponse  -can  be  varied  somewhat  by  the  user, 
so  that  motion- vs -time  plots  and  other  useful 
data  can  be  obtained. 
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INFLUENCE  COEFFICIENT  MATRIX 
QUICK-CHECK  PROCEDURE* 


George  W.  Bishop 
Bishop  Engineering  Company 
Pnnertou.  New  Jersey 


Influence  coefficient  matrices  are  often  useful  lor  the  solution  of  prob¬ 
lems  involving  vibration  frequencies  and  mode  shapes.  A  quick- check 
procedure  (consisting  01  throe  steps)  which  is  applicable  to  any  influ¬ 
ence  coefficient  matrix  and  which  will  determine  whether  the  matrix 
satisfies  three  necessary  conditions  is  presented  here.  If  these  three 
conditions  are  not  satisfied,  then  this  procedure  will  pinpoint  the  offend¬ 
ing  elements  of  the  matrix.  It  is.  of  course,  possible  for  u  matrix  to 
meet  the  three  necessary  conditions  described  here  and  still  contain 
other  errors,  which  may  be  more  difficult  to  discover. 


INTRODUCTION 


all  three  steps  are  presented  as  a  quick  double¬ 
check  on  Influence  coefficient  matrices. 


Influence  coefficient  matrices  are  defined 
on  pnge  32  of  Ref.  1 1]  In  connection  with  the 
computation  of  normal  modes  of  vibration. 

Much  work  Is  Involved  In  calculating  all  the 
elements  of  such  mntrlces  for  multtinass  sys¬ 
tems;  this  Is  true  whether  these  calculations 
are  performed  manually  or  by  computer  pro¬ 
grams.  A  great  amount  ol  eucli  work  Is  re¬ 
quired  to  obtain  the  spring  constants  and  lumped 
masses  involved  In  a  mechanical  system  using 
design  drawings  as  the  primary  source  of  Infor¬ 
mation.  In  ViC'V  0.  into  i.ii  gv  inYGoiuiOiu  ill  llilic 
and  money.  It  Is  useful,  and  In  fact  Imperative, 
to  have  a  few  qulck-chcclc  methods  to  locate 
some  of  the  more  usual  errors  dial  seem  to 


find  their  way  Into  Influence  coefficient  ma¬ 
trices.  These  errors  may  be  misplaced  dcclm.il 
points  or  other  careless  mistakes  in  transposi¬ 
tion.  in  addition  to  fundamental  errors  In  struc¬ 


tural  analysis. 


A  three-step  procedure  Iia6  been  evolved 
that  has  proved  extremely  useful  la  locating 
some  of  the  possible  Influence  coefficient  mis¬ 
takes.  Steps  1  and  2  are  well  known  to  engi¬ 
neers  familiar  with  the  solution  ol  dynamics 
problems  using  influence  coefficient  matrix 
manipulations.  The  third  step  does  not  appear 
to  be  common  knowledge,  and  for  convenience 


STEF  1  -  THE  LEADING  DIAGONALS 
MUST  ALL  DE  POSITIVE 

The  lending  diagonals  In  an  influence  coef¬ 
ficient  matrix  are  those  elements  Uial  define 
the  deflection  at  a  mass  resulting  from  a  force 
at  this  same  mass.  A  general  expression  for 
bucIi  a  leading  diagonal  can  be  found  on  page  32 
of  Ref.  [l]  aB  -  , ,  .  For  consistency,  the  deflec¬ 
tion  in  this  case  would  be  In  the  same  direction 
as  the  force.  For  example,  in  flip  case  of  ver¬ 
tical  direction  influence  coeiiicienis,  if  the  1- 
lk>und  force  at  a  given  mass  were  defined  as 
positive  downward,  then  the  deflection  at  this 
same  mass  would  also  be  defined  as  positive 
for  the  downward  direction. 

In  mathematical  terms,  step  1  could  be 
written  as  ? , ,  >  o .  It  is  obvious  that  a  down¬ 
ward  force  on  a  point  cannot  produce  an  upward 
deflection  at  this  same  point  in  a  conservative 
system  Indeed,  If  a  conservative  system  could 
violate  this  rule  it  then  would  be  a  perpetual 
motion  machine. 

In  essence  then,  step  1  consists  of  examin¬ 
ing  all  leading  diagonals  such  as  S,|,  b!!. 

’*«•  \,.  md  80  forth,  to  insure  that  none 

of  them  is  negative. 


“This  paper  was  not  presented  at  the  byntpuBium. 


STEP  2  -  OFF-DIAGONAL  ELEMENTS 
MUST  SATISFY  MAXWELL'S 
RECIPROCITY  THEOREM 

Oil-diagonal  elomonts  may  bo  doilnod  ns 
all  of  the  elements  In  a  r.u.f;  '.x  except  loading 
diagonal  clomonts.  Stated  tn  mathematical 
terms,  Step  2  bocomee  » , ,  ■>  i , .  Page  32  ol 

Rot.  (1]  describes  this  rule  that  makes  the  in¬ 
fluence  coetdoionts  symmetrical  about  the 
leading  diagonal.  Equation  (A  10)  on  pnge  30  oi 
KsL  4 1 }  lime' rates  inis  eymmsley  nu'i.  rlCsM)' 

In  a  6  x9  Influence  coefficient  matrix,  Pago  122 
of  Ref.  [2]  clearly  explains  the  meaning  of  this 
theorem.  A  more  general  explanation  ol  Mux- 
'well' a  theorem  Ib  given  In  the  footnote  on  page 
176  of  Ref.  (3)  where  couples  and  rotations  are 
also  Included. 

in  essence,  step  2  can  be  accomplished  by 
examining  each  oif-dlagonal  element  and  com¬ 
paring  It  with  Us  reciprocity  element  to  Insure 
that  it  agrees  tn  both  sign  and  magnitude. 


STEP  3  -  THE  SQUARE  OF  ANY 
OFF-DIAGONAL  ELEMENT  MUST 
NOT  EXCEED  THE  PRODUCT  OF 
LEADING  DIAGONAL  ELEMENTS 
IN  THE  RESPECTIVE  ROW  AND 
COLUMN 

Statod  in  general  mathematical  terms, 

< fi 4 1 ) *  <  (»u)  (&  J().  Page  47  of  Ref.  [1 )  gives 
a  formula  for  the  two  frequencies  (tn  radians 
per  second)  for  bolh  modes  of  a  two-nines  sys¬ 
tem  us  follows: 

«»4i.  *  V»» 


i  :  v\n,i,,  .  -  'Mw'nSi'  '  ?i> 

,  i  ^  j  5  “  1  f  1  > 

For  the  particular  ense  of  a  two-mass  sys¬ 
tem  the  Influence  coefficients  could  be  written 
tn  a  2  x2  matrix,  and  It  will  be  noted  that  tho 
above  equation  therefore  contains  only  the  fol¬ 
lowing  Influence  coefficients:  s,,,  and 
s,.,  A  careful  examination  of  this  equation 
will  indicate  that  for  bolh  of  the  mode  frequen¬ 
cies  to  be  positive,  the  denominator  must  be 
positive.  Therefore,  the  term  In  parentheses 
In  the  denominator,  -  i  { ,),  must  not  be 

negative;  or,  stated  in  mathematical  terms, 

!  *  i  j)  ’  -  t '  1 1  ><  -  j  j>  • 

This  last  expression  Is  of  the  same  form 
as  the  firm  expression  written  above;  namely, 

It  remains  now  only  to 
prove  that  the  two- mass  requirement  can  be 


extended  to  the  multlinnss  system  rills  can  be 
accomplished  by  assuming  that  all  masses  (tn  a 
muUtmass  system)  except  the  one  row  maBS  and 
the  one  column  mass  under  consideration  are 
zero.  For  example,  In  n  seven-mnss  system,  U 
we  wish  to  postulate  that  must  not  exceed 

the  product  of  ■  ,  and  ‘ ,,,  we  need  only  assume 
Hi  t  masses  3.  4,  5.  6.  and  7  are  nil  zero  and 
then  the  system  becomes  a  two- mass  system 
and  the  rule  must  hold.  That  there  arc  addi¬ 
tional  influence  coefficients  in  o.e  matrix  dues 
not  nullify  the  requirement.  Likewise,  for  ex¬ 
ample,  If  we  wish  to  [josiuiiiu;  dial  ;  must 
not  exceed  the  product  of  s,5  and  s60  ,  we  need 
only  assume  that  masses  1,  2,  3,  4,  and  7  arc 
all  zero. 

Stop  3  applies  to  negative  off-diagonal  ele¬ 
ments  as  well  ns  to  positive  oif-dlagonal  ele¬ 
ments.  In  using  Step  3,  It  Is  necessary  only  to 
check  each  ol  the  off -diagonal  elements  Unit 
lies  on  one  side  of  the  leading  diagonals,  because 
stop  2  has  Insured  that  the  off-dtngonnl  elements 
lying  on  tho  other  ilde  of  the  leading  diagonals 
are  identical. 


ILLUSTRATIVE  EXAMPLES 

Table  1  illustrates  stx  matrices  (A,  0,  C, 
D,  E,  and  F)  that  might  apply  to  a  three-mass 
system. 

Four  of  these  matrices  contain  errors  that 
can  be  located  by  using  the  three -step  proce¬ 
dure: 

1.  Matrix  A  violates  step  3  bet  iubc 
(50)  J>  (10)  (100). 

2.  Mntriy  c!o^*3  mOI  ViOlftlO  i\*iy  i>!  ifac 

three  Bteps, 

3.  Matrix  C  violates  step  3  because 

(200) 1  >  (1)(100). 

4.  Matrix  D  violates  Step  1  because  -100 
must  be  positive. 

5.  Matrix  E  does  not  violate  aay  of  the 
three  steps. 

6.  Matrix  F  violates  step  2  because 

0.001  *  0.010. 

Of  course,  matrices  LI  and  E  may  violate  some 
other  rules  beyond  the  scope  of  this  paper. 

A  10x10  matrix  can  be  cheeked  with  these 
three  steps  In  less  titan  15  mtn  Therefore  (t 
would  seem  to  be  poor  economy  to  Ignore  this 
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TABLE  1 

Matrices  lor  a  Three- Mass  System 


<D 

© 

© 

© 

© 

© 

15 

5 

20 

© 

10 

5 

20 

A  (?) 

* 

10 

50 

© 

5 

-100 

50 

© 

20 

50 

100 

© 

20 

50 

00 

® 

© 

© 

© 

© 

© 

® 

0.001 

0.001 

0  00! 

© 

10 

5 

•5 

D  t|) 

0.001 

5 

r 

J 

© 

5 

5 

5 

© 

0.001 

5 

1,000 

-5 

5 

25  | 

CD 

© 

© 

© 

© 

© 

(D 

1 

5 

200 

© 

0.001 

0.001 

0.001 

C  (2) 

5 

100 

50 

© 

0.001 

5 

5 

© 

200 

50 

100 

© 

0,010 

5 

100 

quick-chock  procedure  and  put  thtB  Influence 
coefltctent  matrix  into  a  computer  lor  the  solu¬ 
tion  of  eigenvalues  and  eigenvectors,  possibly 
even  using  the  results  in  'urther  stress  anal¬ 
ysis,  when  the  original  influence  coefficient 
matrix  may  violate  one  oi  these  three  rules 
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MECHANICAL  IMPEDANCE 


DETERMINATION  OF  FIXED-BASE,  NATURAL  FREQUENCIES 
OF  DUAL-FOUNDATION,  SHIPBOARD  EQUIPMENTS 
BY  SHAKE  TESI5 

i  Fti.tU  Qw-igc  J. 

NavM  Rfse.TTCli  Laboratory 
WunUiuglun,  O.C. 


itii!  paper  inveiugatee  the  application  of  resonance  testing  to  determine  the 
f  i  xati  •  banc  »  iiatui.il  frequencies  u(  an  m- place  ihipboi  rd  equipment- foundation 
system  that  is  supported  at  iw  »  base  points.  The  structure  can  rotate  as  well 
as  translate;  when  th«?  base  points  translate  A  method  was  proposed  previ¬ 
ously  that  required  the  simullancmi#  use  of  Iwo  fhakor*  capable  of  phase  con¬ 
trol  anti  a  range  of  force  ratios  at  each  <w..ing  frequency.  Una  method  would 
*•“  quite  difficult  and  expensive  to  apply  in  the  field.  A  new  lei  Unique  m  pr  >- 
posed  herein  that  requires  Only  one  shaker  to  be  applied  at  a  time,  thereby 
reducing  the  difficulties  and  restrictions  considerably  An  application  ol  '.he 
technique  to  a  theoretical  model  is  presented 


INTRODUCTION 

Tip*  dolor m tnat Ion  of  tlu»  llxod-baso,  natu¬ 
ral  frequencies4  ul  In-place  structures  bus 
been  n  recurrent  problem  to  engineers  inter¬ 
ested  In  structural  dynamics,  particularly  from 

Lilt.  (KjiiiL  lil  view  Lit  shut  il  liiiiiiyaui,  Al  fir  i-.wui . 
the  most  convenient  method  lor  obtaining  these 
flxed-Unse  frequencies  Is  that  of  shake  tests 
This  involves  exclt..ig  (lie  s(  rue  I  me  with  a 
sinusoidal  iorcc  over  a  range  of  frequencies 
ami  recording  flic  response  ai  significant  loca 
tlona  If  the  structure  were  truly  attached  to  a 
fixed  base,  peaks  resulting  from  resonance 
would  occur  in  the  response  it  the  fixed-base, 
natural  frequencies  of  the  structure.  Unfor¬ 
tunately.  however,  few  structures  rest  on  bases 
that  are  Infinitely  stiff  and  heavy,  and  tills  con¬ 
dition  creates  a  problem  in  applying  field  lost 
techniques.  This  Is  especially  irue  in  shipboard 
situations  where  tu-place  equipment -foundation 


T  A  I  ifcod  -  i  natural  Ifvquvnv  V  »**  a  natural 
frequency  that  would  t?x:»t  11  the  base  were  in¬ 
finitely  tilill  so  that  its  motion  would  not  be 
affected  by  the  motion  of  the  mounted 

upon  it 


systems  have  base  supporting  structures  that 
are  relatively  flexible,  such  as  decks  aed  bulk¬ 
heads 

A  paper  presented  at  the  34th  Shock  and 
Vibration  SympoBtum  |1|,  and  subsequently  pub- 

iibiicfii  au  a  Mav««'  mrScMrcii  L-iburaiury  I'Btxxi 
* 2 J.  examined  this  problem,  and  concluded  that 
It  is  impossible  io  determine  fixed-base  fre¬ 
quencies  of  ic -place  structures  by  the  com¬ 
monly  accepted  lest  means,  that  is,  by  driving 
on  the  In-place  equipment  and  seeking  nulls  at 
its  baBe  for  various  frequencies  A  dynamic 
cham- type  structure  was  exam  mod,  and  those 
frequencies  that  can  be  found  by  driving  nt  var¬ 
ious  locations  were  discussed  q'hai  paper  also 
proponed  a  technique  for  finding  fixed-base  fre¬ 
quencies  for  the  dynamic  chain-type  structure 

The  new  technique  Is  tide:  Drive  at  a  point 
on  or  below  the  base  of  the  equipmont-loundatlon 
system  and  record  the  responses  of  ine  base  and 
a  [Mint  on  the  equipment  Note  prominent  val¬ 
leys  in  the  response  of  the  base,  Ihese  (Mil ills 
occur  at  the  fixed-base  frequencies  of  ihe  sys¬ 
tem  above  the  base  and  of  the  system  below  Hit* 
driving  point  The  equipment  response  will 
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exhibit  prominent  valleys  at  the  fixed  base  tie  ■ 
quCnrlcs  of  the  system  above  the  equipment  re¬ 
sponse  point  and  of  the  system  below  the  driving 
point  Alter  eliminating  the  frequencies  of  the 
system  below  flu*  driving  point  ( 1 1 1  ub  v  frequent  les 
at  which  there  are  valleys  in  both  the  equipment 
and  base  responses),  the  remaining  valleys  In  the 
base  response  will  Indicate  the  desired  frequen¬ 
cies,  A  convenient  experimental  technique  Is  lo 
plot  the  Cello  Of  equipment  response  to  biifie  re¬ 
sponse.  This  method  cumulates  the  extraneous 
frequencies  of  Utc  system  below  the  driving 
point,  and  the  fixed-base  frequencies  of  Interest 
are  then  the  points  where  prom  mem  peaks  oe- 
;«**  In  Ute  *«Uo  plot  These  peaks  coincide  with 
valleys  in  the  base  response  plot.  Note  that  for 
the  very  special  case  where  a  fixed-base  fre¬ 
quency  of  the  system  above  the  equipment  re¬ 
sponse  point  coincides  with  a  fixod-basc  fre¬ 
quency  of  the  equipment -foundation  system,  the 
ratio  plot  does  not  have  a  prominent  peak  at 

that  Iroquency, 

A  section  of  the  previous  pnpor  contained  a 
Uriel  discussion  of  a  structure  supported  at  two 
base  points.  The  structure  is  cupablc  of  rota¬ 
tion  as  well  as  translation  when  the  base  pointB 
translate.  A  technique  using  two  shakers  with 
variable  force  and  phase  control  was  proposed 
at  that  time.  Tho  purpose  of  lids  paper  in  lo 
examine  the  problem  In  detail  to  determine  a 
more  convenient  experimental  technique  for 
obtaining  those  frequencies 


THE  PROBLEM 

A  Btmpltfted  case  will  be  dtscussod  first  to 
allow  the  reader  to  follow  the  mathematical 
Argument  more  easily,  vonstdsr  r  structure 
such  as  that  shown  la  Fig.  1.  This  configuration 
with  unequal  parameters  allows  email  roialloitu 
coupled  with  translation.  Tin*  upper  tuntsnlesx 
bar  with  lumped  masses  represents  the  oqutp- 
iusiU"fuund&Uou  system  shown  In  Fig.  2,  Hit* 
lower  bnr.  masses,  and  springs  represent  the 
Supporting  structure.  All  joints  are  considered 
pinned  and  the  structure  16  assumed  stable 


Ki 

t  C  i  -  .  M.  I 


t-  -  r  — d 


7 -,Vr  t-t  r  t 

I.  1 


r’lp.  •  Simii Ia(p<I  r «t  «y*tf-rr» 

With  ipfricnt  -  foundation  By^lcni  in 
place 


This  method  would  yield  correct  resultB, 
but  ditf  icottios  in  application  are  apparent- 
For  the  case  illustrated,  two  shakers  are  re¬ 
quired,  one  nt  C  and  one  nl  D.  The  shakers 
must  not  only  sweep  through  the  frequency 
range  of  interest,  but  at  each  frequency  they 
must  also  sweep  through  a  range  of  force 
ratios.  They  must  (for  this  undamped  system) 
operate  tn  phase  10  obtain  one  frequency  and 
out  of  phBse  to  obtain  the  other  The  system  of 
interest  will  act  as  on  a  fixed  base  onlv  when 
the  driving  frequency,  force  ratio,  and  phase 
arc  Blmullareously  coincident  with  the  respec¬ 
tive  quantities  for  a  fixed-base,  natural  mode 
of  the  system.  This  of  course  presents  obvious 
difficulties  that  would  muke  such  field  meas¬ 
urements  costly  and  lime  consuming. 

Further  attention  has  boon  applied  to  this 

problem  and  ns  n  rcniitf.  a  much  more  con  - 
venlcnl  technique  hao  been  devised 

THEORY  AND  ANALYSIS 

Consider  again  the  structure  ahown  in  Fig. 

I  The  equatiois  of  motion  for  free  vibration 
may  be  written  as 


The  equipment-foundation  system  lias  two 
natural  froquonctea  and  two  associated  mode 
ahapee.  Then®  mode  shapes  cause  displace¬ 
ments  across  springe  k,  and  k,  and  resultant 
spring  forces,  if  the  enttre  system  (Fig.  1)  is 
esc  lied  at  points  c  and  v  with  forces  having 
magnitudes  proportional  to  the  respective 
modal  spring  forces  aud  die  driving  frequency 
equaling  tho  modal  frequency  for  the  upper 
system,  then  H  will  act  na  u  fixed-base  system 
and  tho  motion  of  points  C  amt  O  will  tend  to 
vanish  as  this  condition  is  approached 
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Similarly,  the  c  ha  cartel  i»iir  equation  of  the  up- 
pel  Hysimi,  shown  in  Fig  2.  ran  bo  bIipwii  to  bo 
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Thus,  the  coir^lpto  system  frequencies  are  the 
rout#  of  Eq  (<>;  the  fUed-base,  natural  fre¬ 
quencies  of  the  syetrm  of  interest  are  the  roots 
of  lf.<i  (5) 


11  sinusoidal  forces,  i*c  mi  i  undPpiin^t, 
are  applied  at  points  c  and  t>,  respectively,  ol 
Fir  1.  the  “quftllonfl  of  motion  heroine 
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Then  the  response  equations  reduce  to 


The  enclosed  term  Is  simply  ,  4 ,  by  menus  o£ 
Eq.  (4).  Thus 
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The  results  ot  previous  work  (l]  indicate 
that  the  condition  of  Interest  is  that  lor  which 
the  base  responses  simultaneously  become  zero. 
This  gives 
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To  have  a  solution  other  than  the  trivial  one,  the 
determinant  o £  the  coefficients  ol  the  P's  must 
vanish.  Therefore 
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so  Eq.  (12)  now  becomes 
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Tiierc  are  three  frequencies  at  which  si¬ 
multaneous  nulie  can  occur:  v,  and  \ j,  the 
fixed-base  frequencies  oj  the  upper  system; 
and  infinite  frequency,  because  the  order  ol 
is  greater  than  that  of  y Associated  with 
each  of  the  finite  frequencies  ip  a  force  ratio 
that  wtU  satisfy  Eq.  (11).  Simultaneous  btse 
nulls  will  occur  only  when  these  frequency  and 
force  ratio  relationships  are  satisfied  by  the 
driving  forces.  Because  this  occurrence  Is 

unique  It  could  be  utilized  to  obtain  the  dettired 
frerucncies;  this  is  the  basis  of  the  previously 
proposed  technique.  However,  a  field  test  that 
attempted  to  obtain  simultaneous  base  nulls 
would  obviously  be  cumbersome  to  perform. 

If  In  Eq.  (10)  the  ratio  of  yr  to  y.,  were 
taken,  then 

Vc  VCCPC  '  VCDPD 

y  ■  v  p_  v  P  • 

Vd  *ep‘c  'dd‘ d 

This  ratio  will  be  independent  of  Uie  P's  when 


However,  thie  Is  exactly 

’cc  vod  *  VCD  =  (><)<’  j)  '  0  ■  (20) 

Therefore,  the  ratio  of  yy  to  yD  ie  independeni 
of  the  P's  at  the  complete  system  natural  lrc- 
quencles  and  al  the  fixed  base  natural  frequen¬ 
cies  of  the  upper  system.  Because  the  ratio  is 
independent  of  the  P's  at  these  frequencies,  it 
makes  no  difference  If  one  of  the  P's  is  zero. 
This  provides  a  convenient  teclmique  for  find¬ 
ing  the  desired  fixed-base,  natural  frequencies. 

TECHNIQUE 

lu  the  system  of  Fig.  1,  apply  the  driving 
force  at  C  and  sweep  through  the  frequency 


range.  Monitor  the  response*  ul  c,  at  D,  and  (he 
ratio  of  the  response  at  C  to  the  response  at  D. 
The  system  natural  t  requeue  tee  wilt  show  as 
resonant  peaks  In  tiro  plots  of  the  responses  at 
C  and  !).  The  ratio 


has  been  obtained. 

Repeat  the  above  procedure  with  the  force 
applied  at  u.  Again;  ihe  system  frequencies 
appear  as  resonant  peaks  In  the  direct  response 
plots.  The  ratio 


has  also  been  obtained. 

Now,  superpose  the  ratio  plots  (Eqs.  (21) 
and  (22)).  The  curves  will  cross  at  frequencies 
where  the  two  ratios  are  equal.  These  points 
must  be  at  either  the  complete  system  frequen¬ 
cies  or  the  fixed-base  frequencies  of  the  upper 
system,  ’  reason  of  Eqs.  (19)  and  (20).  The 
complete  system  frequencies  are  found  by  ex¬ 
amination  of  the  responses  at  C  and  D;  cross¬ 
ings  at  these  frequencies  can  be  eliminated 
from  consideration,  then  the  remaining  cross¬ 
ings  must  occur  at  the  desired  fixed-base  fre¬ 
quencies  for  this  model. 


THEORETICAL  APPLICATION 

To  illustrate  the  technique  proposed  in  the 
preceding  section,  the  following  values  were 
assigned  to  the  parameters  of  the  system  in 
Fig.  1: 

M,  :  K,  -  1  K,  :  ~  K, 

M2  -  2M.K,  2K,K,  K,  . 

The  system  natural  frequencies  for  these  pa¬ 
rameters  are 

v?-lj  -  0.  506  mi!  siM' 
t  j  1  1 5-1  rad  sec 
-3  =  1 . 8%  mil  srr 
^  "  3.71?  t.ui  spf 


and  ihe  fixed-base,  natural  frequencies  of  the 
upper  system  are 

A.j  =  0.775  rnd/soc 

t  2  -  2 . 569  rial  sec . 

Proceeding  with  the  proposed  method,  a 
theoretical  shake  lest  was  performed  upon  the 
structure.  The  response  at  c,  response  at  d, 
and  the  ratio  of  the  response  of  C  to  that  at  D 
for  a  driving  force  applied  at  c  are  shown  In 
Figs.  3,  4.  and  5,  respectively.  Tbeee  graphs 
are  plotted  as  absolute  amplitude  vs  driving 
frequency  because  this  is  the  most  probable 
way  that  real  data  would  be  presented.  Fig¬ 
ures  0,  7,  and  8  present  the  respective  quanti¬ 
ties  for  a  driving  force  applied  at  D.  The  two 
ratio  plots  are  superposed  to  give  Die  graph  of 
Fig.  9.  Inspection  of  this  graph  shows  six  points 
where  the  ratios  are 

-  0.60  fad.  see 
«•  -  0.77  rod  sec 
■**  :  1.15  rod  see 
v  -  1.90  rod  see 
-  -  2  57  rod  sec 

■  -  J .  7 2  rod  sec . 

These  six  frequencies  include  the  four  com¬ 
plete  system  frequencies  and  tire  two  upper 
system  fixed-base  frequencies.  However,  the 
complete  system  frequencies  can  be  deter¬ 
mined  by  examination  ot  the  direct  response 
plots.  Resonance  peaks  In  those  plots  occur  at 

- |  -  0. 60  j  mi  ace 
Aj  ■  1.15  rnrl  s«'C 
**•,  T  1.90  f  A<l  sec 

-  3.72  rad  see. 

Now,  eliminating  crossings  at  these  frequencies 
from  consideration;  two  crossing  points  remain 
at  *  =  0.77  and  ^  =  2.57.  These  are  the  fixed- 
base,  natural  irequencies  of  the  upper  system, 
(lie  system  of  interest. 


A  MORE  GENERAL  CASE 

A  more  general  situation  encountered  in 
the  practice  of  resonance  testing  on  in-place 
structures  ts  found  in  Fig.  10.  Once  again,  the 
upper  system  (Fig.  11)  is  the  system  of  Inter¬ 
est  for  which  the  fixed-base,  natural  frequen¬ 
cies  must  be  determined  The  behavior  of  (his 
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Fig.  3.  Response  at  C  to  driving 
force  atC  in  8y6tom  of  Fig.  1 
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Fig-  4.  Response  .it  D  to  driving 
force  at  C 


Fig.  5.  Ratio  of  responbe  at  C  to  that 
at  D  when  driving  force  is  at  C 
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Fig.  t>.  Response  at  C  to  driving 
force  at  t>  in  system  of  Fig.  1 


system  combines  the  characteristics  ol  the 
two-base  model  with  those  ol  the  chain  model. 
Accordingly,  tho  procoduro  necessary  to  find 
the  desired  frequencies  combines  the  tech¬ 
niques  lor  oach  of  the  two  models. 

In  the  dynamic  chain,  driving  forces  must 
be  applied  at  or  below  the  base.  When  driving 
forces  are  applied  at  points  c  and  d  of  Fig.  10. 
the  ratio  of  tho  response  of  C  to  that  of  1)  be¬ 
comes  Independent  of  Uie  ratio  of  the  driving 
forces  at  tho  complete  system  frequencies,  at 
tho  fixed-base  frequencies  oi  the  system  above 
points  C  and  d,  and  nt  the  ftxod-baso  frequen¬ 
cies  oi  the  system  below  points  C  and  D.  (The 
system  below  points  C  uiid  D  Is  shown  In  Fig. 
12.)  The  problem  remaining  Is  to  separate  tho 
doetrod  frequencies  from  the  extraneous  fre¬ 
quencies  of  tho  complete  system  and  the  system 
below  points  C  and  b.  As  in  the  chain  model, 
points  on  the  structure  of  Interest  must  bo  con¬ 
sidered.  Tho  ratio  of  tho  response  of  A  to  that 
of  n  bocomos  Independent  of  tho  ratio  of  tho 
driving  forcos,  still  at  C  and  D,  only  at  the 
complete  system  frequencies  and  at  the  fixed 
base  frequencies  of  the  system  below  polnt6  c 
and  D.  Those  frequencies  can  bo  eliminated 
from  consideration,  and  those  rotnalnlng  as 
crossings  on  the  suporposod  c  -d  ratio  plot  are 
the  fixed-base,  natural  frequencies  of  Interest. 
Thus,  by  using  the  dynamic  chain  characteris¬ 
tics  to  seloct  driving  and  response  points,  and 
the  techniques  usod  previously  in  this  paper  to 
determine  tho  frequencies  at  which  the  partic¬ 
ular  response  ratios  become  Independent  of 
their  excitation  ratios,  it  is  possible  to  find  the 
desired  frequencies. 


Fig.  1Z,  System  located  below 
driving  points  C  and  D 


A  general  rule  for  this  type  of  structural 
system  Is  that  If  two  points,  n  and  b.  on  the 
structure  are  excited  with  sinusoidal  force  P, 
and  Pb,  and  the  responses  of  two  points,  1  and 
2,  located  above  the  driving  points  are  re¬ 
corded,  then  the  ratio  ol  the  responses,  R,  R,, 


will  become  Independent  of  the  ratio  of  tho 
driving  forces,  p,  t,,.  at  the  flxcd-baac  fre¬ 
quencies  of  the  system  above  the  response 
points  (as  If  the  response  pointB  were  fixed 
against  translation),  at  the  Jted-bnse  frequen¬ 
cies  ol  the  system  below  the  driving  points  (as 
If  tho  driving  points  were  fixed  against  trans¬ 
lation),  and  at  the  complete  system  frequencies. 
(For  example,  suppose  Uiat  driving  forces  were 
placed  nt  points  C  and  K  on  the  structural  sys¬ 
tem  of  Fig.  10  and  llie  responses  of  points  A 
and  d  were  monitored.  Then  tho  ratio  of  tho 
responses.  R*  RD.  would  become  independent  of 
the  ratio  of  the  driving  forces,  l'c  I>r,  nt  the 
frequencies  of  tlie  complete  system  and  nt  the 
frequencies  of  the  systems  shown  in  Fig.  13.) 

If  the  response  points  are  located  below  the 
driving  points,  then  the  ratio  of  the  responds 
will  become  independent  of  the  ratio  Of  the 
driving  forces  at  the  fixed-base  frequencies  of 
tho  system  below  the  response  points,  at  the 
fixed-base  frequencies  of  the  system  above  the 
driving  points,  and  at  the  complete  system 
frequencies. 


Fig.  1  i .  Systom  located  above 
rosponso  point  g  A  And  D,  and 
system  located  below  d.-ivmg 
points  C  nnd  F 


CONCLUSIONS 

The  determination  of  the  fixed-base,  natu¬ 
ral  frequencies  of  ln-plnce  structures  has  been 
a  recurrent  problem  to  certain  engineers  Inter¬ 
ested  In  structural  dynamics.  The  most  con¬ 
venient  method  to  date  for  Obtaining  these  fre¬ 
quencies  has  been  through  shake  tests.  A 
method  proposed  In  the  past  for  finding  the 
frequencies  of  a  certain  type  ol  structure,  one 


that  rests  on  two  base  points  that  are  not  fixed 
and  is  capable  of  rotation  ae  well  as  translation, 
would  be  cumbersome  to  apply-  This  paper  pre¬ 
sents  n  new  technique  that  Is  much  more  con¬ 
venient  to  implement,  and  describes  how  it  can 
be  applied  to  analyze  a  more  general  class  of 
structures. 

The  new  technique  is  this:  Choose  two 
driving  j)0 lilts,  (m.n),  at  or  below  the  base 
points,  (j.k).  of  (lie  equipment-foundation  sys¬ 
tem  for  which  fixed-base  frequencies  are  de¬ 
sired.  Choose  two  points,  (i.*).  on  the  system 
of  interest;  the  responses  of  these  two  points 
along  with  th030  of  the  base  polnl6  will  be  nec¬ 
essary  to  Ihe  analysis.  Apply  a  sinusoidal  force 
to  one  of  the  driving  points  and  record  the  re¬ 
sponses  of  the  specified  points.  Plot  the  ratio 
of  (he  motion  of  one  base  point  to  that  of  the 
other,  (ttj  and  also  the  ratio  of  the  motion 
of  one  equipment  point  to  that  of  the  other, 

(R,  R,  >  .  Apply  the  exciting  force  at  the  other 


driving  point  and  repeat  the  procedure;  plot  Ihe 
same  response  ratios  ns  before.  Suporpoco  the 
two  base  point  response  ratio  plots  und  note  the 
frequencies  where  crossings  occur.  These 
crossings  will  be  at  die  complete  system  fre¬ 
quencies,  at  the  fixed-base,  natural  frequencies 
of  the  system  above  the  base  points  (the  desired 
frequencies),  and  at  the  flxed-baae  frequencies 
of  die  system  below  the  driving  points.  Next, 
superpose  the  two  equipment  point  response 
rniios  and  once  ngnin  note  the  frequencies 
where  rrosstnga  occur.  These  crossings  Will 
be  at  die  complete  system  frequencies,  the 
fixed-base  frequencies  of  die  system  above  the 
equipment  response  points,  and  at  the  flxod-basG 
frequencies  ol  Ihe  system  below  the  driving 
points  When  ihe  frequencies  ol  Ihe  complete 
system,  and  ol  the  system  below  Iho  driving 
points  are  known,  they  may  be  eliminated  from 
consideration  in  the  set  o(  frequencies  noted 
previously.  The  frequencies  remaining  in  that 
set  will  be  the  desired  fixed-base  natural  fre¬ 
quencies. 
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VIBRATION  ANALYSIS  OF  A  STRUCTURAL 
FRAME  USING  THE  METHOD  OF  MOBILITY 
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Little  Neck.  Now  York 


A  typical  structural  frame  comprises  two  ur  more  structural  elements,  usually  beams, 
for  each  of  which  we  can  find  individual  dynamic  solutions  using  classical  meihoHs  fjc’V- 
ovor,  because  of  the  interaction  aiming  the  var,  -at  elements,  the  classic  solution  of  tho 
overall  tram?  becomes  too  involved  with  simultaneous  differential  equations  that  Are  too 
difficult  to  handle.  A  useful  method  for  solving  such  complex  dynamic  problem*  is  the 
mobility  methods  in  which  the  differential  equations  are  converted  to  algebraic  expres¬ 
sions.  This  paper  applies  this  method,  also  identified  as  "mechanical  impedance"  and 
re c c plane e. '  to  determine  tho  various  natural  frequencies  and  cor responding  deflection 
shapes  of  a  diagonally  bracod  portal  frame,  with  vibration  limited  to  the  plane  of  tlio 
frame. 

Tho  mobility  function*  of  the  individual  elements  of  tlio  frames  are  derived  tn  several 
textbooks.  These  functions  are  mos-ly  combinations  of  tngonomel etc  a.ld  transcendental 
terms  acting  on  a  parameter  that  includes  the  frequency  of  vibration.  Numerical  values 
of  these  functions  are  also  found  in  textbooks^  therefore,  we  nood  only  select  the  proper 
functions,  establish  their  relationship  in  the  frequency  equation  of  the  total  frame,  and 
then  plot  tho  mobility  or  impedance  curves  with  respect  tc  frequency.  Finally,  from  tin* 
plot,  the  fundamental  and  all  other  higher  order  natural  frequencies  and  modes  can  be 
determined,  almost  by  inspection. 

Tests  were  conducted  using  a  frame  model  of  cold  rolled  steel,  0.020  in.  thick,  I  in.  wide 
in  cross  section,  7.5  in.  high,  and  12.5  in.  long.  The  fundamental  frequencies  for  both 
the  symmetrical  and  antisymmetricjl  modes  were  found  to  be  within  £  pen  ent  of  their 
calculated  values.  Higher  resonances  were  detected,  but  unfortunately,  their  deflection 
shape  was  not  very  clear  owing  to  the  imperfections  in  tho  model  and  the  superposition 
of  other  modes. 


INTRODUCTION 

The  portal  frame  (tho  subject  of  the  anal¬ 
ysis  In  tills  paper)  is  n  common  design  in  struc¬ 
tures  either  by  Itself  or  us  a  basic  conqwnent 
of  more  complex  structures.  Wild  diagonal 
braces  (Fig.  1).  tlie  frame  includes  seven  beam 
segments  with  throe  Interaction  points  (0,2,3). 

By  any  standard  this  constitutes  a  rather  diffi¬ 
cult  condition  to  analyze  by  the  basic  method 
involving  differential  equal  kins.  The  mobility 
method,  however,  eliminates  all  the  complex 
mathematics.  Nevertheless,  for  practicality, 

(tie  following  asnmr.pllona,  which  would  bo 
desirable  mid  justifiable  for  any  method  of 
analysis,  are  made  to  iuriher  simplify  the  task: 

1.  At  the  frame  joints,  the  angles  formed 
by  the  frame  members  remain  unchanged  with 
deflections. 
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2  Tho  shear  dolled  Ions  aro  negligible. 

3.  The  energy  resulting  from  rotary  iner¬ 
tia  is  negligible. 

4.  The  section  properties  are  uniform 
throughout  the  frame. 

5.  Longitudinal  deflection  is  negligible. 

When  examining  motion  within  lie  own 
plane  (Fig.  2),  U  is  noticed  that  the  frame  can 
deflect  hi  only  two  basic  ways;  namely,  the 
“symmetrical"  and  'aid  toy  unmet  r  leal"  modes. 
Sketches  of  the  fundamental  symmetrical  and 
antlsymmetrlcal  modes  aro  also  shown  In  Fig. 
2.  The  f>r.tlflynh»etrlcfkl  modes  arc  those  In 
which  there  is  no  vortical  displacement  ano  no 
bonding  moment  at  the  center  of  U\c  top  mem¬ 
ber.  The  dotlectlon  shapes  on  both  sides  of  the 
centerline  are  obviously  not  symmetrical.  The 
symmetrical  modoo  will  be  those  in  which  the 
coaler  of  tho  top  member  deflect*  hut  remains 
horizontal.  As  such,  the  doiloctlon  shapes  on 
both  sldoB  of  tho  vortical  centerline  bisecting 
Ute  frame  aro  always  symmetrical.  The  anal¬ 
ysts  Rad  discussion  of  the  two  modes  Is  carried 
out  separately. 
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lb  I  ANTISYUMETRICAL  MODE  SHAPE 
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Pig.  Fimcin  mental  de¬ 
flection  ahap*  a  in  portal 
frame 


nomenclature 

An  Coeil irient  of  natural  frequency 

CM  Displacement  mobility  or  roceptanco 
(will  be  referred  to  as  "mobility") 

tw.  Mobility  hi  member 


fist.,  t  Mobility  In  member  Involving 
linear  dloplncemeat  at  point  "1“ 
owing  to  a  reaction  at  point  "2" 

CM,,'  ,■  Mobility  In  member  “a”  Involving 
angular  displacement  at  point  "1" 
owing  to  a  moment  at  point  "2" 

E  Young’s  modulus 

F,.F,.  Mathematical  functions  <;1  Uie  beam 

r. 

g  Gravity  acceleration.  38C  hi  .-'sec  * 

L  Lcnglli  oJ  die  member  of  Ute  lull 
frame 

M  Twisting  moment 

•  „  Angular  natural  frequency  -  rad 
per  sec 

L  Impedance  (mochnnlcnl) 

Beam  frequency  factor  «  .-  J.  f,i  Y  ’ 

v  Mass  per  unit  length 

A. D  C.  Labels  of  member  of  the  full  frame 

a.b.c.  Labels  of  members  of  the  half 
frame 

Angle  of  twist 

r  Frame  configuration  ratio  - 
r  i  tA  Lc 

Sybsct’ipis 

n.h.c.  Pertaining  to  frmre  member 

H.li.i  . 

i.j.j...  Pertaining  to  point  1,  2, 3, . . . 

ti  Pertaining  to  natural  frequencies 


ANT1SYMMETR1CAL  MODES 

The  nntisyrninetrteal  modes,  which  pre¬ 
dominate  when  vibrating  In  the  horizontal  di¬ 
rection,  are  greatly  reinforced  by  the  dingcnnl 
members.  These  members  prevent  translation 
of  the  top  points  2  and  3  (see  Fig.  2(b)).  Tills 
translation  could  only  come  about  with  longi¬ 
tudinal  deflection  In  the  frame  members  but  it 
has  been  assumed  to  neglect  longitudinal  de¬ 
flections.  This  same  argument  also  establishes 
that  the  Intersection  joint  at  "0"  and  the  lop 


midpoint  at  "4,"  no  well,  cannot  iraneJnto.  How¬ 
ever,  rotation  at  thoeo  points  duos  take  place  to 
distribute  Uio  struin  energy  through  all  the 
frumo  momhorn  In  the  compliant  mode  of  bend¬ 
ing.  With  rotation  Utue  occurring  and  tranula- 
Uon  not  occurring,  all  of  those  points*  can  then 
bo  assumed  to  net  at>  simple  supports 

Because  each  half  of  the  frame  Imo  the 
same  modal  form,  the  oystom  cun  be  repre¬ 
sented  by  one -hnlf  of  the  frame  with  the  con¬ 
straints  from  the  other  half  applied  to  it.  The 
hull-lrninc  model  Is  shown  in  Fig.  3(a).  The 
constraints  derived  from  the  other  ImU  of  the 
frame  consist  01  Uto  simple  support  at  the  mid¬ 
point  of  the  top  member  nnd  at  the  midpoint  of 
the  diagonals.  The  members  of  (he  half  frame 
are  Identified  by  the  small  letters  which  corre¬ 
spond  to  the  same  letters  used  lit  capitals  (or 
the  full  frame.  (Note:  ‘'A"  is  equal  to  "n," 

Is  equal  to  "u,"  is  equal  to  "d";  however, 

"c"  tB  twice  ihe  length  of  "<-,") 
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Fig  ) .  V » |> r o I  \ on  mod ? »  fo  x 
tiril  ivy  mind  ricdi :  mode 


The  member  "«P  In  the  lutlf -frame  model 
to  joined  to  the  frame  at  points  'T‘  and  "0." 
Doth  of  these  points  are  grounded,  point  "1' 
ua  n  clamped  support  nnd  point  "0"  ns  a  sim¬ 
ple  support.  Therefore,  as  long  as  these  sup¬ 
ports  are  maintained,  for  the  purpose  of  sim¬ 
plification  It  will  be  assumed  that  with  member 
"d"  removed,  the  dynamic  properly  of  the  rest 
of  the  frame  la  nut  disrupted.  This  in  based  on 
the  assumption  that  the  kinetic  energy  and  the 
strain  energy  of  member  "«i"  are  both  reason¬ 
ably  small  and  approximately  equal  so  that 
their  overall  effect  upon  the  frame  would  tend 
to  balance  out  (The  tceiB  that  have  been 


performed  seem  to  boar  this  out.)  This  assump¬ 
tion  Kreully  uinipliilus  Uto  hall  frame  to  the 
modal  shown  lit  Fig.  3(b)  w.th  Uio  remaining 
Utroe  mombors,  "a,"  "b."  and  "c,"  commonly 
joined  at  point  "2.*'  As  for  member  "d,"  It  can 
be  treated  separately  ns  a  clampod-pinned  end 
beam  wlllt  lie  elope  at  point  "0"  equRl  lo  that  In 
member  "b." 

A  (roe  body  diagram  of  tlio  simplified  half- 
frame  model  Ib  shown  in  Fig.  3(c).  uccnuao 
point  "2"  can  rotate  but  can  not  translate,  its 
condition  18  equivalent  to  a  pinned  Support 
loaded  with  a  twisting  moment,  M,. 


For  equilibrium  to  be  maintained  at  Uio 
common  point,  "2,"  it  la  necessary  that  the 
sum  of  the  moments  be  aero.  The  angle  of 
twist  must  bo  equal  tor  fill  three  elements  lo 
comply  with  (he  assumption  that  tlio  angles 
formed  by  the  frame  mombors  at  Uto  joints  re¬ 
main  unchanged  with  deflection.  Therefore,  the 
following  equations  apply: 


“.i  *  Mt»  «».  *  0 
'  •>  1  'bl  cl  *  “» 

Dividing  Eq.  (t)  by  Eq.  (2) 

HI|J  Mcl 
.  0 


(1) 

(2) 

(3a) 


Each  of  Uto  fractional  terms  in  Eq.  (3a)  is  by 
doftnlilon  (he  reciprocal  of  Uto  mobility  (or  Uto 
impedance)  o!  the  corresponding  frame  mem¬ 
bers.  Therefore,  Uie  same  equation  con  bo 
wrltton  as  follows: 


W.iV 
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where  IN, repiuaeulo  the  dtsplacuniont 
mobility  cl  member  In  terms  of  ongulitr 
displacer  taut  M  jtolnl  2  Owing  io  a  bending 
moment  it  ivtnt  2  The  anme  equation  may  also 
bo  wrltt  m  as  lullowu: 

'  *i,»  r  •  Z.T,'  =  o  (3c) 

where  /„,■ ,  stands  lor  Impedance  of  member 
"a”  In  terms  of  a  bonding  moment  at  point  2 
owing  to  an  angular  dlsplncemont  at  point  2, 


Equations  (3a).  (3b),  and  (3c)  constitute 
the  natural  froquency  equation  for  the  three 
elements  n,  u.  and  .  when  connected  In  par¬ 
allel  ( 1 ).  The  system  is  nt  Its  natural  fre¬ 
quency  when  the  overall  Impedance  ol  the 

3yetcm  tg  ieru 
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Tho  mobility  Of  booms  with  dtftercnt  end 
conditions  is  iabulntod  in  Table  1.  Tho  suffix 
wlUi  an  accent  designate*  Uie  angular  poaso  as 
•gBinHt  translation  when  no  accent  is  anown 
For  example,  for  Uie  member  which  18  a 
clamped-ptancd  beam,  the  mobility  ut  point  2  in 
rotation  owing  to  the  moment  at  (>olnt  2  te 


tW*J  3  Kl»tf 


whoroAn,  the  mobility  at  point  3  tn  translation 
owing  to  a  pure  forco  nf  point  2  would  bo: 


til 


pinned). 


o  (no  trnnnlQilon  posetole  when  end  is 


Substituting  the  mobility  terms  In  the  natu¬ 
ral  frequency  equation,  Eq.  (3b),  from  Toole  1, 
nnd  enneniing  out  thr  qu»nUtlt*«  t  I  bueuuan 
they  Arc  tho  *nme  for  oiurh  (ram?  mombpr  (wo 
have  assumed  uniform  cross  section  In  the 
frame),  we  renolvo  the  equation  to 


2Y._ 


o 


(4) 


where  the  funcllono  P  are  given  (that  is. 


TADU  t 

Tip  Rectpioncrs  (or  Urrnns  with  Different  Nuluic  of  Kin!  Inu  poi  t  <vxo=  ipt  fiu*  Rrf  ill) 


F,  -  Bin  \l  ,jiJ,  L  ).  OCCQUSD  UlO  ftl'KliinOUt 

Is  tin;  same  for  eneh  individual  clement  (bcnin) 
of  the  frame,  Eq  (4)  <*nn  be  written  rin 


This  may  be  solved  by  taking  trial  values  of  >1. 
and  plotting  the  expression  of  Eq.  (fit  against 
I.  The  numerical  values  of  the  (unctions  v  are 
tabulated  tn  Table  7.  1(d)  of  fief  ( 1  ],  pages  384- 
373.  for  'L  ranging  from  0  to  11  'Phe  general 
method  of  solution  wilt  be  described  later. 
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Fig.  *4  Vibration  modal  for 
eytrifTielf  ica  I  mode 


SYMMETRICAL  MODE 

The  symmetrical  mode  U  the  predominant 
mode  when  the  frame  Is  vibrated  along  Us  cen¬ 
terline  For  the  deflection  shnpe  to  be  sym¬ 
metrical  about  the  renterline,  as  shown  in  Fig. 
2(n).  the  elope  at  the  center  of  the  top  member 
must  always  be  horizontal.  From  this  It  fol¬ 
lows  that  (he  intersection  of  Die  diagonals  must 
have  zero  rotation  so  that  the  dotloctton  shape 
Is  maintained  symmetrical  In  keeping  with  the 
assumption  of  zero  longitudinal  deflection  In 
the  members,  the  tops  of  the  vortical  lags, 
points  "2"  and  "3,"  plus  the  center  ol  the  diag¬ 
onals,  point  "0."  inusl  also  have  zero  transla¬ 
tion.  With  zero  translation  and  rotation  then 
point  "0"  can  bo  considered  as  a  point  ol  ttxety 
as  shown  tn  Fig.  4.  As  in  the  case  of  the  antt- 
symmetrtcal  mode,  here  loo  the  frame  can  be 
represented  bv  one  half  frame  Tim  epns'.raima 
resulting  irom  the  oilier  hall  consist  ot  the 
clamped  support  at  point  "0"  and  n  guide  to 
allow  deflection  while  maintaining  zero  slope  at 
the  center  ot  the  top  member.  Oocausc  mem¬ 
ber  joins  the  rest  of  the  frame  ut  two  points 
that  are  clamped,  U  can  be  Ignored  In  tills  anal¬ 
ysts  as  lung  aa  the  clamped  suptioris  are  main¬ 
tained.  The  Imlf  frame  then  ts  simplified  us 
shown  in  Fig.  'l(b).  Point  "2“  tr  considered 
simply  supported  because,  ns  in  the  aiulsym- 
metrical  mode,  although  tt  can  rotate,  ti  ts 
assumed  that  tt  can  not  translate,  owing  to  the 
assumption  of  negligible  longitudinal  deflection 
in  the  frame  members. 

Joined  at  point  "2,"  members  "h.”  amt 

"  cun  be  regarded  no  three  subsystems  con¬ 
nected  tn  parallel  The  total  mobility,  then, 
jsmg  the  same  steps  as  tn  tho  diitisyiiiniclrt.u1 
ease,  la  found  to  be 
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Tho  overall  Impedance  Is  tho  denominator  of 
ihlfl  overall  mobility.  An  stated  above,  when 
the  overall  Impedance  is  sot  to  oqunl  zero,  we 
have  the  frequency  equation  that,  when  solved, 
will  yield  the  roots  for  the  natural  froquency  of 
Uie  various  modes.  Tho  frequency  equation  for 
the  symmetrical  mode  then  ts 
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The  mobility  for  the  free  body  components 
shown  in  Fig.  4(c)  are  from  Table  1: 


,  E1  F, „  i 


<El  F»b> 


With  substitution  of  these  functions  of  mobility 
into  Eq.  (7),  and  with  assumption  of  uniform 
section  and  material  throughout  the  frame,  the 
frequency  equation  becomes 


1! 
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The  method  of  solution  cf  this  frequency  equa¬ 
tion,  in  terms  of  the  parameter  >1.  nnd  natural 
frequency,  ts  described  next 
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RESULTS  OF  NATURAL  FRE¬ 
QUENCY  COEFFICIENTS 


For  the  purpose  of  comparison,  the  natural 
frequency  coefficients  of  the  double  diagonally 
braced  portai  frame  analyzed  tn  this  paper  have 
been  tabulated  in  Tabic  2,  together  with  those 
of  the  single  diagonal  brace  and  simple  (un¬ 
braced)  portal  frame.  The  analyses  of  the  lat¬ 
ter  two  have  not  been  discussed  tn  this  paper 
although  they  are  quite  similar.  The  tabulation 
conveniently  demonstrates  the  Increase  In  natu¬ 
ral  frequency  of  the  double  brace  frame  over  the 
single  brace  and  over  the  simple  (unbraced) 
frame.  For  instance,  for  a  frame  ratio  of  one, 
the  fundamental  antisymmelrical  natural  fre¬ 
quency  has  a  coefficient  of  19.0  for  the  double 
brace  frame.  9.6  for  the  single  brace  frame, 
and  3.2  for  the  unbraced  frame.  The  increase 
gained  In  the  symmetrical  mode,  however,  is 
relatively  small. 


Tests  wore  conducted  using  a  frame  model 
of  cold  rolled  steel,  0.020  in,  thick,  1  in.  wide 
In  cross  section,  7.5  in.  high,  and  12.5  In.  long 
(0.6  frame  ratio).  The  fundamental  frequencies 
for  both  the  symmetrical  and  antisummetrical 
modes  were  found  to  be  within  2  percent  of  their 
calculated  values.  Higher  resonances  wore  de¬ 
tected,  but,  unfortunately,  their  deflection  shapes 
were  not  very  clear  under  the  stroboscopic  light 
a6  a  result  of  the  Imperfections  in  the  model 
plus  the  relative  inability  for  large  deflections 
tn  higher  modes. 


DEFLECTION  SHAPES 


For  each  natural  frequency,  a  correspond¬ 
ing  deflection  shape  exlstB.  The  mobility  curves 
for  the  frame  components,  Figs.  6  through  10, 
are  very  helpful  in  determining  the  deflection 
shapes.  It  lias  been  found  desirable  to  use,  as 
an  example,  the  case  of  0.2  frame  ratio  (Fig.  0) 
because  tills  ratio  involves  essentially  only  two 
subsystems  or  two  curves  at  any  given  value  of 


TABLE  2 

Tabulation  of  Calculated  Coefficients  of  Natural  Frequencies  —  An 
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(see  Fig.  11,  Mode  II).  Mode  I,  ttie  fundamental, 
occurs  In  the  symmetrical  mode  which  for  the 
0.2  frame  ratio  is  obviously  more  compliant. 

The  second  root  in  Fig.  0,  at  'Lc  a  6.7,  is 
the  intersection  of  the  same  curve  of  members 
V  and  'V."  Therefore,  the  deflection  shape 
consists  of  the  next  higher  mode  for  members 
"I)"  and  "e"  in  compatibility  with,  but  out  of 
phase  with,  the  major  deflection  In  member 
Each  mode  Is  characterized  by  a  change  in 
phase  from  the  previous  mode  between  the 
member  "n"  and  the  two  members  "i>"  and  "<•” 
which,  having  equal  length  and  end  support,  are 
dynamically  Identical.  The  third  and  fourth 
roots  (  Lc  =  0.4,  11.5)  occur  at  the  intersec¬ 
tions  of  the  first  curve  pertaining  to  member 
"o,"  and  the  third  and  fourth  curve  for  members 
"b"  and  ’V."  Consequently,  the  stiff  member 
"a"  is  again  subject  to  its  first  mode  shape  while 
the  other  two  members,  longer  and  more  flexi¬ 
ble,  are  subject  to  higher  mode  shapes  with 
inflection  points. 

It  is  plain  to  see  by  extrapolation  that  the 
next  root  should  occur  at  the  intersection  of  the 
second  curve  for  member  "n”  and  the  fourth 
for  members  "i>”  and  *V."  Thus,  as  the  fre¬ 
quency  increases,  for  the  first  time  the  short 
stiff  member  is  deflected  In  the  next  higher 
mode  shape  with  an  inflection  point.  These  de¬ 
flection  shapes  for  frame  ratio  of  0.2  apply  only 
to  the  antisyminetrtcal  mode.  iJsing  the  same 
technique,  with  Fig.  10,  the  deflection  shapes 
for  the  symmetrical  mode,  shown  also  In  Fig. 

11,  arc  determined. 


CONDITION  OF  ZERO  FRAME 
HEIGHT,  Lc  o 

As  the  length  of  the  vertical  member  ap¬ 
proaches  zero,  the  frame  roducos  to  Just  the 
top  member  "c"  clamped  at  both  ends,  and  Its 
solution  ts,  obviously,  identical  to  that  of  the 
fixed  end  beam. 

Theoretically,  the  member  "o"  can  still  be 
considered  as  a  beam  of  zero  length  and  infinite 
rigidity.  Its  curve,  then  plotted  with  respect  to 
\Lr.  gets  stretched  out  to  inllnity.  Hence,  for 
all  values  of  the  quantity  the  ordinate  of  the 
cm  vo  (Fj  Fj  >  is  equal  to  Infinity.  Conse¬ 
quently.  referring  to  (lie  antisymmetric  case  of 
0.2  frame  ratio  In  Fig.  9.  the  frequency  equation 
can  bo  satisfied  only  at  ttie  asymptotes  of  the 
curve  2K,  K}.  The  values  of  \LC  at  these  asymp¬ 
totes  constitute  the  roots  ol  the  case  of  zero 
frame  ratio.  The  corresponding  natural  fre¬ 
quency  coefficients,  A(1,  are  01.7,  190,  410, 
equal  to  the  antisymmetric  inodes  of  the  fixed 
end  beam. 

The  shape  with  translation  but  no  slope  at 
the  midpoint  is  found  from  the  curves  of  the 
symmetrical  mode  In  Fig.  10.  Using  the  same 
reasoning  as  in  the  above  case,  the  roots  must 
be  the  asymptotes  of  the  curvo  2(F,  Ft>c.  The 
natural  frequency  coefficients  lor  these  roots 

are  22,  121,  292 . equal  to  the  symmetrical 

modes  of  the  fixed  end  beam. 

Because  these  coefficients  ns  found  from 
this  analysis  are  equal  to  those  published  hi 
textbooks  lor  the  fixed  end  and  the  cantilever 
beams,  the  comparison  can  be  used  as  proof  of 
the  accuracy  of  the  application  of  the  mobility 
method. 


CONCLUSIONS 

Mobility  or  reccptancc  ts  a  measure  ol  the 
ease  of  motion  of  a  system.  The  reciprocal  Is 
called  impedance  which  naturally  is  a  measure 
of  the  system's  resistance  to  motion.  The  im¬ 
pedance  of  a  system  ts  zero  when  the  system 
has  minimum  resistance  to  motion  and  this 
occurs  when  the  system  vibrates  at  a  natural 
frequency.  Therefore,  the  equation  of  zero  im¬ 
pedance  represents  the  natural  frequency 
equation. 

In  the  discussion  of  the  symmetrica)  and 
antisymmeu  icat  mode,  it  has  been  shown  how 
this  frequency  equation  has  been  produced  for 
each  mode  In  terms  of  mathematical  functions 
of  each  member  of  the  frame.  The  mobility  (or 
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Impedance)  method  of  solving  these  equations 
has  been  Illustrated.  This  method  is  basically 
a  graphical  one  and  It  gives  us,  In  essence,  a 
graphical  picture  o(  the  vibration  characteris¬ 
tic  of  the  system.  Prom  Pig.  0,  for  instance, 
ono  con  easily  find  the  natural  frequency  roots 
for  the  antlsymmetrlcal  mode  of  the  braced 
portal  frame  with  a  0.0  configuration  ratio;  also, 
ono  can  determine  the  deflection  shape  of  each 
mode.  This  has  been  Illustrated  for  the  caoo  of 
tho  0.2  frame  configuration  ratio.  Using  the 
mobility  curves,  the  analyst  can  also  study  the 
effect  resulting  from  changes  Ln  tho  rigidity  of 
any  one  member.  For  Instance,  a  separate  set 
ot  Impedance  curves  was  not  required  to  60lve 
for  the  limit  case  where  the  length  of  the  verti¬ 
cal  member  approaches  zero.  This  condition 
reduced  tho  framo  to  a  fixed  beam  (the  top  mem¬ 
ber  fixed  at  both  ends). 

It  has  been  shown  tlrnt  the  vibration  charac¬ 
teristics  of  a  frame  composed  of  two  or  more 
members  may  be  found  by  Interrelating  the 
mobility  of  the  Individual  members.  It  must  be 
noted  that  as  the  number  of  members  Increases, 
and  as  the  number  of  ways  in  which  they  may  be 
ortontod  relative  to  each  other  thereby  In¬ 
crease,  more  and  more  terms  hnve  to  be 


Included  In  the  overall  mobility  equation.  This 
can  raise  severe  practical  limitations  on  the 
extent  to  which  this  method  of  analysis  may  be 
applied  to  systems  tliat  have  a  large  number  of 
members.  The  analyst,  however,  by  virtue  of 
Judgment  can  eliminate  members  tlml  have 
minimum  effect  upon  the  behavior  ol  the  re¬ 
maining  framo.  This  was  implemented  In  the 
analysts.  The  half-frame  was  simplified  by  the 
elimination  of  member  "d,"  thereby  reducing 
ihe  vibration  model  from  one  having  two  joints 
to  one  having  one. 
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DISCUSSION 


Mr.  Dobson  (Gen.  Elec.  Co.):  We  use  nor¬ 
mal  mode  theory  In  the  evaluation  of  frames 
such  as  you  are  talking  about.  Could  you  toll 
me  briefly  the  advantage  of  the  impodance 
mothod  that  you  have  discussed  over  normal 
mode  theory?  Do  you  use  computer  programs 
to  actually  solve  your  problems  ? 

Mr,  Vorga:  I  can  not  toll  you  right  now 
what  "the  advantages  of  the  impedance  method 
would  be  over  the  normal  mode  theory.  Al¬ 
though  so  far  we  have  not  used  computers,  w« 
can  do  so  by  taking  the  data  In  Bishop  and 
Johnson's  "The  Mechanics  of  Vibration"  and 
putting  it  hi  the  memory  of  a  computer.  In  that 
case  we  can  analyze  systems  with  much  greater 
complexity  and  without  the  need  of  trying  to  re¬ 
duce  the  frame  by  making  assumptions  based  on 
good  judgment,  as  we  did  here  In  eliminating 
member  "u."  If  member  ",i"  could  not  have 


been  eliminated,  the  curves  would  have  become 
much  more  complicated.  The  mobility  functions 
would  have  included  many  more  terms  and  it 
would  have  been  much  more  difficult  to  do.  The 
computer  would  have  been  much  more  effective 
If  we  had  not  been  able  to  eliminate  member  "<l." 

Mr.  Dobson:  Do  you  have  any  feeling  for 
the  accuracy  of  your  method? 

Mr.  Vcrga:  We  have  not  calculated  accu¬ 
racy.  I  guesslhe  accuracy  In  this  method  Is  a 
function  of  the  illustrator  or  the  draftsman  ln 
plotting  out  the  equations. 

Mr.  Manning  (Doit  Pernnek,  a  Newman. 

Inc . ):  You  eliminated  member  "d"  by  assuming 
tEnt  the  Junction  of  the  cross  members  did  not 
move.  I  wonder  If  this  is  a  good  assumption 
when  the  angle  be! ween  them  is  very  small? 
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Mr.  Verga:  You  wore  referring  to  Joint  "0" 
I  take  It  —  tTio  node?  We  know  tt  did  move  and 
therefore  we  know  that  the  assumption  is  not 
100  percent  correct.  But  because  the  motion  at 
point  "0"  will  Induce  kinetic  and  strain  energy 
In  the  mo  ml  r,  and  because  this  momber  is  so 
remote  iron  point  “2"  upon  which  we  hinged  our 
equations,  we  decided  mat  the  overall  effect  of 
those  two  quantities  upon  the  rest  ot  the  frame 
would  be  a  minimum.  I  guess  the  answer  to  your 
question  Is  that  the  relative  deflection  lit  that 
member,  because  of  the  fixity  at  the  bottom, 
would  be  much  lees  than  the  deflections  at  ihe 
members  up  above.  1  suppose  tills  Is  why  the 
lest  produced  numbers  which  bore  out  these 
assumptions . 

Mr.  Manning:  1  think  I  am  asking  a  differ¬ 
ent  question.  I  am  thinking  that  you  have  ne¬ 
glected  at  point  "2"  any  motion  Other  than 
moment  because  you  have  three  benm6  Joined 
at  right  angles.  1  think  this  is  valid. 

Mr.  Verga:  Tliat  Is  right.  At  point  "2"  we 
have  assumed  zero  translation.  This  is  because 
point  "2"  is  interconnected  by  diagonal  members 
which  are  fixed  at  the  other  end  to  (lie  fixture. 
Therefore,  If  we  must  maintain  our  assumption 
of  neglecting  the  longitudinal  deflections  In  these 
members,  then  we  must  say  that  point  "2"  does 
not  translate.  For  point  ”2"  io  translate,  the 
diagonal  members  would  undergo  longitudinal 
deflections. 


Mr.  Verga;  Point  "0“  was  a  rigid  connect 
tion.  The  Joints  are  rigid,  but  not  rigtd  with 
respect  to  the  ground. 

Mr.  McConnolb  No,  but  rigid  with  roapoct 
to  each  member .  Then,  In  removing  this  mem¬ 
ber,  you  have  removed  a  constraint  as  far  as 
moment  19  concerned  on  the  other  diagonal. 

Mr.  Verga. »  Yes.  The  only  thing  that  would 
make  member  "d"  move  would  be  a  moment 
transmitted  through  this  rigid  Joint  but  the  ef¬ 
fect  of  member  M"  was  to  create  a  hinged  con¬ 
dition  at  point  ''O'1  which  we  dtd  not  remove.  If 
member  "•!"  were  not  there,  then  point  "0"  would 
be  allowed  to  deflect  up,  down,  and  sideways  and 
not  only  In  the  limit  condition  that  tho  gentlomon 
from  Dolt,  Beranek,  &  Newman  brought  out 
earlier. 

Mr.  McConnell:  The  rotation  at  point  "0" 

Is  not  the  rotation  of  a  simple  support? 

Mr.  Verga:  The  rotation  at  point  "0"  would 
still  take  place  and  that  would  be  carried  out  to 
momber  "d." 

Mr.  McConnell:  Member  "d"  Influences 
tho  amount  of  rotation.  I  was  wondering  If  you 
have  any  comparison  or  if  you  have  made  a 
study  of  the  comparison  of  how  much  the  fre¬ 
quency  of  tliat  member  lias  been  changed  by  re¬ 
moving  the  torsional  stiffness. 


Mr.  Manning:  But  this  would  not  bo  true  at 
point  "0,"  the  center  point. 

Mr.  Verga:  Point  ”0"  i  a  in  to  the  lour 
diagonal  members.  Therel  •<?.  for  point  "0"  to 
move  in  translation,  the  diagonal  members  too 
must  move  longitudinally. 

Mr.  Manning:  Yes,  bul  if  you  have  a  very 
shallow  angle,  point  "0"  could  move  In  vertical 
translation  without  causing  much  compression 
in  the  diagonal  element.  Go  to  the  case  of  zero 
height;  thou  you  have  tho  cross  members  lying 
flat  in  the  plane  and  you  can  picture  a  mode  In 
which  the  center  point  moves  up  and  down  and 
is  the  antinode  ol  n  vibration. 

Mr.  Verga:  This  would  be  much  more  cf- 
fective  in  the  symmetrical  mode  shape,  where 
the  vibration  Is  up  and  down,  which  wo  did  not 
discuss  here.  Dut  you  are  correct.  In  the  ver¬ 
tical  sense  that  factor  would  be  more  predomi¬ 
nant  and  probably  would  have  to  l>c  considered. 

Mr.  McConnell  (Iowa  State  IJnlv.) ;  In  re¬ 
moving  the  member,  I  gathered  that  you  said 
that  point  "0"  was  a  rigid  connection  between 
the  cross  diagonals  ? 


Mr.  Verga:  We  were  not  hunting  for  the 
frequency  In  member  "d."  We  were  hunting  for 
the  frequency  In  tho  frame.  I  did  run  tests 
which  showed  that  the  fundamentals  were  hnrdly 
affected.  I  do  not  have  a  number  here  for  the 
percentage  difference  between  the  natural  fre¬ 
quency  of  the  fundamental  from  tests  and  tliat 
calculated,  but  i  think  it  is  in  the  paper.  Tho 
percentage  turns  out  to  be  very  small. 


Mr.  Putman  (Westlnghotise  Research  Lab.}; 
There  seems  to  be  In  the  last  two  questions 
some  concern  about  moving  member  "<i."  This 
also  concerns  me.  It  seems  to  me  that  this  Is 


a  valid  approximation,  as  long  as  the  natural 
frequency  ol  tliat  member  liappen6  to  corre¬ 
spond  to  the  natural  frequency  ol  the  total  struc¬ 


ture.  Only  under  these  conditions  will  there  be 


moment  transferred  between  member  "d"  and, 
1  guess,  "c"  that  It  adjoins.  Do  you  believe 
tilts  Is  so? 


Mr.  Verga:  I  think  you  are  partly  right  but 
let  nie  also  say  that,  If  member  "<i"  were  ronin- 
tnined,  then  the  Impedance  curves  would  have 
shown  an  additional  curve.  It  would  have  In¬ 
creased  the  number  of  modes  from  the  five 
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which  wc-  were  able  to  see  In  that  graph  to  six. 

I  am  not  Interested  at  this  point  in  that  addi¬ 
tional  mode.  The  overall  frame  is  not  influ¬ 
enced  very  much  by  the  fact  that  the  kinetic  and 
strain  energies  of  ‘‘<1"  lave  boon  removed.  As 
far  ae  1  am  concerned,  "<i"  Is  still  there  be¬ 
cause  I  am  maintaining  the  constraint  that  "u" 
has  produced.  I  nm  assuming  that  Its  kinetic 
strain  energies  have  a  small  act  effect  upon  the 
three  members  or  upon  the  rest  of  the  frame. 

Mr.  Putman:  How  would  you  solve  the 
problem  If  you  Were  to  take  ”<i”  Into  account  ? 

It  ecoms  to  me  that  oho  of  the  things  which 
enables  you  to  do  the  problem  Is  the  fact  that 
you  have  this  text  book  which  gives  you  driving 
point  Impedances  of  beams  with  certain  sorts 
of  cud  conditions.  If  you  pul  member  "<J"  In. 
then  member  "c"  Is  no  longer  pivoted  there. 

Mr.  Vorga:  Member  "c"  is  BttU  pivoted. 

We  have  not  changed  the  boundary  conditions. 

1  am  Justifying  the  elimination  of  "d"  because 
the  effect  that  "d”  tins  had  upon  the  framo  is 
still  being  maintained. 

♦  ♦ 


Mr.  Putman:  H  is  II  they  rotate  about  that 
Ik) Int,  but  It  is  not  a  free  rotation  aB  you  as¬ 
sumed.  It  has  another  moment  coming  from 
member  "<i." 

Mr.  Verge:  ltight.  There  Is  al  point  "0," 
where  ''■I"’ has  been  removed,  some  resistance 
to  rotation  owing  to  the  strain  energy.  Al  the 
same  time  there  is  some  eltecl  In  opposition  to 
resistance  owing  to  the  kinetic  energy  lliRt  has 
also  been  removed. 

Mr.  Putman:  You  are  saying  that  resistance 
Is  saiaTl.  right? 

Mr.  Verga:  Yea.  I  am  saying  that  the  over¬ 
all  effect  Is  small.  To  avoid  going  Into  a  com¬ 
puter  and  to  illustrate  this  as  quickly  as  possi¬ 
ble,  1  have  beoii  able  to  remove  st. 

Mr.  Putman:  I  think  the  subject  ul  discus¬ 
sion  Is  whether  it  Is  or  Is  not  small. 

Mr  .  Verga:  I  will  add  that  the  iobIs  have 
shown  that  It  Is  small.  I  guess  w  houi  those 
tests  1  would  have  the  same  doubts  which  you 
are  displaying. 

* 
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INTRODUCTION 

The  applicability  of  mechanical  admittance 
techniques  to  the  solution  of  vibration  transmis¬ 
sion  tn  real  structures  is  reviewed  tn  this  paper. 
Dy  techniques  we  mean  the  measurement  of  the 
admittances  and  the  calculation  of  tranomtaston 
based  on  the  measured  admittances.  We  shall 
use  admittances  because  It  is  a  more  convenient 
format  from  an  experimental  point  of  view  than 
the  oqulvidcnt  Impedance  format. 

We  will  assume  that  the  reader  is  already 
familiar  with  the  admittance  or  impedance  for¬ 
mula  for  harmonic  mid  random  vibration  trans¬ 
mission  f  1-3], 

Tiie  structures  considered  are  those  typical 
of  aerospace  vehicles:  A  composite  of  beams 
and  panels  in  a  (jus  medium  The  structures 
can  thus  be  viewed  as  waveguides  where  the 
gas-solid  Interfaces  of  tho  structure  guide  the 
different  types  of  waves  that  the  structures  al¬ 
low:  Extensions  waves,  flexural  waves,  tor¬ 
sional  waves,  and  so  forth.  The  electrical 
analogy  is  then  soon  to  bo  with  microwaves 
rather  than  with  electric  circuit  theory  bused 
on  lumped  parameters. 

The  mechanical  admittance  formulation 
relates  the  excitation  and  responses  ol  a  set  ol 
poi  its  of  a  linear  structure.  When  all  the  de¬ 
grees  of  freedom  ol  each  poinl  are  included, 
the  formulation  is  a  complete  one.  It  is  a  state¬ 
ment  of  linearity.  From  the  experimental  point 


of  view  the  admittance  formulation  is  deceptively 
simple.  It  says  that  any  Information  ns  to  vvhnt 
types  of  waves  nr©  propagated  tn  tho  structure 
is  irrelevant  provided  one  obtains  tho  complete 
set  of  admittances  at  the  selected  polnt9;  wave 
information  IS  traded  for  a  vast  amount  of  ex¬ 
perimental  evidence  at  specific  points. 

Experimentally  we  cannot  obtnln  a  com¬ 
plete  sot  of  admittances,  and  thoeo  experimen¬ 
tal  values  that  we  can  monsuro  contain  Inliorent 
experimental  errors.  The  incomplete  admit¬ 
tances  require  the  selection  of  a  simplified 
model  of  the  vibration  transmission  which  is 
compatible  with  tho  quantities  that  can  be 
measured.  Tills  model  can  bo  chosen  only  with 
a  good  understanding  of  the  principal  modes  of 
VibriUson  in  the  aiyuctyrC,  The 

experimental  errors  further  limit  the  size  of 
the  model  because  the  propagation  of  errors  in 
the  calculations  Is  such  that  errors  in  the  re¬ 
sults  grow  very  rapidly  with  the  complexity  of 
the  modol. 

For  periodic  and  transient  excitations  ilio 
admittance  format  relating  excitations  and  re¬ 
sponses  is  n  rather  simple  one.  For  random 
vibration  the  format  becomes  much  more  In¬ 
volved.  In  the  harmonic  case  the  excitation  and 
response  are  column  matrices;  in  the  random 
case  they  arc  square  matrices  of  spectral  den¬ 
sities.  The  calculation  format  also  becomes 
more  complicated.  Because  these  calculations 
involve  more  experimental  elements  than  in  the 
harmonic  case,  the  calculations  will  also  yield 
larger  errors. 


*  Tin*  work  reported  herein  vi-i-  pert.tiior.il  nn.ler  IISAK  Cmil  r.rct  No  1 1(0  i  S|- 1»  l  I  7 


m.' 


231 


It  is  Interesting  to  compare  the  limitations 
of  two  vory  different  approaches  to  the  vibra¬ 
tion  transmission  problem;  The  admittance 
technique  and  the  simulation  of  the  structure  by 
a  digital  computer.  The  computer  simulation 
Consists  of  taking  a  model  ol  the  structure  as  a 
sot  ol  differential  equations  with  boundary  con¬ 
ditions  and  of  performing  accurate  calculations 
based  on  this  model.  The  variables  and  the  op¬ 
erators  o(  the  differential  equations  and  the 
boundary  conditions  tire  precise  nod  const  stent 
stidomants  about  the  model,  although  the  model 
In  nocoBaarlly  only  an  approximation  of  the  real 
structure.  From  these  precise  statements  the 
computer  can  make  very  precise  calculations, 
limited  only  by  the  number  of  bits  of  each  word. 

lit  the  admittance  technique  the  Structure 
Solves  Its  own  differential  conations  mid  IhhiiuI- 
wy  conditions  whatever  they  may  be.  However, 
the  experimental  errors  restrict  the  accuracy 
of  (he  calculations  that  cun  be  made. 

Both  the  computer  simulation  and  the  ad* 
mlttanco  technique  are  deterministic  approaches 
to  a  problem  that  ie  not  absolutely  definite:  The 
dimensions  of  the  structure,  tho  boundaries  or 
Interfaces  of  built *up  elements,  tho  damping 
mechanism,  and  so  forth,  are  not  accurately 
known  for  a  given  structure:  furthermore,  they 
vary  from  unit  to  unit  of  tho  same  design. 

Either  approach  should  choose  approximations 
tlmt  iuo  compatible  with  tho  prosont  uncertain¬ 
ties  in  the  structures. 

The  state -ot -the -art  of  mechanical  admit¬ 
tance  techniques  Is  still  far  from  a  level  of 
sophistication  approaching  the  domain  of  un¬ 
certainty  of  n  structure.  This  la  why  rather 
crude  approximations  me  otto.,  justified  be¬ 
cause  more  re! tned  ones  Include  greater  ex¬ 
perimental  errors  which  defeat  the  greater 
potential  accuracy  in  the  end  result. 


APPLICATIONS 

The  admittance  technique  is  an  experimen¬ 
tal  technique;  the  admittances  in  the  vibration 
transmission  formulas  are  obtained  oxiwrlinon- 
tally.  This  technique  requires  that  the  struc¬ 
tures  he  available,  at  least  separately. 

The  format  of  admittance  for  vibration 
transmission  has  only  limited  applications  in 
design  work  because  It  deals  with  Information 
«t  tho  terminals  -  tho  admittances  of  a  sot  of 
points.  For  design,  more  insight  into  the  inode 
of  transmission  Is  noodod. 

Although  the  excitation  of  a  atiueturc  ap- 
liearo  as  a  set  of  effective  force  or  velocity 


sources  in  the  impedance  or  admittance  formu¬ 
lation,  It  need  not  be  of  mechanical  origin 
Acoustical  excitation,  for  example,  fall*  within 
the  scope  ot  mechanical  admittance  techniques 
provided  the  acoustical  coupling  with  the  acous¬ 
tical  field  is  invariant  lu  the  perturbations 
caused  by  the  connection  ot  additional  struc¬ 
tural  elements,  In  practice  this  requires  that 
the  acoustic  excitation  area  be  sufficiently  re¬ 
moved  from  the  connection  area  so  that  the  tm- 
jiettimce  of  the  connection  reflected  onto  the 
excitation  area  ts  negligible. 

There  are  two  raumr  brand  categories  of 
vibration  transmission  problems  where  the 
admittance  technique  has  been  applied  whh 
some  success .  The  first  category  consists  of 
cases  where  tho  excitation  is  harmonic  anti  of 
relatively  low  frequency.  In  the  second  cate¬ 
gory  the  excitation  Is  random  having  »,  rela¬ 
tively  broad  frequency  spectrum. 

Doth  categories  are  limited  to  vibration 
transmission  across  a  email  set  of  contact 
points  between  two  structures,  each  point  hav¬ 
ing  very  few  significant  degrees  of  freedom. 

(In  most  cases  we  consider  only  one  degree  of 
freedom  per  point.) 

llils  restriction  to  contact  points  instead 
of  line  or  area  contacts  m  inherent  in  the  ad¬ 
mittance  formulation.  Although  a  line  or  Bur- 
face  admittance  could  lie  approximated  by  an 
ensomble  of  point  admittances,  and  tho  prob¬ 
lem  carried  on  a  point  admittance  basis,  it  is 
clear  that  the  number  of  points  selected  would 
be  rather  large  fur  high  frequencies.  Then  the 
accuracy  of  calculations  degenerates  rapidly 
with  the  order  of  tho  matrices. 

We  are  limiting  Itio  applicability  of  admit¬ 
tance  technique  to  a  connection  of  only  two 
structures,  tho  connection  or  interface  being  a 
set  of  points.  Only  otto  structure  is  active,  that 
ts,  has  vibration  soiirfion:  the  other  structure 
is  passive 

Formally,  the  admittance  technique  Is 
neither  restricted  to  a  single  interface  nor  to  a 
single  active  structure.  In  the  category  of  low- 
frequency  harmonic  excitation,  linear  superpo¬ 
sition  of  the  responses  obtained  when  only  one 
structure  ts  assumed  active  can  be  used,  we 
then  have  essentially  two  separate  vibration 
problems.  The  difficulty  ts  in  the  superposi¬ 
tion,  because  each  calculated  response  lias 
errors  that  are  usually  much  greater  than  the 
individual  experimental  errors;  thus  m  fre¬ 
quency  regions  where  the  responses  are  almost 
equal  and  nearly  out  of  phase,  very  large  er¬ 
rors  result  tn  their  Miperposition.  It  the  exci 
tations  of  each  structure,  although  tndivtdue’iy 
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luumuiuc.  are  independent,  Uns  difficulty  in 
not  present. 

In  the  category  of  random  <•  .citation  with 
brood  frequency  S|K>rl  i  n,  we  it  rally  cannut 
Bupoi  iminiso  the  responses  obtained  from  one 
active  structure  to  Hume  obtained  from  the 
second  structure  when  active.  In  (act  there  it* 
formally  no  suiierposition  theorem  for  such 
cusp,  all  the  excitations  with  their  combined 
crons  power  spectral  density  must  be  applied 
simultaneously .  However,  when  the  exuda¬ 
tions  are  independent,  either  because  they  come 
from  tndepende  it  processes  or  because  they 
originate  from  the  sumo  process  and  the  time 
delays  and  dispersion  in  the  two  acllvo  el  rue  - 
lures  arc  such  as  to  render  each  excitation  m- 
dupoiidenf.  a  superposition  of  trio  power* like 
quantities  in  the  responses  is  then  permissible. 
This  Is  tfien  die  case.  H  follows  Unit  consid¬ 
eration  o'  two  connected  active  structures  often 
amounts  'u  the  solution  of  two  independent 
problems 

Limiting  vibration  transmission  to  one 
interface  is  again  fur  Uie  practical  rmiaoii  of 
experimental  errors.  Formally,  the  vibration 
transmission  across  one  Interface  cun  be  der¬ 
ated  with  the  addition  of  another  structure  and 
interface.  However,  the  experimental  errors 
render  tins  Iteration  impractical.  We  might 
make  on  exception  for  two  interfaces  when  the 
structure  between  them  ts  rather  simple,  for 
example  a  sot  i  f  shuck  mounts,  even  here  some 
caution  ts  necessary  at  high  frequencies. 

Finally,  It  is  important  to  detect  and  make 
use  <>[  any  symmetry  (hat  exists.  The  point  to 
make  is  that  symmetry  should  be  introduced  in 
the  formulation  of  the  transmission  rather  than 
letting  symmetry  find  its  own  way  in  matrices 
of  large  order. 

With  these  remarks  in  mind  we  cun  discuss 
each  of  the  two  categories  of  applications. 


Low  Frequency  Harmonic  Excitation 

Consider  two  structures,  one  passive  and 
the  other  active,  to  be  joined  ai  one  interface 
consisting  of  a  few  points,  each  having  very 
few  -  one  or  two  degrees  ot  freedom.  Sym¬ 
metry  of  the  structures  is  introduced  in  the 
formulation  of  vibration  transmission.  The 
excitation  io  harmonic,  having  a  line  spectrum 
with  only  a  few  lines 

Tlua  type  of  problem  lias  been  Solve  sue  - 
cestully  In  the  pant,  with  admittance  techniques, 
as  In  the  case  of  machinery  mounted  reoilientlv 


on  a  base,  where  either  the  base  or  the  machin¬ 
ery  is  active.  Many  auch  cases  ore  reported  tn 
the  literature. 

At  frequencies  up  to  the  first  tow  resonances 
of  the  structures,  the  admittance  technique  could 
yield  fairly  accurate  results  because  experimen¬ 
tal  errors  like  transducer  constraints  on  the 
structures  can  be  minimized,  and  the  model  of 
tnuismieeion  could  be  a  fairly  simple  one.  At 
intermediate  and  high  frequencies,  ono  has  to 
resort  to  much  simplified  models  of  iranonne- 
smn  ,uid  accept  fairly  large  uncoil  ill  idles  in  the 
calculated  result. 


broadband  Handout  Vibration 

We  are  still  restricting  our  problem  to  that 
of  iwo  structures,  one  active  and  the  other  pas¬ 
sive,  to  bo  connected  by  a  few  points,  each  point 
having  ono  or  at  most  two  degrees  of  freedom. 
Again,  symmetry  of  tho  structures,  if  It  exists. 
Is  Introduced  directly  in  the  (ormuintton  of  the 
vibration  transmission. 

The  formulation  of  the  random  transmis¬ 
sion  is  generally  taken  as  an  approximate  one, 
because  the  full  formulation  In  terms  of  the 
complete  power  spectral  densities  has  unman¬ 
ageable  proportions.  The  approximations  are 
those  of  assuming  independence  of  the  excita¬ 
tion  at  each  point,  and  of  working  with  rela¬ 
tively  broad  frequency  bands,  such  that  only  tho 
mean  values  ol  tho  impodancos,  and  the  mean 
square  values  of  the  excitations  arc  required. 

It  is  a  rather  rough  approximation.  Some  re¬ 
finements  { 3 j  like  the  use  of  average  admit¬ 
tances  with  correlation  coefficients  could  be 
made 


Calculations  of  Vibration 
Transmission 

in  view  ol  the  many  approximuUuiis  used,  it 
is  quite  Important  to  select  a  simple  but  realis¬ 
tic  transmission  model  on  which  lo  base  the 
calculations  of  transmission.  Dy  model  we 
mens  the  number  of  points,  tlietr  degrees  of 
freedom,  the  symmetry  of  the  coupling  between 
points,  and  so  forth.  Once  the  model  is  chosen 
and  some  measurements  made,  the  model  should 
be  checked  against  these  measurements  to  see  if 
further  simplifications  are  possible.  One  Im¬ 
portant  simplification  to  look  for  is  the  follow¬ 
ing  one. 

The  vibration  transmission  across  the  tn- 
l erf. ice  of  two  connected  structures  requires 
that  the  free  velocities  of  tho  taco  of  the  active 
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Structure  be  known  mid  thiil  the  admittance  ms- 
trices  of  the  two  tacos  bo  known  Whon  the  uri ■ 
mlttoncoo  ol  ono  taco,  say,  that  ot  the  second 
otructwre,  ?re  much  greater  than  those  ot  the 
first  structure,  the  lace  ol  the  lirst  structure 
becomes  a  velocity  eource.  U  tho  roverao 
situation  Is  true,  whore  the  admittances  ot  the 
first  structure  are  much  greater  tluoi  those  ol 
the-  second  structure,  tho  first  structure  be¬ 
comes  a  force  source.  In  practice,  one  or  the 
other  situation  will  be  true  tn  many  frequency 
ranges.  Tills  information  makes  the  calcula¬ 
tions  much  simpler.  It  follows  that  even  a 
crude  approximation  of  the  admittance  of  the 
(hc-jg  of  the  two  structures  could  be  very  use¬ 
ful  tn  vibration  transmission. 

Examples  ol  such  cases  where  admittance 
technique  could  bo  vory  uooful  .  0  found  In 
aerospace  structures,  to  which  a  second. .ry 
structure,  llko  an  inBtruinent  pnekago,  is  to  bo 
attached.  If  tho  tntorfaco  of  tho  aorospacc 
structure  la  specified  only  by  decolorations,  an 
Important  modifier  of  tho  transmission  is 
missed  -  that  of  Ihe  interaction  between  tho 
importance  matrices  of  the  interfaces.  The 
specified  free  acceleration  of  tho  source 
amounts  to  assuming  an  infinite  source  im¬ 
pedance.  This  assumption  Is  often  a  very  un¬ 
realistic  ono.  if,  in  addition  to  the  free  accel¬ 
erations,  tho  Impedances  of  tho  two  interlaces 
are  obtained,  a  much  bettor  estimate  of  vibra¬ 
tion  transmission  could  be  calculated. 

Ollan  tho  source  admittance,  lor  ono  de¬ 
gree  of  froedom,  of  nnly  one  typical  point  ol  the 
tntorfaco  is  vory  valuable  Information;  that, 
along  with  the  free  acceleration  nt  that  point 
ami  of  Coursu  With  iiiu  luim  lit  allot'  ui  iiiu  lulil. 
could  be  used  to  yield  ralher  goad  estimates  of 
vibration  transmission.  This  admittance  could 
be  specified  only  in  magnitude  and  averaged 
over  oacl.  trequoncy  band.  It  10  interesting  that 
this  kind  ot  rough  estimate  is  useful  for  the 
random  vibration  but  would  not  be  useful  for 
Ihe  harmonic  case  which  requires  much  more 
dotal lod  Information. 


Vibration  Tasting 

An  important  application  of  admittance 
techniques  Ss  In  the  simulation  of  tho  vibration 
environment,  Unfortunately  many  of  the  vibra¬ 
tion  tents  for  acceptance  of  ait  instrument 
package  disregard  the  admittances  of  the 
sources,  retaining  only  their  tree  velocities 
(or  accelerations).  A  more  realistic  test  is 
obtainod  If  both  the  source  admittances  and  the 
aped  rum  of  the  free  velocities  arc  simulated, 
and  the  instrument  package  is  mounted  on  this 


simulator  Tills  would  allow  modes  of  irons  - 
mission,  (or  example  momonl  coupling,  that 
aro  not  at  proBent  simulated  by  tho  conven¬ 
tional  lineal  shakers  The  source  and  load  ad¬ 
mittances  are  permitted  to  interact  ta  give  a 
moro  realistic  vibration  level  ut  the  base  of 
the  Instrument  package.  Admittance  technique 
in  this  case  Is  used  to  verily  that  tho  simulator 
lias  the  correct  source  admittances.  There  are 
difficulties,  however,  in  ulmulatlng  luw  fre¬ 
quency  admittances;  high  frequency  admittances 
aro  moro  easily  simulated  because  they  become 
the  driving  point  admittances  of  the  tnfinlte  ex¬ 
tension  uf  the  source  structure  In  the  immedi¬ 
ate  vicinity  ot  the  source  points. 

In  practice,  it  may  bo  nocossary  to  per¬ 
form  the  vibration  test  in  two  steps  if  the 
shakers  cannot  suuply  enough  excitation 
through  the  simulated  source  admittance.  In 
the  first  Biop,  the  simulated  source  admittance 
Is  excited  at  some  level  and  the  resulting  ac  • 
celeration  spectrum  noted  at  the  connection 
points,  but  without  the  test  package:  then  the 
test  package  is  connected  and  tho  resultant 
change  In  acceleration  spectrum  of  these  points 
noted.  The  same  change  in  spartrum  is  applied 
to  the  original  specifications  of  free  accelera¬ 
tions  giving  the  modified  nccoloration  levels  to 
bo  used  in  the  second  step.  In  the  second  step 
the  tost  package  is  teetod  directly  by  the  shak¬ 
ers  without  the  simulated  source  admittance, 

This  two-step  nppronch  Is  not  as  realistic 
as  the  stnglo-etop  approach  because  the  test 
points  aro  more  constrained  by  the  shaker  con¬ 
nection  than  with  the  simulated  source  admittance. 


EXAMPLE  OF  ItANDOM  VI ORA¬ 
TION  TRANSMISSION 

Wo  consider  a  cylindrical  shell  as  the  firsi 
structure  and  a  "black  box'  as  the  second  struc¬ 
ture  The  shell  represents  an  aerospnee  struc¬ 
ture  vibrating  in  response  lo  rocket  noise  or 
similar  excitation  that  creates  vibration  hold 
Tho  black  box  represents  an  instrument  package 
that  contains  some  vibration  sensitive  compo¬ 
nents.  The  black  box  is  tied  to  the  shell  by  two 
(Kiints  which  are  the  interlace. 

The  measured  overall  transmission  obtained 
wh-  1  the  two  struclvirea  are  lied  together  will 
be  compared  with  the  calculation  of  transmis¬ 
sion  using  the  measured  admittances.  Realiz¬ 
ing  that  only  an  Incomplete  set  of  ■  '  ‘ttances 
can  be  obtained  experimentally  b(  cause  we 
cannot  measure  moment  admittances,  and  that 
experimental  errors  arc  present  in  ihe  meas¬ 
urement  of  each  admittance  element,  ihe 
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challenge  is  one  of  approximations.  We  will 
try  to  use  in  our  calculations  the  least  number 
of  measurements  (hat  permits  a  reasonable 
prediction  of  the  vibration  transmission 


Dose  rt|it'on 

Cylindrical  Shell  —  The  cylinder  is  a  thin 
aluminum  shell  reinforced  with  three  rings  and 
five  longitudinal  alumlnu. .  beams  The  rings 
and  beams  are  cemented  to  the  shell  with  epoxy 
We  have  the  following  dimensions: 

Diameter  20  in. 

Length  6  It 

Skin  thickness  1  10  in..  At. 

Cross  section  of 

rings  and  beams  1/2  <  3/4  in 

The  skin  of  the  shell  has  damping  tape  to 
increase  the  lues  factor  of  the  shell  to  approxi¬ 
mately  5  10* 3  above  a  few  hundred  Hz. 

The  cylinder  is  sot  vertically,  supjxJi-tcd  at 
three  points  or.  tho  floor;  at  these  three  points 
the  base  ring  is  clamped  to  the  floor. 

The  vibration  field  ts  induced  by  one  Good¬ 
man  a  type  V-hO  shaker  which  is  attached  to  one 
longitudina  beam  at  approximately  2*12  ft 
from  the  floor  The  shaker  applies  random  vi¬ 
brations  to  the  shell  in  the  form  of  individual 
third  octave  bnnds  of  noise  The  excitation 
voltage  at  tho  shnkei  will  he  kept  at  ft  constant 
value  for  the  set  of  third  octave  bands  during 
.ill  the  active  tests  -  both  those  giving  the  free 
velocities  at  the  attachment  points  of  tho  black 
box  and  those  giving  the  overall  transmission. 

The  two  points  of  the  interface  between  the 
shell  and  the  black  box  are  located  on  adjacent 
longitudinal  beams  of  iho  shell  and  on  the  same 
circumference. 

Pluck  Cox  —  The  black  bux  is  represented 
by  an  aluminum  beam  carrying  an  aluminum 
plate.  The  plate  has  dumping  wipe  to  bring 
its  loss  factor  to  approximately  10  •'  at  frequen¬ 
cies  above  a  few  hundred  llz.  The  two  ends  of 
the  beam  are  the  two  [Joints  of  the  interface 
which  connects  to  the  cylindrical  shell  The 
output  point  is  near  one  edge  of  the  plate  This 
model  ol  the  black  box  was  cl.oaen  to  include 
the  constituents  of  a  box  (beam  and  plate)  and 
yet  to  be  simple  enough  to  permit  Home  analysts. 

Photographs  of  the  cylinder,  load  and  vibra¬ 
tion  source  of  the  cylinder  are  shown  in  Fig.  1. 
The  load  Is  seen  on  the  left  hand  side,  the  excit¬ 
ing  shaker  is  on  the  right  hand  sole  A  ctoseup 


view  of  tho  loud  connected  to  the  cylinder  ts 
jfiv»n  in  Fig.  2.  the  miniature  accelerometer  ts 
ut  the  output  point,  3. 


fig  i  Photograph  of  llic  cylinder, 

v  Nesting  shaker  aiul  Icm<1 


Calculations 

Following  ihc  block  diagram  of  Fig.  3,  and 
assuming  harmonic  excitation,  the  output  ve¬ 
locity  v,  at  point  3  is  given  hy  the  matrix 
equation 

v ,  v ;  v  v •  ' \  u> 

where  \  ;s  the  free  velocity  vector  at  points  1 
and  2,  v  and  V  arc  the  admit! -nee  matrices  of 
points  1  and  2  and  points  1’  and  2'.  and  V,  is 
the  tiansfer  admittance  from  'Joint a  !'  and  2*  to 
point  3. 

in  icrmi.  «:•!  c e i.L’Vni  ions  ,  \  and  v 

we  t  .‘-I  rewrite  file  same  equiltioi  V.y 

'  •  .  '  Y ,  -V  ■  ,  y '  ** ,  V  (2) 

For  random  excitation,  wv  consider  a  set 
•  >f  frequency  bands  and  write  the  transmission 
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Fig.  2.  Photograph  of  the  loud 
attached  to  the  cylinder 


In  terms  o£  average  admittances  over  eaclt 
frequency  band: 


v-  •  [: 


This  la  an  approximate  formulation  which  has 
■'een  Justified  elsewhere  [3],  The  bar  over 
aach  quantity  expreaces  the  average  character 
of  each  term.  Each  element  of  average  admit¬ 
tance,  times  takes  the  form 


where  '>  is  the  correiat  on  coefficient  of  the 
envelope  o'  the  band  of  noise  that  we  have  called 
tiie  coherence  coefficient; 


The  first  term  .<■  ■■  is  a  phasor;  the  second 
term  ;  i  -  ■  •  '  1  is  treated  as  a  random  inde¬ 

pendent  quantity. 

The  measurements  with  an  impedance  head 
and  an  accelerometer  have  been  set  up  to  obtain 
directly  the  quantities  in  Eu.  (3),  there  are  al¬ 
together  10  quantities  to  be  measured  in  Eq.  (3), 


Fig.  i.  Two- point  interface 
between  lwo  structures 


and  each  quantity  has  a  magnitude  and  correla¬ 
tion  coefficient  that  is  the  equivalent  of  a  phase 
angle. 

The  calculat,  n  of  the  transmitted  acceler¬ 
ation  is  shown  in  Fig.  4  and  compared  with 
the  measured  overall  acceleration.  The  differ¬ 
ence  between  the  two  curves  of  Fig.  4  is  the 
error  which  we  now  discuss. 


CONCLUSIONS 

The  result  of  Fig.  4  shov.-s  a  fair  agree¬ 
ment  between  the  transmission  calculated  by 
admittance  technique  and  the  actual  overall 
transmission  However,  there  are  significant 
errors  in  each  frequency  level,  sometimes  ex¬ 
ceeding  10  db.  The  errors  can  be  divided  ir.to 
the  following  kinds:  Errors  associated  with  the 
mode!  of  transmission  assumed  for  the  calcula¬ 
tions,  errors  related  to  the  approximate  format 
of  Eq.  (3)  for  random  vibration,  and  experimen¬ 
tal  errors. 

The  model  oi  transmission  assumes  that 
only  tlie  force  coupling  (or  transverse  acceler¬ 
ation  on  the-  beam  of  the  cylinder)  is  significant 
between  the  shell  and  the  black  box.  This  model 
gives  2x2  matrices  for  the  admittances  Y  and 
V  of  the  interface.  Moment  coupling  plays  an 
essential  role  in  beams  and  plates  and  should 
be  included.  Then  each  point  of  the  interface 
would  have  two  degrees  of  freedom  and  the  ad¬ 
mittance  matrices  Y  and  Y'  would  become  4x4 
matrices.  However,  better  this  new  model  wouici 
be,  we  cannot  measure  conveniently  the  moment 
impedance  elements  of  the  matrix.  Specifically, 
if  the  matrix  1  is  so  organized  that  the  force 
components  of  admittance  are  fisted  first,  fol¬ 
lowed  by  the  momp  ’t  components,  we  would 
have 
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Fig.  4.  Calculated  and  measured  acceleration 
response  «V“  of  the  load  on  the  cylinder 
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Because  y,,  -  y , ,  by  reciprocity,  there  are  10 
independent  elements.  The  superscripts  v  and 
r  refer  to  lineal  and  angular  velocity.  The 
superscripts  k.m  refer  to  force  and  moment. 
Assuming  that  we  can  measure  angular  velocity 
<  but  not  the  moment  m  it  follows  that  there  are 
three  elements:  y„,  y34  v43,  and  y44  (that 

cannot  be  measured  conveniently  within  the 
present  state-of-the-art).  In  some  cases  it 
may  be  possible  to  relate  force  admittances  to 
moment  admittances  [3)  using  for  example  the 
relations  found  In  semi-infinite  beams  or  plates. 
This  approximation  should  be  investigated 
further. 

Reconsidering  the  model  used  for  the  cal¬ 
culations,  we  may  question  the  relevance  of  the 
coupling  between  the  two  points  of  the  interface. 
If  these  two  points  were  assumed  to  be  independ¬ 
ent,  an  even  simpler  model  would  result  where 


each  matrix  becomes  a  single  element.  This 
was  used  for  the  basis  of  a  calculation  which  Is 
shown  in  Fig.  5.  The  result  is  almost  as  good 
as  the  result  of  Fig.  4.  This  result  should  be 
viewed  with  caution.  It  is  caused  by  the  high 
degree  of  symmetry  of  the  cylinder  and  of  the 
black  box,  with  respect  to  a  line  midway  along 
and  perpendicular  to  a  line  joining  the  two  con¬ 
tact  points. 

The  format  of  Eq.  (3),  where  the  excitation 
and  response  are  column  matrices,  is  an  ap¬ 
proximation  of  the  more  rigorous  format  in 
terms  of  power  spectral  densities.  The  format 
of  Eq.  (3)  introduces  systematic  errors. 
Whether  the  more  rigorous  format  would  yield 
more  accurate  calculations  is  questionable  in 
view  of  experimental  errors.  Because  the 
average  admittances  in  Eq.  (3)  have  a  smaller 
range  of  values  as  a  result  of  the  averaging 
process,  the  calculations  Involving  inverse 
matrices  are  less  likely  to  become  unstable; 
the  growth  of  errors  in  the  calculations  is  re¬ 
stricted.  This  would  not  be  the  case  with  the 
power  spectral  density  formulation  where  the 
harmonic  admittances  have  a  very  large  dy¬ 
namic  range  and  the  resultant  admittance  ma¬ 
trix  may  become  "ill  conditioned"  because  of 
experimental  errors. 

In  conclusion  we  can  say  that  admittance 
techniques  are  usefull  for  the  calculations  of 
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needed.  Also  a  wore  systematic  balance  be¬ 
tween  the  effects  of  experimental  errors  on  the 
calculations  of  random  vibration,  the  approxi¬ 
mate  model  oi  transmission,  and  the  approxi¬ 
mate  formulation  of  random  vibration  should 


vibration  transmission  of  many  relatively  sim¬ 
ple  cases.  Indeed,  we  do  not  know  of  other 
techniques  that  could  yield  results  like  those  of 
Fig.  4  or  5. 


Further  work  In  the  development  of  tech-  be  sought. 


niques  to  measure  moment  admittances  is 
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APPLICATION  OF  THE  MECHANICAL  RECEPTANCE 
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Tins  paper  explores  tile  use  of  mechanical  receptances  (frequency  response  func¬ 
tions)  in  determining  the  dynamic  response  of  a  system  from  subsystem  character¬ 
istics,  where  the  basic  problem  is  considered  to  be  that  of  joining  together  and  de¬ 
termining  the  dynamic  response  of  a  number  of  components  that  may,  for  example, 
simulate  space  vehicle  subsystems.  A  brief  theoretical  discussion  is  given  which 
includes  the  problem  of  component  resonance  and  a  short  description  of  the  Reccpl- 
ance  Coupling  Program  (RECEP).  The  particular  problem  of  eliminating  the  effects 
of  the  measuring  equipment  from  experimentally  dete:  mined  receptances  is  treated. 
In  an  example  of  a  beam  exci*"d  simultaneously  ul  two  points,  comparison  of  the 
measured  and  corrected  results  shows  considerable  influence  of  the  experimental 
equipment. 


INTRODUCTION 

During  recent  years  attention  lias  been 
directed  to  the  analysis  and  evaluation  of  the 
general  dynamical  and  vibrational  behavior  of 
structural  systems  with  ever  increasing  com¬ 
plexity.  While  it  is  desirable  to  consider  the 
complete  system,  a  d'rect  dynamic  analysis  of 
a  large  spacecraft  system  may  no!  be  practicable 
even  with  the  most  powerful  computer  presently 
available.  Similarly,  it  is  frequently  not  feasi¬ 
ble  to  conduct  dynamic  tests  of  spacecraft  sys¬ 
tems  In  one  piece  because  of  their  size,  or  be¬ 
cause  different  parts  of  these  systems  are 
fabricated  and  assembled  at  different  geographi¬ 
cal  locations.  A  method  of  first  dividing  the 
system  into  suitable  subsystems  and  then  deter¬ 
mining  the  system  response  front  the  subsystem 
characteristics  has.  therefore,  definite  advan¬ 
tages,  particularly  when  some  subsystems  al¬ 
ready  have  flight  qualification  and  are  to  be  com¬ 
bined  with  different,  new  subsystems,  as,  tor 
example,  in  the  Apollo  and  Mariner  space 
programs. 


hr  this  paper  the  method  of  determining  the 
dynamic  response  of  a  system  from  tiro  sub¬ 
system  characteristics  is  explored  for  applica¬ 
tion  to  large  space  vehicle  systems.  The  basic 
problem  is  considered  to  be  that  of  joining  to¬ 
gether  and  determining  tire  dynamic  response 
of  a  number  of  subsystems  that  may  simulate  a 
launch  vehicle,  a  spacecraft,  an  entry  capsule, 
and  a  lander  system 

Presently  employed  practices  in  analysis 
and  dynamic  testing  of  spacecraft  subsystems 
usually  oversimplify  spacecraft  Interaction  with 
the  launcli  vehicle.  In  fiefs.  |l*3],  among  others, 
it  has  been  pointed  out  that  it  Is  important  to 
consider  the  spacecraft  as  an  integral  part  of 
the  space  vehicle  system.  Such  considerations 
become  particularly  Important  for  the  later 
stages  of  a  mission,  when  a  number  of  subsys¬ 
tems  of  comparable  mass  dynamically  interact. 
An  example  of  such  systems  is  a  planetary 
lander  subsystem  attached  to  an  entry  capsule 
that  In  turn  is  mounted  to  a  fly  by  or  orbiting 
spacecraft.  Another,  but  similar,  situation 


♦This  paper  presents  ilie  results  o!  one  phase  of  research  curried  out  al  the  Jet  Pruuulsion  Lab.. 
Calit.  lust  Tech  .  under  Contract  No  NAS  7  (Go,  sponsored  by  NASA. 
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exists  in  the  Apollo  program,  wlicro  tho  space 
vehicle  system  consists  of  tho  three  stages, 

S-1C,  S-1I,  S-IV  Q,  and  tho  Apollo  spacecraft, 
which  lncludos  a  command/ service  module  and 
a  lunar  excursion  module.  The  launch  vehicle 
and/or  spacecraft  Is  Utue  composed  of  two  or 
more  subsystems  that  can  be  Urge  by  them¬ 
selves  and  that  can  be  designed,  built,  and 
tooted  by  different  manufacturers.  Further¬ 
more,  tho  same  subsystem  can  be  used  In  dif¬ 
ferent  missions.  A  method  of  determining  the 
dynamic  response  of  a  system  from  subsystem 
clmractarleticB  that  are  determined  experimen¬ 
tally  and/or  analytically  has,  therefore,  a  wide 
application  in  tho  development  of  space  vehicles. 

The  method  of  analysing  dynamic  systems 
based  on  subsystem  characteristics  lias  been 
advocated  In  one  form  or  another  by  a  number 
of  authors  [4-  10J.  In  addition,  a  digital  com¬ 
puter  program  has  been  developed  in  Ref.  (  11] 
bnsed  on  die  developments  in  Ref.  [7  ]. 

fi  the  subsystem  characteristics  are  deter¬ 
mined  analytically  using  a  modal  analysis  ap¬ 
proach,  the  developments  In  Refs.  [7]  and  [11] 
are,  in  most  cases,  suitable  for  the  analysts  of 
the  coupled  system.  However,  If  die  subsystem 
characteristics  are  determined  experimentally 
on  actual  structural  systems,  It  is  convenient  to 
use  the  concept  of  transfer  function  (frequency 
response  function)  for  the  response  analysis  of 


tho  coupled  syutom,  as  advocated  in  Ref.  [10]. 

Of  courBO,  the  concept  of  transfer  function  Is 
not  restricted  to  the  use  of  experimental  data, 
because  the  transfer  functions  can  be  generated 
from  modal  analyses;  this  then  opens  the  inter¬ 
esting  nnd  practically  useful  possibility  of  de¬ 
signing  new  subsystems  (for  example,  space¬ 
craft)  coupled  to  already  qualified  and  tested 
subsystems  (for  example,  boosters)  that  are 
characterized  by  their  transfer  functions  at  the 
interface  points. 

Within  the  broad  concept  of  transfer  func¬ 
tion,  the  concept  of  receptance  has  been  found 
to  be  somewhat  more  convenient  than  the  con¬ 
cept  of  impedance,  mobility,  or  the  like,  nnd  is 
therefore  adopted  here.  Nevertheless,  the  de¬ 
velopments  in  lids  paper  are,  with  slight  modi¬ 
fications,  also  valid  for  these  other  concepts, 
as  Is  Indicated  In  the  example  discussed  later 
in  this  paper  under  Elimination  of  Instrumenta¬ 
tion  Effects.  Unless  stated  to  the  contrary,  the 
derivations  are  In  the  frequency  domain  and  all 
matrix  manipulations  are  valid  at  a  particular 
frequency.  All  receptances  and  Inputs  are  com¬ 
plex  functions  of  frequency  so  that  damping  Is 
allowed  for  as  long  as  linearity  is  preserved. 

THEORY  OF  RECEPTANCE  COUPLING 

A  system  Is  considered  composed  of  n  arbi¬ 
trarily  Interconnected  subsystems  (Fig.  1).  For 


POSITIVE  O'RECTICN  OF  CONSTRAIttCO  DISPLACEMENTS 

P,'  AND  CONSTRAINED  FORCES  «"> 
i  / 

- POSITIVE  DIRECTION  Of  CONSTRAINED  FORCES  4fj 

Fig  1.  Representation  of  system  consisting 
of  N  coupled  subsystems 
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practical  reasons,  which  In  most  cases  require 
deformable  rather  than  rigid  connections  be¬ 
tween  the  subsystem's  coupling  points,  it  Is 
assumed  that  the  Interconnections  coustst  of 
discrete  massless  coupling  units  {Fig.  2),  with 
generally  typical,  frequency-dependent  com¬ 
pliances  kb  (  >  110]. 


r-. 

COUPLING 

UNIT  WITH 

'i—  — 

COMPLIANCE 

'VPICAl 

sui>;v?TCtf 


where  'Cl  Is  a  real  rectangular  matrix  having 
only  two  "eiisoro  piemen"'  *«  “ow.  (-1)  and 
(+1).  !C)  can  be  partitioned  as  determined  by 
•D>  as  follows: 

lc)  [lcA!  ...  Id;  ...  id'll  (0) 

where  each  submatrix  has  at  most  one  nonzero 
element  In  n  row.  !  k-  Is  the  diagonal  compli¬ 
ance  matrix  of  the  coupling  units. 

Using  Ei,s,  (2),  (4),  and  (5),  the  vector  of 
the  unknown  constrntned  forces  can  be  written 


(m>  =  (c)iAl  (cl  [$!(?' 


Fig.  1.  Typical  coupling  unit 


In  the  frequency  domain  the  vector  of  con¬ 
strained  displacements  of  the  typical  subsys¬ 
tem  J  for  a  particular  frequency  .  can  be 
written 

id)  -  if-l)  (id)  >  ii'JHpJ)  (i) 

and  for  the  entire  system, 

(D)  =  [31)  iM)  •  if]  ip)  (2) 

where  ijd)  and  J  J  are  the  receptance  ma¬ 
trices  in  the  Jth  subsystem  involving  only  cou¬ 
pling  points  and  one  coupling  and  one  excitation 
point,  respectively;  while  (Ml)  and  iPJ'’  are  the 
vectors  of  constrained  forces  and  external  ex¬ 
citations,  respectively.  The  matrices  in  Eq. 

(1)  are  submatrlces  In  Eq.  (2)  and  determine 
the  partitioning  pattern  of  the  latter.  The  ex¬ 
citation  vector  in  the  frequency  domain  (P)  In 
Eq.  (2)  is  related  to  the  excitation  vector  In  inc 
time  domain  by  the  following  Fourier  transform 
relation: 


fAJ  -  f[\]  -  iCMfHCl]*'.  (8) 

The  frequency  response  vector  resulting 
from  the  external  excitations  and  constrained 
forces  In  subsystem  I  is 

tx1)  -■  [T'HP1’  i  (9) 

and  the  frequency  response  vector  for  tire  en¬ 
tire  system  Is 

<:x>  iftipt  •  i *5*!  t'M'  (10) 

where  IT)  Is  the  matrix  of  receptaaces  be¬ 
tween  response  and  excitation  points,  while  i^T) 
Is  the  matrix  of  receptances  between  response 
and  coupling  points;  IT1)  and  !*i’Il  are  the  re¬ 
spective  submatrlces  and  determine  the  parti¬ 
tioning  patterns  of  the  matrices  (T!  and  1  *f] , 
respectively.  Substituting  Eq.  (7)  In  Eq.  (8) 

If  I  VPS 


where  tire  system  receptance  matrix  is 


f  fptni  e'1-'  dt 

(3) 

r 

t  i 

L 

in’  = 

[ITS  . 

f*T)  if  !AJ  {Cl  !/‘J  - 

(12) 

The  conditions  of  compatibility  at  the  cou¬ 
pling  points  can  be  written  with  the  help  of  Fig. 
1  as 


•o*  -  [~kJ  -m>  . 


Owing  to  the  partitioning  pattern  determined  by 
the  submatrlces,  the  system  receptance  matrix 
can  be  partitioned  in  the  following  manner: 


'll 1  d i  -  ifU;  ,  :Cii  (A!  !CJ]  fjd) 


Tnc  equilibrium  conditions  across  the  coupling 
units  become 


-  ;o) 

for 

i  •  i 

T 

C: 

UP 

(5) 

-  ’  T1 ! 
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•  =  i 
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The  time  response  vector  ts  obtained  from 
Eq.  (11)  using  the  Fourier  transform  relation 
as  follows: 


(sm1  |  <xi  >>«■*'*  -i  U5) 

,  s 

Equations  (11)  and  (15)  give,  respectively, 
the  response  In  the  frequency  and  time  domain 
owing  to  the  deterministic  axcltatlons  <p(«  i'¬ 
ll  the  system  Is  subjected  to  stationary  random 
excitations,  the  excitation  crooscorrelfttion 
functions  and  the  excitation  cross-power  spec¬ 
tral  densities  between  points  (  hi  subsystem  L 
and  points  m  In  subsystem  m  are  obtained,  re¬ 
spectively.  as  shown  In  Ref.  [10): 

fr  * 

ivKfir,(T)  r  Tlim  t  p“(«  •  ’><it  UO 

1  "*  *  .  T.  1 

nnd 

eS“  )  J  pRf“(  )  U7, 

-  *■ 

The  resi>on9e  cross-power  spectral  densi¬ 
ties  between  points  i  In  subsystem  j  and  points 
k  In  subsystem  K  are  thon  obtained  from  Eqs. 
(12)  and  (17)  as 


f* :  »•  i  L«s  «•* 


(18) 

Whore  the  first  two  right-hand  terms  arc  the 
complex  conjugates  of  the  rcceptance  between 
point  i  in  nubsystem  j  and  points  1  In  subsys¬ 
tem  L  and  the  receplauce  between  points  k  in 
subsystem  K  and  points  m  In  subystem  M. 


COMPONENT  RESONANCE 

The  analysis  In  tin  troquency  domain  -f 
general  coupled  conflp.  atlons  can  be  accom¬ 
plished  using  Eq.  (11)  or  (10),  where  the  sj  - 
tom  rcccptancc  matrix  Is  determined  by  Eq 
(12)  or  (13).  However,  In  practice  certain 
computational  difficulties  may  arise  al  ccr 
frequencies  which  are  resonance  frequencies 
for  one  or  more  of  the  uncoupled  subsystems. 
Close  to  or  at  these  frequencies  (he  receptances 
of  the  respective  subsystems  become  very  large 
as  compared  with  those  subsystems  not  at  reso¬ 
nance.  Because  in  general  the  subsystem  reso¬ 
nance  frequencies  do  not  coincide  with  ihosc  of 


the  coupled  system,  the  receptances  ol  the  for¬ 
mer  will  also  be  large  as  compared  with  the 
latter.  Thus,  It  Is  often  necessary  to  compute 
"normal  size"  receptances  (reflecting  no  reso¬ 
nance)  by  taking  differences  between  very  large 
terms  that  roller!  subsystem  resonance.  In 
Ref.  (12),  It  le  shown  how  the  computational  ac¬ 
curacy  near  a  subsystem  resonance  can  be 
greatly  Improved. 

Equation  (3)  can  be  written  as 

m"'  *! !a: i.J)  (i9) 

where 

T 

U7"  -  (20) 

and 

Q  =  !  ci  1 1  1  .  (21) 

Near  a  resonnnee  frequency  of  some  sub¬ 
systems  there  will  be  large  reccpUture  terms 
to  Eq.  (10).  Lei  these  large  recoptnnce  terms 
be  0(X),  whore  Ox  •>  I,  nnd  nonreeonance 
receptances  are  0(  t )  It  Is  shown  that  the  ot  ) 
parts  of  each  matrix  In  Eq.  (19)  are  parallel  in 
the  sense  cf  parallel  vectors  In  multidimen¬ 
sional  space.  Noting  that  for  a  nonresonance 
froquency  of  the  entire  system  each  coupled 
rcceptance  matrix  fn*-*l  is  o<  ft,  it  le  shown 
Ural  for  subsystem  reeonance  ol  subsystem  R, 
iti,R)  and  ’.II  .  are  computet!  ns  differences  of 
0(A)  terms  and  iHR,*l  is  computed  as  differ¬ 
ences  of  Or-1,  terms.  Dy  a  new  formulation  of 
tiio  problem  the  large  parallel  parts  are  re¬ 
moved  iron)  the  matrices  of  Eq.  ( Hi l  giving  an 
entirely  equivalent  rcceptance  matrix  formu¬ 
lation, 

tll,Jl  =  !/');  •  i * , *  It,  .;J  (22) 

witliout,  however,  the  component  resonance 
computational  difficulties. 


THE  RECEPTANCE  COUPLING 
PROGRAM  (RECEP) 

The  RECEP  program  Is  divided  Into  four 
basic  links,  each  of  which  is  capable  ol  lilting 
the  core.  As  shown  in  the  functional  flow  dia¬ 
gram  in  Fig.  3,  the  first  link  computes  the  ma¬ 
trix  !B!  in  Eq.  (22)  and  the  second  link  com¬ 
putes  the  system  rcceptance  matrix  ti’l  ,  that 
is,  In).  If  the  system  is  subject  to  determinate 
excitations,  (lie  third  link  computes  the  frequency 
response  vector  x1  In  Eq.  (11)  and  the  time  re¬ 
sponse  vector  x  in  Eq  (lb).  For  stationary 
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Fir  )  Functional  (low  diagram 
of  the  Receptanco  Coupling  Pro¬ 
gram  (RECEP) 


random  inputs,  the  fourth  link  computes  the  ex¬ 
citation  crosscorrelation  matrix  In  Eq,  (18),  the 
excitation  cross -power  spcctr.ii  uciisnics  to  K*|. 
(17),  and  selected  elements  of  the  response 
cross-power  spectral  densities  In  Eq.  (18). 

The  present  design  of  the  RECEP  program 
13  such  that  up  to  35  coupling  units  (a  total 
number  of  70  coupling  points)  can  bo  handled. 
Therefore,  If  there  are  2  subsystems,  each  one 
may  have  up  to  35  coupling  points,  or,  tf  there 
are  35  subsystems,  each  one  may  have  2  cou¬ 
pling  points. 

The  maximum  number  ol  excitation  points 
In  the  entire  system  may  be  up  to  120.  These 
may  be  distributed  unevenly  among  the  subsys¬ 
tems  such  that  no  subsystem  has  more  than  00 
excitation  points.  Similarly,  she  maximum 
number  of  response  points  may  be  up  to  12», 
with  not  more  than  80  response  points  in  any 
one  subsystem.  With  these  limtiattons.  the 
maximum  sizes  of  all  matrices  discussed 


earlier  under  Theory  of  Kecoplnoee  Coupling 
and  Component  Resonance  are  dolor  mined. 

In  addition  lo  user  specified  Input,  such  ns 
the  coupling  matrix  lc! ,  the  constrained  mntrlx 
f  K  .),  I lu<  excitations,  nml  the  frequency  ranges 
ol  interest,  the  RECEP  program  line  as  input 
the  subsystem  receptanceB  that  are  (unctions 
of  frequency  and.  In  general,  are  complex  be¬ 
cause  of  damping.  The  subsystem  recoptancee 
iimy  be  generated  analytically  through  a  subsys¬ 
tem  modal  analysis  or  they  may  be  measured 
through  a  subsystem  vibration  test  consisting 
Of  sinusoidal  excitations,  deterministic  excita¬ 
tions.  or  random  excitations.  In  any  case,  the 
input  data  must  be  available  and  must  be  read 
lor  each  frequency  of  Interest.  U  the  data  are 
continuously  changing  with  frequency,  which, 
Indeed,  is  most  often  the  case,  the  readings 
must  be  taken  at  sufficiently  close  intervals. 
This  requires  a  large  volume  ol  Input  data  to 
be  handled,  and  an  automatic  transfer  of  data 
becomes  necessary. 

Analytical  dala  for  the  determination  of 
subsystem  receptances  >  are  usually  ob¬ 
tainable  as  the  normal  modes  v(li  giving  the 
response  of  the  kth  mode  at  point  >,  the  modal 
frequencies  -v,  and  the  modal  masses  mk . 

These  data  are  on  cards,  tape,  or  disks  and  are 
rend  automatically  into  the  computer.  The 
receptances  at  each  frequency  nrc  then  com¬ 
puted  by  the  modal  receptanco  routine  In 
RECEP  ne 


\  |>  V-  ■*»  •  ‘H  u 


(33) 


where  \  is  the  assumed  or  measured  modal 
damping  fad  or. 

The  experimentally  measured  receplnnccs 
are  translated  Into  digital  data  on  cards,  mag¬ 
netic  tape,  or  disks  belore  being  entered  Into 
the  RECEP  program.  These  data  are  then  used 
directly  lor  further  computations.  If  It  can  be 
assumed  that  the  experimental  measuring  equip¬ 
ment  has  not  substantially  influenced  the  results. 
Otherwise  the  Influence  of  the  measuring  equip¬ 
ment  can  be  eliminated  by  the  "extraction  rou¬ 
tine"  in  RECEP  as  shown  below. 


ELIMINATION  OF  INSTRUMENTA¬ 
TION  EFFECTS 

Who.,  the-  rccopb.accs  of  a  structural  sys¬ 
tem  arc  measured,  there  are  necessarily  mov¬ 
ing  parts  sucli  as  transducers,  forge  gages,  and 
so  forth,  attached  at  the  test  points  (Ftg.  4).  If 


Fig.  4.  Multi  nh, ike  r  excitation  of 
structural  nyylem 


tlio  number  ol  moving  parts  and/or  their  mass 
Is  largo  enough,  tho  measured  results  are  olton 
considerably  distorted  Irom  Utelr  true  valuoe. 
Using  the  rccoptanco  coupling  technique,  It  ts 
ahown  in  this  section  how  the  true  recoptnncos 
ol  tho  structure  can  bo  obtained  Irom  tho  meas¬ 
ured  ones  and  from  knowledge  of  the  equipment 
receptances. 

To  bogln  with,  it  is  assumed  that  Uie  struc¬ 
ture  Is  supported  by  soft  springs  so  tliat  tho 
lowest  frequency  ol  the  springs -structure  sys¬ 
tem  is  far  below  tho  lowest  frequency  of  inter¬ 
est,  or  tliat  tlio  structure  Is  supported  directly 
by  the  shakers  (Fig.  4).  II  the  structure  is  ex¬ 
cited,  the  attached  transducers,  force  gages, 
and  so  forth,  are  moving  with  tho  structure  at 
the  attachment  points,  while  tire  base  of  the 
shaker  may  or  may  not  bo  fixed  io  the  ground. 
Without  loss  ol  generality,  it  is  assumed  here 
dial  lire  bases  of  the  shakers  are  fixed  lo  Uie 


ground  as  shown  in  Fig.  4.  The  tnoBt  general 
caso  is  that,  at  each  shaker,  between  shaker 
base  and  transducer,  force  gages  moaauro  the 
transmitted  forcoG  I’*  1>N,  and  tlio  trans¬ 

ducers  measure  tiro  respective  motions  nA  dn. 
It  is  assumed  tliat  the  rnceptnncos  of  the  at¬ 
tached  moving  parts  are  known  and  thnt  relative 
compliances  between  transducers  and  attach¬ 
ment  points  can  be  estimated  by  spec  Hying  suit¬ 
able  coupling  units  k„r .  One  shaker  at  a  time 
is  then  excited,  and  all  lorcos  and  motions  are 
simultaneously  measured  and  recorded. 

In  Fig.  5.  a  system  representation  ts  given, 
delineating  Uie  coupling  ol  N  shakers  to  the 
typical  subsystem  0.  If  the  shaker  A  1b  excited 
by  an  induced  voltage,  the  force  P**  P”*  and 

die  displacements  n^A  are  measured 

<ia«i  rucurd««  :it>  £uiicUui\k  ol  iruqutmcy.  With 
the  help  of  Eqs.  (2),  (4),  and  (5),  the  following 
matrix  equation  can  then  L>e  written: 


SHAKFRS  A  TO  N 


Fig.  5.  Systems  representation  of  multi- 
shaker  excitation  of  subayaten*  0 


where  the  second  superscript  A  indicates  tiini 
Uie  data  were  obtained  while  Shaker  A  was  ex¬ 
cited.  The  '  *  are  the  •>  known  coupling 

point  rcccptanccs  at  the  N  shakers,  and  the 
i  z.  nm  the  ,,  known  cross  receplnnees  be¬ 
tween  coupling  and  excitation  points  of  the  Blink¬ 
ers.  The  «u  are  the  unknown  reeepiancos  of 
the  typical  subsystem  q 

By  exciting  all  n  Blinkers,  one  at  a  time,  a 
set  of  n  equations  similar  to  Eq  (2i)  can  bo 
written.  These  equations  can  be  combined  ns 
follows: 

!  -  -  k i  ]  [  -m  ] 

i  .  !  11  i  i-  ,  i*  tmi 


Eliminating  m  and  solving  for  ,  one  obtains 
the  subsystem  receptances  as 


.'  -  u'-’ 


12«) 


where  the  measured  dtsplncemoiits  and  forces 
are,  respectively, 
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Pop  an  application  of  Eq,  (20),  a  frce-(reo 
beam  with  two  shaker  mountings  ns  shown  In 
Fig  G  has  been  chosen  The  moving  parte  of 
Uie  shakers,  Lliut  Is,  the  accelerometers  anti 
lorce  gage  parts  moving  with  the  beam  during 
excitation  at  each  point,  weigh  0.2  lb,  while  the 
beam  Itself  weighs  3  33  lb  The  measured  re¬ 
sponses  1>A  and  Du  are  acceir  .tlons  and  wore 
recorded  In  terms  of  g's.  while  the  forces  i,A 
und  p"  were  recorded  In  terms  ot  grams.  The 
assumption  that  [""K.J  •  lo  and  i*'  =  Iff)  In 
Eq.  (26)  implies  that  the  moving  parts  of  the 
experimental  equipment  are  rigidly  atthchod 
ninnw>s  nt  the  points  1  and  2  nnd  that  one  can 
work  in  this  case  with  the  accelerations  for  oA 
and  o1'  rather  ilinn  displacements. 

Both  the  meneured  and  Uie  corrected  ac¬ 
celeration  transfer  (unction  amplitudes  are 
recorded  In  Figs.  7  through  10  for  comparison, 
The  corrected  amplitudes  were  determined 
using  Eq  (20). 


CONCLUSIONS 

After  dci  eloping  the  theory  of  rccoptance 
coupling  earlier  In  this  paper,  following  essen¬ 
tially  the  more  detailed  developments  In  Ref. 
|l0|.  the  problem  ol  component  resonance  f  1 2 1 
has  been  discussed  and  aome  overall  charac¬ 
teristics  ol  the  If  or  opt  .nice  Coupling  Program 
(ftECEP)  have  been  indicated. 
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Fig.  10  Compiinsuii  of  measured 
feccptancc  ami  corrected 

»nce  "i, 


The  particular  problem  of  eliminating  the 
effects  ol  the  measuring  equipment  from  ex¬ 
perimentally  determined  receptances  was 
treated  In  some  detail.  For  the  experimental 
configuration  of  Fig,  8.  the  comparison  (FtgB. 

7  through  10)  of  the  experimental  receplances 
(acceleration  transfer  functions)  with  the  cor¬ 
responding  corrected  receptances,  using  Eq. 
(2S),  shows  that,  In  this  case,  the  experimental 
equipment  has  considerably  Influenced  llie  re¬ 
sults  even  though  Die  total  moving  mass  of  the 


experimental  equipment  Is  little  more  than  10 
percent  oi  that  of  the  beam.  It  Is  concluded  that 
bt  experimental  work  careful  attention  should 
be  given  to  the  diminution  of  the  distortions  of 
the  results  owing  to  equipment  effects. 

Because  of  the  reciprocity  requirement  for 
U'lt'ur  systems,  the  recepUtncoB  i'tJ  and  ?j( 
Should  be  equal.  The  plots  In  Fig,  11  give  a 
comparison  of  the  amplitudes  ol  these  two  Inde¬ 
pendently  measured  and  computed  rocoptance 
functions.  While  the  frequencies  of  the  peak 
responses  agree  quite  well,  there  are  many  dis¬ 
crepancies  In  the  amplitudes  and  frequencies  at 
the  point  ol  anilresonanee  between  25  and  35  Hz. 
This  may  be  a  result  of  notae  level  effects, 
which  can  be  quite  disturbing  ni  those  low  levels 
Ot  response 

From  the  results  of  this  example,  which 
still  1ms  been  treated  somewhnl  crudely,  it  is 
tentatively  concluded  that  the  judicious  use  of 
the  "extraction  routine"  In  HECEP  oilers  a 
means  of  eliminating  nt  least  conrise  effects  of 
measuring  equipment,  thus  improving  the  ex¬ 
perimental  data  and  hence  the  response  analysis. 
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DISCUSSION 


Mr.  Smith  (Bell  Aerosystems  Co,):  ! 
think  you  said  that  your  program  had  a  ca¬ 
pability  ol  handling  35  couplings,  130  inputs 
not  greater  than  60  on  each  subsystem.  You 
have  demonstrated  good  correlation  between 
the  cross  receptances  on  a  very  simple  beam. 
Uow  ambitious  do  you  expect  to  be  in  at¬ 
tempting  to  use  the  capacity  ol  your  program 
on  a  more  complex  structure?  How  many  ol 
these  Inputs  would  you  expect  to  use?  it  ap¬ 
pears  to  me  'hat  you  have  thought  it  worth¬ 
while  'vrltirg  a  program  where  y  u  may  have 
it  matrix  of  receptances  which  is  extremely 
large.  .  foresee  trouble  if  you  try  to  be  too 
iv  ttous. 


Mr.  Heer:  If  1  understand  the  question  cor¬ 
rectly.  you  are  sayuig  that,  in  using  more  and 
more  receptances  the  compulation  inaccuracy 
may  increase,  and  that  it  may  become  unfeasible 
to  get  accurate  results  lor  such  large  arrays  of 
receptances.  Ir.  developing  the  computer  pro¬ 
gram  wi  actually  went  op  to  the  limit  ol  the 
core  capacity  of  the  computer.  It  may  be  quite 
true  that,  using  130  points  as  inputs  and  conse¬ 
quently  large  arrays,  the  computation  inaccu¬ 
racy  may  become  questionable.  All  1  can  say 
at  this  time  is  that  we  have  not  run  the  com¬ 
puter  program  using  130  input  points.  I  could 
not  make  an  accurate  statement  as  to  what  the 
accuracy  is  when  using  that  large  amount  of  data. 
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A  VERIFICA”  ~N  OF  THE  PRACTICALITY  OF  PREDICTING 
INTERFACE  DYNAMICAL  ENVIRONMENTS  BY  THE  USE 
OF  IMPEDANCE  CONCEPTS 


Frank  J .  On 

NASA,  Goddard  Space  Flight  Center 
Greenbelt,  Maryland 


The  results  of  a  study  on  the  verification  of  the  practicality  of  predicting  interface  dy¬ 
namical  environments  through  the  use  of  mechanical  impedance  theory  and  measured 
'in-service"  data  are  presented.  The  investigation  was  carried  through  two  parallel 
paths  using  one-dimensional,  multidcgrce  of  freedom  lumped  parameter  models.  A 
scries  of  digital  computer  simulated  models  of  varying  degrees  of  freedom  was  treated 
to  illustrate  the  theoretical  procedural  requirements.  Laboratory  testR  using  equivalent 
experimental  models  were  conducted  to  demonstrate  the  practical  application  of  the  tech¬ 
nique.  A  comparative  study  was  performed  on  the  measured  and  predicted  results.  In 
general,  the  results  of  the  prediction  based  on  in-service  data  are  in  good  agreement  with 
measured  refills.  Error  analysis  in  measurements  and  compute  ions  indicates  that  inter¬ 
pretation  of  absolute  accuracy  of  the  predictions  requires  caution.  Ab  the  "exact"  imped¬ 
ance  of  an  actual  structure  is,  in  general,  unknown,  success  in  the  predictions  may  be 
enhanced  by  the  combined  use  of  measured  and  computed  impedance  results  and  by  a 
sound  program  of  error  analysis. 


INTRODUCTION 

In  recent  years,  the  problem  of  predicting 
the  true  interlace  dynamical  environment  of  a 
complex  aerospace  structure  during  its  launch 
phase  has  been  of  much  interest.  Frequently 
vibration  tests  are  conducted  that  poorly  simu¬ 
late  thi  environmental  conditions.  One  of  the 
basic  reasons  tor  unrealistic  vibration  tests 
lies  in  the  methods  used  In  deriving  motion- 
input  speculations.  Specifications  derived 
from  field  data  often  consider  only  peak  re¬ 
sponses  and  neglect  the  characteristic  differ¬ 
ences  that  may  exist  between  the  item  being 
tested  and  the  one  previously  used  in  the  field. 
When  combined  in  a  vibration  test,  'his  practice 
(  n  result  t  nig?!  o veriest at  some  irequen- 
c jos,  wnile  at  otner  It  {  quench  .  ’he  test  item 
may  be  anderiested 

ii  seen  suggested  tlvl  a  solution  lies  in 
the  incorporation  of  mechanical  impedance  con¬ 
cepts.  Unfortunately,  there  are  factors  that 
may  prevent  this  concept's  immediate  practical 
application.  Some  of  these  factors  are  the  lack 
o.'  field  data  to  derive  lest  specifications,  the 
practical  inexperience  in  applying  the  concept, 
and  perhaps  the  complexity  of  the  concept  itself 


The  primary  purpose  of  this  study  is  to 
verify  the  aspect  oi  the  application  of  the  im- 
edanee  concepts  to  tire  prediction  of  Interface 
tronments.  Effort  Is  devoted  specifically 
<o  the  demonstration  of  the  prediction  of  inter¬ 
lace  velocity  of  a  new  system  configuration  from 
the  interface  velocity  information  previously 
determined  or.  another  configuration.  The  treat¬ 
ment  of  velocity  is  selected  for  convenience  be¬ 
cause  impedance  and  mobility  quantities  are 
considered.  The  task  requires  tliat  the  Inter¬ 
face  driving  point  impedance  of  the  constituent 
systems  be  known  a  priori.  To  achieve  the  most 
severe  test  of  the  prediction  technique,  steady- 
state  sinusoidal  vibrations  are  treated  because 
amplitude  sensitivity  is  greatest  lor  this  case. 
Theoretically,  this  technique  i.s  applicable  to  all 
processes  that  satisfy  Fourier  transformation. 

A  summary  of  the  theoretical  background  re¬ 
quired  for  this  phase  ot  study  is  presented  in 
this  ■iiper  The  underlying  theoretical  basis 
lor  dditional  development  work  may  be  found 
in  F  fs  |1  ]  through  [3]. 

This  study  was  carried  through  two  parallel 
paths  of  developments  using  one-dimensional, 
null iidegree  of  freedom  lumped  parameter  mod¬ 
el;-  Digital  computer  simulated  models  were 
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treated  to  demonstrate  the  theoretical  proce¬ 
dural  requirements.  Laboratory  measurements 
of  equivalent  experimental  models  were  obtained 
for  use  in  the  prediction  technique.  For  con¬ 
venience,  the  models  were  considered  arbitrary 
representations  of  launch  vehicle  (L/V)  and 
spacecraft  (S/ C)  structural  systems  of  5  and  2 
degreen  of  freedom,  respectively. 


theoretical  background 

Consider  a  one  -  dimensional  structure  that 
is  otherwise  separated  into  two  component  struc¬ 
tures  at  some  terminal.  A  general  representa¬ 
tion  of  such  a  system  is  shown  in  Fig.  1,  where 
for  convenience  its  component  structures  are 
Identified  by  the  vehicle  va  and  the  spacecraft 
Pb.  In  connection  with  this  system,  a  problem 
of  major  Interest  Is  how  does  one  analyze  and 
define  the  dynamic  environment  at  the  Input  to 
the  spacecraft. 

In  accordance  with  the  equation  of  inter¬ 
connection  for  one-dimensional  structures,  the 
steady-state  sinusoidal  velocity  response  at  the 
interface  terminal  of  the  vehicle  and  spacecraft 
system,  denoted  by  subscript  i,  is  given  in  Ref. 
[l]  as 


V.(o)  ; 


-fv.(-) 

Zv  <-■>  *  zp  (  . ) 


(1) 


where  F*1  represents  the  Fourier  transform  of 
f(t  >  measured  at  the  Interface  terminal  when 
that  terminal  Is  blocked  so  that  no  motion  oc¬ 
curs;  Zv,  and  7.pk  are  the  mechanical  imped¬ 
ance  of  the  vehicle  and  spacecraft  looking  baek 
from  the  Interface,  respectively. 

Alternatively,  in  terms  of  mechanical 
mobility  v  (inverse  of  Impedance),  and  "free" 
velocity,  denoted  by  subscript  f, 


Vf<  o 

Eq.  (1)  becomes 

v,<  ■  )  - 


i, 

-Fv  (*') 

_ _ • _ 

Zv  (  ■) 


Vp  (-■> 

_ t> _ 

Yp  (V)  I  Yv  (■»■) 


(2) 


(3) 


v,  represents  the  transform  of  the  velocity  at 
the  interface  terminal  when  that  terminal  is 
unrestrained. 

In  cases  where  either  the  vehicle  or  the 
spacecraft  is  replaced  by  some  other  structure, 
new  interface  response  characteristics  may  be 
predicted.  Suppose  that  the  interface  velocity 
characteristic  corresponding  to  a  new  space¬ 
craft  Pr  on  the  same  vehicle  v.  is  desired,  then 
using  Eq.  (1),  the  new  velocity  is 
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(4) 


io  determine  mobility,  free  velocity,  and  Inter¬ 
lace  velocity  data  for  subsequent  application  to 
the  prediction  technique  under  discussion. 


when  Zp,  is  the  mechanical  Impedance  of  the 
new  spacecraft.  Alternatively,  using  Eq.  (3), 
in  terms  o£  mobility  Eq.  (4)  becomes 

Yp  (••-)  Yv  {  ■  )  1  Yp  ) 

II  .  .  > _ _ ? _ b _  _  V  ..  I  . 


TEST  CONFIGURATIONS 
AND  PROCEDURES 

For  convenience  In  this  study,  the  predic¬ 
tion  is  identified  as  the  prediction  of  Interface 
environment  of  system  D  from  that  of  system  A. 

The  constituent  models  of  test  configuration 
A  are  shown  in  Fig.  2.  Configuration  B  differs 
from  A  only  In  the  payload  model.  The  lumped 
parameters  of  these  two  models  are  given  In 
Table  1.  A  typical  test  setup  is  shown  in  Fig. 

3.  The  inner  frame  permitted  accurate  nlinc  - 
ment  of  the  models  through  adjustment  ol  the 
radially  positioned  coil  springs.  The  outer 
frame  provided  vibration  isolation  from  extra¬ 
neous  sources.  In  accordance  with  the  program 
outline  of  Fig.  4,  series  of  tests  were  conducted 


For  convenience,  a  Ling  22?L  shaker  simu¬ 
lated  the  L/V  thrust  motor.  The  source  of  vi¬ 
bration  was  assumed  as  a  constant  amplitude 
force  of  varying  frequencies  generated  by  per¬ 
turbations  in  the  thrust  vector.  Experimentally, 
this  assumption  was  satisfied  by  servo  con¬ 
trolling  the  force  developed  at  (lie  shaker  arma¬ 
ture  mass.  This  was  accomplished  by  servo 
controlling  a  sine  swept  Input  current  to  the 
armature  using  an  amplitude  servo/monitor  in 
the  feedback  loop  as  shown  In  Fig.  5.  The  am¬ 
plitude  and  frequency  linearity  of  tills  control 
lor  the  force  setting  used  (K3  =  30  lb)  across 
lire  frequency  band  (50  llz  -  2  kHz)  was  bolter 
than  t  1  db.  The  phase  shift  referenced  to  the 
armature  current  was  about  ±7  degrees.  This 
force  level  was  selected  because  of  the  neces¬ 
sity  of  having  an  adequate  slgnal-to-uoise  ratio 
and  to  remain  below  the  fatigue  characteristics 
of  the  spring-damper  elements  of  Iho  models. 

The  technirue  of  calibrating  the  force 
level  that  was  to  be  applied  In  the  test  in  terms 
of  Input  armature  current  consisted  of  multi¬ 
plying  the  moving  element  mass  of  the  Ling 
shaker,  in  a  no  table -load  condition,  by  the 
measured  acceleration  of  the  moving  element 


lb)  ^AUNCM  VfHIClX  STHOCTUBE  model 


tcJ  i.At-Nt'M  VEHICLE  /SPACECRAFT  SVSTtM  MODEL 


Description  u!  lest  conf  'e-.tr  it  ion  A 


TABLE  1 

Properties  of  Test  Models 
Test  Configuration  A 


Fig.  3  Test  setup  for  interface  velocity 
measurements  --  test  configuration  A 
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(J)  MEASUREMENTS 

1  DICOUPLE  TM|  SPACECRAFT  <*$HM  MOOEL  FROM  THE  LAUNCH  y£HICU  SYSTEM  MOE^L 


V— w  LAUNCH  VEHICLE 

SPACECRAFT 

LkF  SYSUM  MODEL 

O-  SYSTEM  MODEL 

(CONfiG  A  AND  81 

?  MEASURE  MOBILITY  (VELOCITY. FORCE)  BY  APPLYING  VIBRATION  IN  TURN 
WTO  SPACECRAFT  AND  INTO  LAUNCH  VEHICLE  MOOU  AT  THE  INTERLACE 


LAUNCH  VEHICLE 
SYSTEM  MODEL 


SPACECftAF I 
SYSTEM  MODEL 
iCONf  K*  A  AND  B1 


)  OPERATE  LAUNCH  VEHICLE  MODEL  MOTOR  AND  MEASURE  I  Ml  I  VC  LOOT  AT  INTERFACE 


4  COUPEE  THE  SPACECRAFT  AND  UuNCm  VEHICLE  MDOEiS  AND  OPERATE  f Ilf  MODEL 
MOTOR  TO  OBTAIN  INICRfACC  vClOCiTy 


(  LAUNCH  VElilCtE 
SYSTEM  MODEL 


SPACECRAFT 
SYSTEM  MODI  l 
ICON r  10  A» 


U»i  PREDICTION  Of  .NTERfACf  VflOCHV  Of  CONFIG  B  (IN  TERMS  OF  MOBILITY  AND  VELOCITY1 


( v*  •-.* v.» 

Yf  \  Y>.  *  Yv  / 


Fig.  4.  Program  outline  of  (a)  measurements 
and  (b)  prediction 
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Fig.  5.  !Mcck  diagram  i?f  v ? U>c « t y  rr.*a Surorni-t-l 

and  force  control  instrumentation 
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and  relating  It  to  Hie  measured  current.  The 
mass -like  characteristic  ol  the  moving  element 
from  50  Hz  to  2  kHz  was  verified  within  1 1  db. 
Although  testing  was  conducted  to  5  kHz  for 
possible  frequency  analysis,  the  validity  of  any 
amplitude  measurement  at  greater  than  2  kHz 
Is  questionable.  The  frequency  band  was  swept 
at  the  rate  ol  0.4  decades/mln  which  was  veri¬ 
fied  to  bo  sufficiently  slow  to  reproduce  accu¬ 
rate  resonant  and  antlrosonnnt  peaks,  and  con¬ 
sequently,  a  good  simulation  ol  the  sinusoidal 
dwell  phenomenon.  An  Endevco  accelerometer 
Model  2235-C  was  mounted  at  required  loca¬ 
tions  for  free  and  interface  velocity  measure¬ 
ments. 

A  Pye-Llng  Type  V.50  Mk  1  vibration  gen¬ 
erator  was  used  to  supply  the  10  to  20  lb  sinus¬ 
oidal  force  required  In  the  measurement  of 
Interface  driving  point  mobiltty  shown  tn  Pig.  0. 
An  Endevco  Model  2110  impedance  head  was 
used  in  these  measurements.  During  mobility 
measurements,  the  cancellation  of  mass  effect 
of  the  impedance  head  and  adaptor  was  only 
partially  successful.  As  a  result  of  the  rela¬ 
tively  light  mass  of  the  impedance  head-adaptor, 
this  did  not  significantly  degrade  the  test  results. 


DESCRIPTION  OF  COMPU¬ 
TATIONAL  PROGRAMS 

Digital  computer  simulation  ol  the  models 
and  Fortran  programs  embodying  the  equations 
of  Itef.  (2]  were  constructed  for  processing  on 
a  CDC  3100  computer  to  illustrate  the  compu¬ 
tational  procedural  requirements.  Acceptable 
input  data  consisted  of  the  mass,  stiffness,  and 
damping  parameters  for  the  L/V  and  S/C 


models,  the  force  amplitude  at  each  mass  sta¬ 
tion,  and  a  set  of  discrete  frequency  parame¬ 
ters.  In  this  study,  the  Input  parameters  werc- 
experlmenially  determined  to  an  estimated 
error  of  tl  db.  The  Interface  driving  point 
Impedance  of  the  L/V  and  S/C  modelB  was  first 
computed.  The  Inverse  ol  this  impedance  was 
printed  as  mobility.  Free  velocity  outputs  were 
computed  next.  By  means  ol  the  program  em¬ 
bodying  Eq.  (5),  the  velocity  at  the  interface  of 
the  combined  L/V  n-d  S/C  system  was  obtained. 
The  variouB  results  >btalned  by  this  program 
arc  identified  as  "theoretical"  results  as  op¬ 
posed  to  prediction  and  measurement  or  lest 
results . 

A  shorter  and  simpler  Fortran  program 
was  written  for  processing  only  Eq.  (5)  for  the 
prediction  of  interlace  velocity  ol  configuration 
B  using  measured  mobilities  and  interlace  ve¬ 
locity  of  configuration  A.  Data  Inputs  for  this 
program  were  generated  from  the  actual  plots 
of  the  measured  results. 


DESCRIPTION  OF  PREDICTION 
TECHNIQUE 

The  prediction  of  the  interlace  velocity  of 
configuration  B  was  achieved  through  the  use 
ol  the  digital  computer  program  for  processing 
Eq.  (5).  The  mput  data  consisted  of  Interpolated 
data  from  graphical  curves  of  the  measured 
mobility  magnitude  and  phase  angle  of  the  L/V 
model,  the  S/C  model  of  configurations  A  and 
B,  and  the  interface  velocity  data  of  configura¬ 
tion  A.  In  this  technique  the  L/V  system  was 
identical  for  both  configurations.  Only  the  S/C 
systems  were  structurally  different.  In  essence, 


Fig.  fe.  Block  diagram  ol  modi  I :  l  y  measurement  instrument,!  on 
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this  technique  treats  the  situation  that  simulates 
the  practice  of  using  u  standard  l,/v  system  to 
launch  a  variety  of  S/C  configurations. 

It  should  be  noted  that  in  the  above  predic¬ 
tion  technique  of  Eq.  (5),  the  measured  mobility 
data  could  have  been  substituted  by  mobility  data 
generated  from  the  mathematical  model  of  the 
constituent  systems. 


CONSIDERATIONS 

The  overall  results  of  tills  Investigation  for 
the  two  system  configurations  presented  in  this 
paper  are  depicted  in  Figs.  7  through  15. 


The  Intermediate  results  of  Interest  are 
shown  in  Figs  7  through  12  where  the  theoreti¬ 
cal  results  are  shown  es  discrete  points  while 
those  of  measure  raents  are  cliown  as  continuous 
plots.  The  probable  errors  In  various  measure¬ 
ments,  as  determined  In  Het.  |3j,  are  summa¬ 
rized  In  Table  2.  The  absolute  decibel  differ¬ 
ence  between  test  and  theoretical  results  for  the 
different  quantities  Is  presented  respectively  in 
Fig.  13(a),  (b).  and  (c ),  where  the  shaded  points 
correspond  to  the  decibel  difference  al  or  near 
a  resonance  or  antlresonance.  The  noted  large 
differences  at  some  of  these  critical  frequen¬ 
cies  primarily  result  from  the  high  sensitivity 
to  small  frequency  3hlfls  as  well  as  from  the 
possible  high  amplitude  sensitivity  owing  to  the 
effect  of  damping. 


Fig.  ?  Interface  driving  point  mobility  ot  L/Y 
model  of  configurations  A  and  B  (theoretical 
vs  test) 
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The  prediction  oi  the  interlace  motions  tor 
configuration  B  using  Kq  (5)  ts  presented  and 
compared  to  the  resuits  obtained  l>y  test  and  by 
theoretical  computations  in  Figs  14(a)  and  14(b). 
In  Fig.  15(a),  the  absolute  decibel  differences 
between  the  predicted  results  and  those  tit  test 
measuremenis  aim  theoretical  compulations  are 
shown  The  excellent  comparisons  in  critical 
frequencies  determined  by  peaks  and  notches 
between  the  individual  results  ol  Fig.  14(a),  are 
shown  i”  Fig  i'j(b)  expressed  in  dfCSlii-i  differ¬ 
ence.  hi  Fig  15(a).  the  large  differences  be  ■ 
tween  predicted  results  and  test  results  at  some 
of  the  critical  i requeue tes  were  primarily  at¬ 
tributed  to  small  errors  in  ttie  input  par  tnn-tei  s 
of  Eq.  (5)  resulting  m  ar,  out -of -proportion  effect 


on  Ute  predicted  interlace  velocity.  The  small 
errors  arc  the  results  oi  the  accumulated  ef- 
lecl  of  measurement  data  errors  ar.d  errors 
from  graphical  interpolations  of  magnitudes 
and  phase  angles  of  the  pertinent  input  param¬ 
eters. 

The  application  ol  the  foregoing  prediction 
technique  to  practical  field  and  test  laboratory 
environments  will  require  several  addlilona 
considerations  Frequently  the  desired  mobility 
characteristic  of  an  aerospace  structure,  such 
as  a  1.  V  and  S  C  system,  ts  time  dependent  as 
well  as  frequency  dependent  and  may  even  be 
nonlinear.  Moreover,  the  interface  between  a 
I.  V  system  and  S  C  system  may  also  be 
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unusually  large  so  that  the  multidimensional 
aspects  ol  the  systems  need  to  be  treated 


CONCLUSIONS 


The  results  of  this  study  indicate  that  the 
impedance  technique  of  predicting  interlace 
dynamical  environm  ds  through  the  use  ol 
measured  "In-service  data  ts  practical  within 
certain  limitations  The  interpretation  of  the 
absolute  accuracy  of  the  predicted  results 
should  L>e  made  with  caution,  particularly  near 


resonances  and  aniln  summers  Tlie  acrumula- 
llve  nature  of  the  probable  errors  inherent  in 
Lt|  (i)  ol  the  prediction  technique  tan  be 
greatly  Suppressed  through  improved  accuracy 
and  precision  in  the  generation  of  the  pertinent 
Impedance  data  The  effect  of  errors  in  m 
Service  motion  measurements  is  found  to  be  of 
a  lessor  degree  Because  flic  exact "  imped¬ 
ance  :jf  actual  structures  is  in  general  unknown 
the  success  in  predict  tons  will  be  further  en¬ 
hanced  by  the  combined  use  of  measured  and 
computed  impedance  results,  together  with  a 
pound  program  -*f  error  analysis 
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i i  te  ut  and  (b)  l  lie  or  et  ica  i  results 


TABLE  2 

Measurement  Errors 


Type 

Modulus 

Phase 

Frequency 

Complex  mobility 

150  H/  5  kHz ) 

:  l  ?  db 

3.0  deg. 

t  3.5% 

Free  Interface  velocity 
(50  H/  -  2  kHz  )'* 

•  1  0  db 

•  3.0  deg. 

1  3.5^ 

L>.'ii  .  >i  i  .  i_»  »1  .•»*?  i  ._»!  »  j  StCiTt  CtUli  jCiCi  =yJU  j>  t  *1- *u*Jc  *J  aCCuiutO 

vei'.uilv  test  rr*«’itl>  iln>%  r  2  kli/  T  ■*?.•!  C  *  etl  !•*  f'  kU  /■  f-*ir  f  re«'i'ilei'i<  y 

an.i  ly.^  i  *  t»nt. 


As  this  study  was  rcslrlctod  to  ouo*dimon- 
s  tonal  applications  the  conclusions  should  not 
be  const  ruc-n  to  hold  with  equal  validity  for 
mu  It  til  i  ni  e  n  .4  100a  1  applications  without  further 
studies  The  case  of  sinusoidal  dwell  vibration 
treated  in  this  study  probably  subjected  the  pre¬ 
diction  technique  lo  the  worst  possible  Condi¬ 
tions  This  was  partially  substantiated  by  the 
largest  del  tile  1  difference  between  predict  toil 
and  test  magnitudes  of  velocity  occurring  at 
resonances  and  antiresonances  where  senst- 
? » v it v  U.;  tl:i  nipitsg  is  EalBS!  T«r  tivaiiKi!tJ  <!r» 
p-n  'i  isiance  of  the  pcedtc'ion  technique  tor 


transient  and  random  environments,  further 
studies  arc  acquired 
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